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Abstract. The flow of the ideal incompressible fluid can be regarded as the motion along a
geodesic on the group of volume preserving diffeomorphisms of the flow domain. Thus, we can
define the exponential map transferring the initial velocity (an incompressible vector field tangent
to the boundary) into the fluid configuration at the time one. In the 2-d case this map is defined
globally (for all initial velocities) and smooth. Recently Ebin, MisioÃlek and Preston [EMP] have
proved that the exponential map is Fredholm. In this paper a stronger result is proved: the
exponential map is Fredholm quasiruled (FQR), i.e. has a rigid global structure. The proof uses
some simplified tools of paradifferential calculus.
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1. Introduction

The term “Microglobal” is a union of two words: “Microlocal” and “Global”.
Microlocal analysis studies singularities of functions and their behavior under
different transformations. Global analysis is devoted to the infinite-dimensional
functional manifolds, their geometry and topology. This work shows that these
domains are intimately connected, and these connections bring some interesting
results.

Consider the motion of an ideal incompressible fluid. The fluid consists of con-
tinuum of fluid particles filling some domain M ⊂ Rn with constant density. If we
fix positions of all fluid particles at the initial moment, then any other fluid con-
figuration is obtained from the initial one by some permutation of fluid particles.
In the “classical” fluid dynamics (see [AK]) these permutations are assumed to
be sufficiently smooth volume preserving diffeomorphisms of M . Such diffeomor-
phisms form a group which we denote by SD(M). Its Lie algebra TIdSD consists
of incompressible vector fields in M tangent to the boundary. It is important to
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specify the regularity of the diffeomorphisms. In this work we assume all diffeo-
morphisms g ∈ SD(M) to belong to the Sobolev space Hs for sufficiently high s to
ensure that they are continuously differentiable. For such s the diffeomorphisms
of class Hs form a group which we denote SDs(M) = SDs. Every diffeomorphism
g ∈ SDs can be regarded as a map from M to Rn, and thus we have a natural
inclusion SDs ⊂ Hs(M,Rn). For sufficiently large s SDs is a smooth submani-
fold of Hs(M,Rn). The tangent space to SDs at the element g consists of the
maps x 7→ (g(x), V (x)), where V (x) ∈ Tg(x)M , and V ∈ Hs; if v(y) = V ◦ g−1(y),
then div v = 0, and v|∂M ||∂M . However, the mechanical sense has the embedding
SDs(M) ⊂ L2(M,Rn) which is possible because of the inclusion Hs ⊂ H0 = L2.
SDs is no more a true submanifold of L2, and we can regard it as a “formal”
submanifold. But the Least Action Principle (which is valid for any conservative
mechanical system, in particular for the fluid) says that the fluid flows in M in the
absence of external forces are geodesics in the Riemannian metric on SDs induced
by this embedding.

The existence and uniqueness of geodesics on SDs with a given initial velocity
V0(x) is not at all trivial. D. Ebin and G. Marsden [EM] managed to construct
the Riemannian connection on SDs and proved that it is smooth (while the un-
derlying analytical mechanism is similar to the previous proofs of the local exis-
tence/uniqueness of the flows starting from the classical works of Nikolai Gunter
[G] and Leon Lichtenstein [L]).

The existence of a smooth Riemannian connection implies that there is a well
defined exponential map Exp from the Lie algebra TIdSDs to the Lie group SDs.
Generally, it is defined in a neighborhood of a unit element Id ∈ SDs, and by
the general theorems it is smooth and invertible near Id. In the 2-d case the
exponential map is defined globally, for the whole Lie algebra, and it is natural to
ask about its global properties.

Interesting things began here when G. MisioÃlek [Mi] proved the existence of
conjugate points on some geodesics in SDs(T2), where T2 is the 2-dimensional
torus. This means that if v is the tangent vector to the geodesic gt such that
Exp (v) = g1 is conjugate to Id along the geodesic gt, then Exp is no more a local
diffeomorphism in the neighborhood of v; its differential d Exp : TvTIdSDs →
TExp (v)SDs has at least 1-dimensional kernel.

The natural conjecture put forward by D. Ebin and G. MisioÃlek was that the
exponential map is locally “finitely-degenerated”, i.e. Fredholm. A smooth map
F from a Banach manifold X to a Banach manifold Y is called Fredholm, if for
any x ∈ X the differential dF : TxX → TF (x)Y is a Fredholm operator, i.e. it
has a finit-dimensional kernel, a closed range and a finite-dimensional cokernel. If
the dimensions of the kernel and cokernel of dF are equal, the map F is called
Fredholm map of index zero. So, the hypothesis of D. Ebin and G. MisioÃlek was
that the exponential map Exp is globally a Fredholm map of index zero.

