
Lecture 5 Infinite Series

In today’s lecture, we will restrict our attention to infinite series, which we will view as
special kinds of sequences. We will bring what we learned about convergence of sequence
to bear on infinite series.

An infinite series is a formal sum of the form

S =
∞∑

n=1

an.

Here an are some given real numbers. We would like to have a notion of convergence
for series. Thus we consider the partial sums:

Sn =
n∑

m=0

an.

These are finite sums of numbers. We say that S converges if limn−→∞ Sn converges.
If we are given the partial sums Sn, we may recover the terms of the series an by

an = Sn − Sn−1.

In the first lecture, we viewed this identity as a form of the fundamental theorem. But,
in any case, just as we may convert series to sequences, so we can convert a sequence to a
series. We can write

lim
n−→∞

bn =
∞∑

n=1

(bn − bn−1),

where we fix b0 to be zero. Every fact, we know about convergence of sequence translates
into a fact about convergence of series.

Theorem 1 The series
∑∞

n=1 an converges if and only if its tail
∑∞

n=M an converges.
(Here M is some particular natural number.)

Proof This is basically just a reformulation of the Cauchy criterion for series. We let
Sj be the jth partial sum of the series

∑∞
n=1 an and we let

SM
j =

j∑
n=M

an.

We note that the quantities SM
j are the partial sums of the tail. Note that if j, k > M

then
SM
j − SM

k = Sj − Sk.
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We know from last time that the tail converges if and only if the SM
j ’s are a Cauchy

sequence and the original series converges if and only if Sj ’s are a Cauchy sequence, but
restricting N from the definition of Cauchy sequence to be greater than M , we see that
this is the same thing.

Similarly, we can reformulate the Squeeze theorem as a criterion for convergence of
series.

Theorem 2 Let {an} and {bn} be two sequences of real numbers. Suppose that

0 ≤ an ≤ bn

for every natural number n. If
∑∞

n=1 bn converges then
∑∞

n=1 an converges, and if
∑∞

n=1 an
diverges then

∑∞
n=1 bn diverges.

Proof To get the second part, we apply Theorem 5 of lecture 4 to the partial sums. To
get the first part, we observe that the limit of the partial sums is their least upper bound
since they are an increasing sequence. Thus our assumption is that the partial sums of the
b’s have a least upper bound. In particular, since the a’s are smaller, this implies that the
partial sums of the a’s are bounded above. Thus by the least upper bound property of the
reals, they have a least upper bound.

Definition A series
∑∞

n=1 an is said to be absolutely convergent if
∑∞

n=1 |an| con-
verges.

Theorem 3 If
∑∞

n=1 an converges absolutely then it converges.

Proof Since
∑∞

n=1 an is absolutely convergent, it must be that the partial sums of∑∞
n=1 |an| which we denote

Tn =
n∑

j=1

|aj |,

are a convergent sequence and therefore a Cauchy sequence. Now denoting by Sn, the nth
partial sum of the series

∑∞
n=1 an, we see that

|Sn − Sm| ≤ |Tn − Tm|.

Thus {Sn} is also a Cauchy sequence and hence converges.

A series
∑∞

n=1 an need not be absolutely convergent in order to converge. If the series
converges but is not absolutely convergent, we say that it is conditionally convergent.

Example 1 Consider
∑∞

n=1(−1)n−1 1
n . This sum converges conditionally. To see

this, we first observe that the sum does not converge absolutely. This is an application of

2



Example 4 in lecture 4. Next we combine the 2n− 1st and 2nth term of the sum to obtain
1

(2n−1)2n . The series
∑∞

n=1(−1)n−1 1
n converges if and only if

∞∑
n=1

1

(2n− 1)(2n)

converges. We use Theorem 2 to prove the convergence by comparison with Example 2 of
lecture 4.

Example 1 is just one example of a large class of alternating series that converges.

Theorem 4 Let {an} be a decreasing sequence of real numbers converging to 0. Then
the series

∞∑
n=1

(−1)n−1an

converges.

Proof It is enough to show that the series

∞∑
n=1

(a2n−1 − a2n),

converges.
Observe that

a2n−1 − a2n ≤ a2n−1 − a2n+1.

But clearly
∞∑

n=1

a2n−1 − a2n+1 = a1,

since it telescopes.

An important example of an absolutely convergent sequence is the geometric sequence.

Example 2 Let c and r < 1 be positive real numbers. Then

∞∑
j=0

crj =
c

1− r
.

We can see this by calculating the partial sums,

Sn =

n∑
j=0

crj = c(
1− rn+1

1− r
).
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This formula for Sn is most readily seen by induction. It clearly holds for n = 0 since

the sum is just the 0th term 1. We observe that Sn − Sn−1 = c( rn−rn+1

1−r ) = crn, which is

the nth term. Since r < 1, we have that rn+1 becomes arbitrarily small as n grows large.
Thus Sn converges to c

1−r .

We will use the geometric series (Example 2) together with the squeeze theorem
(Theorem 2) to devise some useful tests for absolute convergence of series.

Theorem 5 (The ratio test) Suppose an 6= 0 for any n sufficiently large. and
suppose that

lim
n−→∞

|an+1

an
| = L.

If L < 1 then the series
∞∑

n=1

an,

converges absolutely. If L > 1 then the series diverges.

If the limit of the ratios does not exist or is equal to 1, then the ratio test fails, and
we can reach no conclusion from Theorem 5 about the convergence of the series.

Proof of the ratio test. Suppose that 0 ≤ L < 1. Choosing ε < 1−L
2 , we see that

there is N so that for n ≥ N , we have

|an+1

an
| ≤ 1− ε.

From this, we see by induction that

|an| ≤ |aN |(1− ε)n−N ,

for each n ≥ N . Now, we apply theorem 1 to see that it suffices to show that the tail of
the series

∞∑
n=N

an,

converges absolutely. To see this, we apply theorem 2, comparing it with the geometric
series

∞∑
n=N

|aN |(1− ε)n−N ,

which by example 2 converges absolutely. If on the other hand, L > 1, we may use the
same idea to find N and ε so that |aN | 6= 0 and so that for n > N , we have

|an| ≥ |aN |(1 + ε)n−N .

4



For such n, it is clear that the differences between consecutive partial sums |Sn+1 − Sn| =
|an| are growing. Hence the sequence of partial sums is not a Cauchy sequence.

Theorem 6 (The nth root test) Suppose

lim
n−→∞

|an|
1
n = L.

Then if L < 1, the series
∑∞

n=0 an converges absolutely. If L > 1 then the series diverges.

Proof of the nth root test. We proceed just as for Theorem 5. We suppose L < 1
and pick ε < 1−L

2 . Then we conclude that there exists N so that for n ≥ N we have

|an| ≤ (1− ε)n.

Thus, we may apply Theorem 2 to compare the tail of the series to the tail of the geometric
series

∞∑
n=N

(1− ε)n.

On the other hand, if L > 1, we see that terms of the series are growing in absolute value
and again we see that the partial sums are not a Cauchy sequence.

The ratio and nth root tests can be used to show that series converge if they do so
faster than geometric series. We provide an example.

Example 3 The series
∞∑

n=1

n22−n,

converges. We apply the ratio test and calculating

lim
n−→∞

(n+ 1)22−1−n

n22−n
= lim

n−→∞

(n+ 1)2

2n2
=

1

2
.

One of the reasons that the nth root test is important is that we can use it to un-
derstand the convergence properties of power series. This will be the topic of our next
lecture.
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