
Lecture 24 Roots of Polynomials

Last time, we described the complex numbers. Classically, one of the reasons complex
numbers were studied is that in the complex numbers all polynomials have roots. We
discuss this a bit today.

Last time, we derived Euler’s formula:

eiθ = cos θ + i sin θ.

Because as θ increases, eiθ traces the unit circle counter-clockwise, ever complex num-
ber z with |z| = 1 can be written as eiθ for some θ. Because both sin and cos are 2π
periodic, we have that

eiθ = eiθ+2πn,

for each integer n. Thus to every complex number of magnitude 1 is associated an angle
θ up to ambiguity about the choice of n.

Let z be a general complex number. We can write

|z| = r,

with r a nonnegative real number and if r differs from 0, we can consider z
|Z| which is a

complex number with magnitude 1 and write

z

|z|
= eiθ.

Thus any complex number z may be written as

z = reiθ,

and this representation of points in the plane is some times referred to as the polar coor-
dinate system.

One of the simplest polynomials we can write is

xk − z = 0,

with z a complex number. The roots of this polynomial are called the kth roots of z. In
particular, if

z = reiθ,

then one root of the polynomial is given by

x = r
1
k e

iθ
k .
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Of course, because θ has some ambiguity, so does the definition of x and we can write

xj = xe
2πij
k ,

with j running over integers 0, . . . , k − 1. The numbers e
2πij
k are referred to as the kth

roots of unity (1).

Thus every complex number has k many kth roots for every natural number k. There
are of course other polynomials than xk− z. We would like to show that every polynomial
with complex coefficients has a complex root. One early method of trying to show this
was to give the roots of polynomials in terms of kth roots.

An example, you are probably all familiar with is the quadratic formula. The goal is
to find all solutions of

ax2 + bx+ c = 0,

with a 6= 0. It is a simple matter to divide out a. Letting p = b
a and q = c

a , we get

x2 + px+ q = 0.

(Incidentally, this is a polynomial whose roots have product q and sum −p.) we can
complete the square, introducing y = x + p

2 to get a polynomial, the sum of whose roots
is zero.

y2 + q − p2

4
= 0.

The roots here are just the square roots of q − p2

4 . Now we can plug back in to get x in
terms of a, b, c and we find the familiar quadratic formula.

A similar approach can be used to get the root of a general cubic. This was first done
in Renaissance Italy, probably by Tartaglia and the formula bears the name Cardano’s
formula because Tartaglia kept his technique a secret, whereas Cardano bought it from
him and published it.

As above, we can divide by the leading coefficient and complete the cube to reduce to
an equation

t3 + pt+ q = 0.

Next, we give ourselves some flexibility by introducing two unknowns u and v. We let

u+ v = t,

which still gives us one degree of freedom and allows us to choose the product uv. We set

3uv + p = 0.
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Since plugging u+ v into the cubic gives us

u3 + v3 + (3uv + p)(u+ v) + q = 0,

we get
u3 + v3 = −q

u3v3 = −p
3

27
.

Thus u3 and v3 are the roots of the quadratic

z2 + qz − p3

27
.

We now take cube roots of the two roots of the quadratic and match them so that
uv = −p

3 . We then use t = u+ v to get the root of a cubic.

Unfortunately, in the early 19th century, the great mathematician Abel showed that
in general, quintics, polynomials in degree 5, cannot be solved just by taking repeated kth
roots. Nonetheless:

Fundamental Theorem of Algebra Let p(z) be a polynomial with complex coef-
ficients and degree k ≥ 1. Then there is a complex number z with p(z) = 0.

We sketch a proof. You will make it more precise in your problem set.

It suffices to consider a polynomial of the form

p(z) = zk + c1z
k−1 + . . .+ ck,

with ck 6= 0. (If ck = 0, then we already know z = 0 is a root.)

We consider the complex valued functions

fr(θ) = p(reiθ),

on [0, 2π]. The ranges of these functions are closed curves in the complex plane. When r is
very small, these curves live very close to ck and do not enclose the origin at all. When r is
very large, then the function fr(θ) resembles rkeikθ. Thus fr(θ) lies on a curve relatively
close to the circle of radius rk and in fact winds around the origin k times. If we change r
just a little, it has no effect on how many times fr(θ) winds around the origin unless the
curve crosses the origin as we change r. But this means that p has a root.

You will make this argument more precise in problems 4 and 5 of your problem set.
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