This hypothesis was proved in the recent paper by D. Ebin, G. MisioÃlek and
T. Preston [EMP]. They proved that in 2-d case the exponential map is globally
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Fredholm, while in the 3-d case they produced an example showing that this is
not the case.

In this work we prove a stronger property of the exponential map Exp. This
map has a rigid geometrical structure; it is a Fredholm Quasiruled Map (FQR-
map). These maps were defined in [S1] and are typical when we study maps in
the space of sufficiently regular functions (such as Hs for s high enough) defined
by nonlinear elliptic (pseudo)-differential operators.

A continuous map F : X → Y between the Banach spaces X and Y is called a
ruled map, if for some k we can divide the space X into the parallel planes Xα, α ∈
Rk, so that the maps Fα = F |Xα are affine (linear nonhomogeneous) maps from
Xα into Y , and Fα depend continuously on α ∈ Rk. A map is called a quasiruled

map, if it can be uniformly approximated by ruled maps in any bounded domain
Ω ⊂ X. A quasiruled map F is called a Fredholm quasiruled (FQR) map of index
zero, if for the approximating ruled maps Fk (for sufficiently large k), the planes
Y α = Fα

k (Xα) are closed, codimY α = codimXα = k, the maps Fα
k : Xα → Y α

are one-to-one and the maps (Fα
k )−1 are locally uniformly continuous for all k

large enough.
Quasiruled maps appear in the following situation. Suppose X̃, Ỹ are Banach

spaces, X ⊂ X̃, Y ⊂ Ỹ , and the embeddings are compact and dense. Continuous
map A : X → Y is called quasilinear (QL-map), if (a) A can be continued to the
continuous map A : X̃ → Ỹ , and (b) A can be written as A(u) = Bu(u), u ∈ X,
where Bu : X → Y is a continuous affine map which depends continuously on
u ∈ X̃. Quasilinear map A is called Fredholm quasilinear (FQL-map) if operators
Bu are Fredholm of index zero. It was proved in [S1] that if an operator A is FQL,
it defines an FQR map from X to Y .

Having the FQR maps, we can define the Banach FQR manifolds which form
a category with FQR maps between them. The group SDs is a (Hilbert) FQR
manifold, and our results show that the exponential map is FQR, and moreover,
the geodesic flow is an FQR flow.

FQR maps have fine topological properties; they admit a good notion of topo-
logical degree, i.e. have the important property of the preservation of domain [S1].
As a potential application we can consider the following problem. Given some fluid
configuration g ∈ SDs; find a velocity field v ∈ TIdSDs such that g = Exp (v).
My conjecture is that in 2-d case this problem has a solution for any g ∈ SDs,
while in 3-d case this is not true.

2. Paraproduct and paracomposition

In this work, as in [S2], we use some tools of paradifferential calculus. However,
we don’t really need the full paradifferential machinery developed by M. Bony [B]
and S. Alinhac [A]. In fact, what we really use is a much simpler form of the main
paradifferetial operations first developed in [S1].
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We are working in the Sobolev space Hs(Tn) for s sufficiently high (recall that
Hs ⊂ Ck for any k < s − n

2 ). For any function f ∈ Hs(Tn,Rm) we define its
gradient ∇f = (∂f/∂x1, . . . , ∂f/∂xn). Let us define the left inverse operator D−1

such that D−1 ◦ ∇f = f . Such operator is not uniquely defined; we choose the
following operator:

D̃−1α(ξ) = −i
(α̃(ξ), ξ)

(ξ, ξ)
, (2.1)

where α is any Rm-valued 1-form on Tn. We can iterate the operator D−1 and
have an equality D−k ◦ ∇kf = f for any k. Operator D−1 is a pseudodifferential
operator of order −1 and as such, it acts continuously from Hs to Hs+1 for any s.

Paraproduct. To define the paraproduct of two functions f, g ∈ Hs, we dif-
ferentiate f · g k times and then restore the function f · g by the k-th power of
D−1:

f · g = D−k∇k(f · g)

= D−k
(

g∇kf + k∇g∇k−1f + . . . + f∇kg
)

(2.2)

= Tgf + Tfg + R,

where

Tgf = D−k(g · ∇kf), Tfg = D−k(f∇kg), (2.3)

and R is the sum of all remaining terms (all terms of (2.2) have the obvious tensor
meaning).

