
Lecture 15: Integrability and uniform continuity

Sorry for this abbreviated lecture. We didn’t complete the proof of properties of the
Riemann integral from last time.

We could write the definition of continuity as follows: A function f is continuous at
x if for every ε > 0 there exists a δ > 0 so that if |x− y| < δ then |f(x)− f(y)| < ε. (This
is the same as saying that

lim
y−→x

f(y) = f(x),

which is how we originally defined continuity.)

One weakness of the above definition (as something that can be applied) is that the
number δ depends not just on ε and f , but also on x. When we try to prove that a function
is integrable, we want to control the difference between upper and lower sums. To do this,
it would help to have the same δ for a given ε work at all choices of x in a particular
interval. With this in mind, we make a new definition.

We say a function f on the interval [a, b] is uniformly continuous if for every ε > 0,
there is δ > 0 so that whenever |x− y| < δ, we have that |f(x)− f(y)| < ε.

The definition of uniform continuity looks very similar to the definition of continuity.
The difference is that in the uniform definition, the point x is not fixed. Thus uniform
continuity is a stronger requirement than continuity. We now see why uniform continuity
is useful for integration.

Theorem A function f on [a, b] which is uniformly continuous is Riemann integrable
on [a, b].

Proof For every ε > 0, there is δ > 0 so that when x, y ∈ [a, b] and |x − y| < δ then
|f(x)− f(y)| < ε.

We now relate the inequality to Riemann sums. Let I ⊂ [a, b] be an interval of length
less than δ. We can see that

l.u.b.x∈If(x)− g.l.b.x∈If(x) < ε.

Therefore, for any partition P of [a, b] all of whose intervals are shorter than δ, we
have

UP(f)− LP(f) < ε(b− a).

Since this is true for every ε > 0, it means that

Iu,[a,b](f) = Il,[a,b](f).

So f is integrable on [a, b].
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When does it happen that f is uniformly continuous on [a, b]? Here’s an easy if
restrictive condition.

Proposition Let f(x) be continuous on [a, b] and differentiable at every point of [a, b].
Suppose that f ′ is continuous on [a, b]. Then f is uniformly continuous on [a, b].

Proof Since f ′(x) is continuous on [a, b] so is its absolute value |f ′(x)| and we may
use the extreme value theorem to see that there is a number K so that

|f ′(x)| ≤ K,

for every x in the interval [a, b].
Now choose δ = ε

K . Suppose x, y ∈ [a, b] with x < y and y − x < δ. We apply the
mean value theorem on [x, y] to obtain

|f(x)− f(y)|
= |f ′(c)||x− y|
< δK = ε,

where c ∈ [x, y]. Thus we shown uniform continuity.

What is nice about the proposition if that δ depends just on ε and the maximum of the
derivative. This gives an easy way to predict, say, how many pieces we have to partition an
interval into to get a Riemann sum giving a good approximation for the integral. It’s really
a very quantitative result. However if all we want is a qualitative result: is f integrable,
all this information about the derivative is overkill.

Theorem Let f be continuous on [a, b] then f is uniformly continuous on [a, b]/

Proof Fix ε > 0. For every x, let δ(x) be the largest δ that works for ε and x in the
definition of continuity. More precisely:

δ(x) = l.u.b.{δ : δ ≤ b− aandwhen|x− y| < δ, |f(y)− f(x)| < ε}

The function δ(x) > 0. Also, the function δ(x) is continuous (why? Exercise to the reader!)
By the extreme value theorem, this means that δ(x) has a minimum on [a, b]. Hence, f is
uniformly continuous.

What we get from this is that every continuous function on a closed interval is Riemann
integrable on the interval. That’s a lot of functions. But, in fact, many more functions are
integrable. For instance, a function f on [a, b] having finitely many points of discontinuity
at which all the left and right limits exist and are finite is also integrable. You see this by
restricting to partitions containing the points of discontinuity. An exhaustive description
of all Riemann integrable function is (slightly) beyond the scope of this course.
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