Now we can observe that if s > n
2 + k, then g 7→ Tfg is a continuous operator

in Hs for any fixed f ∈ Hs−k, and it depends continuously on f ∈ Hs−k as an
operator in Hs (this follows from the fact that the pointwise multiplication is a
continuous bilinear operation in Hr for r > n

2 ).
The remainder term R is a continuous bilinear operator from Hs to Hs+1 and

is subordinate to the main terms Tgf and Tfg.
Operator Tfg is called a paraproduct of f and g. Its role can be explained as

follows. The functions f and g have a finite regularity and, in general, have some
(weak) singularities. The singularities of both functions are “imprinted” into their
product f · g. However, Tgf bears singularities of the function f only, Tfg has the
singularities of g only, and the remainder R is a smoother function (of the class
Hs+1) and does not contribute to the main singularities of the product.

The paraproduct can be defined in a wider space. Namely, the paraproduct
operator g 7→ Tfg as defined in (2.2) makes sense as an operator in Hs for f ∈ Hr

for any r ≥ s−k, and has all properties of a pseudodifferential operator if r > s−k.
This is crucial for our further work.

We define in a natural way the paraproduct TF G for any vector- or matrix-
valued functions F and G; to do this, we write the pointwise product F · G in
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coordinates, and then replace every product of components FijGjk by the para-
product TFij

Gjk (and the same for any pairing of tensor-valued functions).

Paracomposition. Suppose g ∈ Hs is a diffeomorphism of the torus Tn to itself,
and f ∈ Hs(Tn,Rm), s is sufficiently large. Consider the composition f ◦ g ∈
Hs(Tn,Rm). It bears the singularities of both f and g, and our goal now is to
separate these singularities. To this end we differentiate f ◦ g k times and then
restore it by the operator D−m:

f ◦ g = D−1((∇f ◦ g) · ∇g)

= D−2[(∇2f ◦ g) · (∇g)2 + (∇f ◦ g) · ∇2g]

= D−3[(∇3f ◦ g) · (∇g)3 + 3(∇2f ◦ g) + (∇f ◦ g) · ∇3g] = . . .

= D−k[(∇kf ◦ g) · (∇g)k] + D−k[(∇f ◦ g) · ∇kg] + R

= Kgf + T∇f◦gg + R. (2.4)

Here the first term

Kgf = D−k[(∇kf ◦ g) · (∇g)k] (2.5)

is called paracomposition of the maps f and g. It looks like an operator of usual
composition (or “transplanting” the function by the map g), but it is a continuous
operator in Hs even if g ∈ Hr for all r ≥ s − k, and it does not change the
singularities of f if r > s− k. The paracomposition Kgf bears the singularities of
f only, and the singularities of g are erased.

The second term of (2.3) is the paraproduct of ∇f and g (regarded as a vector-
function) which was defined above. The remainder R is a function of class Hs+1

and does not contribute to the main (Hs) singularities of the composition. Thus
we have separated the singularities of the composition f ◦g; the first and the second
terms of (2.4) bear the singularities of f and g respectively, while the remainder
R is a more regular function.

3. Transformation of the motion equations

Motion equation. Consider the motion of the fluid on the 2-d torus T2. We
use the vorticity form of the motion equations, following [G] and [L]. Suppose that
v(x) ∈ Hs(T2) is the initial velocity, and ω = rot v is its vorticity, ω ∈ Hs−1(T2).
The vorticity is transported by the flow; this means that if gt is the flow map at
the time t, then the velocity field u(y, t) = rot−1(v ◦ g−1

t (y)). Here u = rot−1(ω)
is the unique solution of the problem div u = 0, rotu = ω. Using the Fourier
series, we can write this operator as

˜rot−1(ω)(ξ) = −i
ω̃(ξ) · Jξ

(ξ, ξ)
, (3.6)
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where J is the rotation operator, J =

(

0 −1
1 0

)

. Hence, the evolution equation

for the flow map gt is

∂gt

∂t
= u ◦ gt = [rot−1(ω ◦ g−1

t )] ◦ gt. (3.7)

The vorticity ω as a function of a fluid particle (i.e. in the Lagrangian coor-
dinates) is constant. So, the fluid configuration at t = 1, g1 is defined by the
frozen-in vorticity ω : g1 = G(ω). The map G : Hs−1 → SDs is FQR if and
only if the exponential map Exp : TIdSDs → SDs is FQR (because the map
rot : TIdSDs → Hs−1(T2,R) is a linear isomorphism).

Theorem 3.1. G is an FQR map.

To prove this theorem we have to find a quasilinear representation of the op-
erator G. This is done in a few steps.

The transformed fluid configuration. For a diffeomorphism g ∈ SDs on the
2-d torus we consider a vector-function g − Id : x 7→ g(x) − x (we can take any
continuous branch of this function). Now consider the function

W (g)(x, t) = Tdg−1(g − Id) (3.8)

(the paraproduct here is defined componentwise, as described above). This map
is defined for any g ∈ SDs, because dg−1 ∈ Hs−1, and the paraproduct with this
matrix-valued function is a continuous operator in Hs.

Consider the function div W (g) = div Tdg−1(g − Id)

Lemma 3.1. The map g 7→ div W (g) is continuous from SDs−1 to Hs, and hence

compact from SDs to Hs.

Proof. If g ∈ SDs, then its Jacobian | ∂g
∂x

| ≡ 1. In the coordinates this identity
looks as follows:

1 ≡

∣

∣

∣

∣

∂g

∂x

∣

∣

∣

∣

= g1,1g2,2 − g1,2g2,1 (3.9)

= Tg1,1
g2,2 + Tg2,2

g1,1 − Tg1,2
g2,1 − Tg2,1

g1,2 + R,

where gi,j = ∂gi

∂xj
, and R = R(g) ∈ Hs+1.

Now, if dg =

(

g1,1 g1,2

g2,1 g2,2

)

, then dg−1 =

(

g2,2 −g1,2

−g2,1 g1,1

)

, and

div Tdg−1g = div T



g2,2 −g1,2

−g2,1 g1,1





(

g1

g2

)

= div

(

Tg2,2
g1 − Tg1,2

g2

−Tg2,1
g1 + Tg1,1

g2

)
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= Tg2,2
g1,1 − Tg1,2

g2,1 − Tg2,1
g1,2 + Tg1,1

g2,1 + R1 =

∣

∣

∣

∣

∂g

∂x

∣

∣

∣

∣

+ R2,

where R2 ∈ Hs, if g ∈ SDs. Here we used the fact that Tdg−1 is a paradifferen-
tial operator which commutes with differentiation up to a more regular function.
Hence, the map S1 sends any bounded set in SDs into a bounded set in Hs, i.e.
into a compact set in Hs−1. ¤

Consider the function γ(x, t) = rotW (x, t) = rotTdg−1(g− Id). The function γ
is defined by the initial vorticity ω: γ(·, t) = Γt(ω). Our next goal is the following

Lemma 3.2. The map Γ1 : Hs−1(T2,R) → Hs−1(T2,R) is FQL, and hence

FQR.

Proof. Let gt ∈ SDs be arbitrary solution of the motion equation (3.7) with the
vorticity ω(x) ∈ Hs−1. We have to evaluate the time derivative ∂W/∂t,

∂

∂t
Tdg−1(g − Id) = T ∂

∂t
dg−1(g − Id) + Tdg−1

∂g

∂t
. (3.10)

Substituting here ∂g
∂t

from (3.7), we have

∂

∂t
dg−1 = −dg−1(

∂

∂t
dg)dg−1

= −dg−1 · d(v ◦ g) · dg−1

= −dg−1[(dv ◦ g) · dg] · dg−1

= dg−1 · (dv ◦ g)

= −dg−1 · (d(rot−1(ω ◦ g−1)) ◦ g).

Inserting this into (3.10), we have

A =
∂

∂t
Tdg−1(g − Id) = −Tdg−1·(dv◦g)(g − Id) + Tdg−1(v ◦ g).

Now, using the linearization formula (2.4), we have

A = −Tdg−1·(dv◦g)(g − Id) + Tdg−1(Tdv◦g(g − Id) + Kgv + R1)

= −Tdg−1·(dv◦g)(g − Id) + Tdg−1Tdv◦g(g − Id) + Tdg−1(Kgv) + Tdg−1R1

= −Tdg−1·(dv◦g)(g − Id) + Tdg−1·(dv◦g)(g − Id) + R2 + Tdg−1Kgv + Tdg−1R1

= Tdg−1(Kgv) + R, R ∈ Hs+1.

Here we used the multiplicative property of the paraproduct:

TaTbu = Tabu + R, R ∈ Hs+1,

if a, b ∈ Hs−1, u ∈ Hs. Now let us use the expression for the Eulerian velocity:
v = rot−1(ω ◦ g−1). Then
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Tdg−1Kgv = Tdg−1Kgrot−1(ω ◦ g−1)

= Tdg−1Kgrot−1(Tdω◦g−1(g−1 − Id) + Kg−1ω + R).

(Here we once again used the linearizatin formula (2.4).)
Since the term Tdω◦g−1(g−1 − Id) and the remainder R are in Hs, the main

term in the brackets is Kg−1ω ∈ Hs−1. Thus,

Tdg−1Kgv = Tdg−1Kgrot−1Kg−1ω + R,

where R ∈ Hs+1 and depends continuously on g ∈ Hs, ω ∈ Hs−1. Hence,

∂γ

∂t
=

∂

∂t
rotTdg−1(g − Id) = rotTdg−1Kgrot−1Kg−1ω + R(g, ω) = Bgω,

where R ∈ Hs depends continuously on g ∈ SDs, ω ∈ Hs−1; the main term is in
Hs−1 and depends continuously on ω ∈ Hs−1 and g ∈ Hr for every r > 3.

So, γ =
1
∫

0

Bgt
ωdt; the map gt for any t is completely defined by ω, and therefore

we can write γ = Gωω, Gω =
1
∫

0

Bgt
dt.

Recalling the definition of operators Tg and Kg, we find that operators Bg

and Gω are conjugate to the zero-order pseudodifferential operators in Hr with
symbols in Hs−1. Thus, they are Fredholm if their symbols do not vanish (in
this case their index is zero because they are real scalar operators). To find the
principal symbol of the operator Bg, we can apply the same rules as for the classical
pseudodifferential operators, namely we can act as if g is smooth. In this case
Bgω = rot (dg−1 · rot−1[(ω ◦ g−1) ◦ g] + R. The symbol of the operator ω 7→
rot−1(ω ◦ g−1) ◦ g, which is conjugate to rot−1 by the map g, is

σ(x, ξ) = −i
Jdg∗

−1

ξ

|dg∗−1ξ|2
.

Hence, the symbol of the operator Bg is

Bg(x, ξ) =
(Jξ, dg−1Jdg∗

−1

ξ)

|dg∗−1ξ|2
.

Now let us prove that the symbol Bg(x, ξ) is a homogeneous in ξ function of
degree zero, and Bg(x, ξ) > C > 0 for all (x, ξ). First of all, Bg(x, ξ) for any x ∈ T2

is a ratio of two quadratic forms in ξ, hence it is a homogeneous function. If g = Id,
the identity map, then Bg(x, ξ) ≡ 1. Suppose that there exists a linear operator

E ∈ SL2(R) and ξ ∈ R2 such that (Jξ,E−1JE∗
−1

ξ) ≤ 0. Then, connecting
E by a continuous path in SL2 with Id, we can find an operator F ∈ SL2(R)

such that (Jξ, F−1JF ∗
−1

ξ) = 0 for some ξ 6= 0. Then ((F−1)∗Jξ, JF ∗
−1

ξ) =

(F ∗
−1

Jξ, JF ∗
−1

ξ) = 0 which means that F ∗
−1

Jξ is orthogonal to JF ∗
−1

ξ and
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therefore collinear to F ∗
−1

ξ:

F ∗
−1

Jξ = αF ∗
−1

ξ, α 6= 0.

Multiplying this equality from the left by F ∗, we obtain Jξ = αξ, which is
impossible for real ξ. This contradiction proves our assertion.

Now, the map Γ1(ω) = Gω(ω) =
1
∫

0

Bgt
ωdt for a given gt ∈ Hs is a pseudo-

differential operator whose symbol Gω(x, ξ) =
1
∫

0

Bgt
(x, ξ)dt is homogeneous and

positive, i.e. Cω is a Fredholm operator of index zero. Moreover, operator Gω is a
bounded operator in Hs−1 which depends continuously on ω ∈ Hr for any r > 2;
this means that the operator ω ∈ Hs−1 7→ γ = rotTdg−1(g − Id) = Gω(ω) is an
FQL, and hence FQR operator in Hs−1(T2,R). ¤

Proof of Theorem 3.1. By Lemma 3.1, the map g 7→ div Tdg−1(g−Id) is continuous
from SDs to Hs, and hence compact from SDs to Hs−1. Hence, if g = Exp (v),
and rot v = ω, then g = Tdgrot−1Gω(ω) + R(ω), where R is a compact operator
from Hs−1 to SDs. Operator Tdg is bounded in Hs for all g ∈ Hr if r > 2, while
rot−1 is a bounded operator from Hs−1 to Hs. This proves that Exp is an FQL
map from TIdSDs to SDs; hence, Exp is a FQR map. ¤

Note that we have used the global flat structure on the torus. The proof of
the analogous theorem for the fluid motion on a curved surface should require
additional devices.
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