
Math 1a 2013 Homework Assignment 1 due October 7,2013

1.(10 points) Let p(x) be a polynomial of degree n with integer coefficients. That is

p(x) = anx
n + an−1x

n−1 + . . . + a0,

where the coefficients a0, . . . , an are integers and where the leading coefficient an is nonzero.
Let b be an integer. Then show that there is a polynomial q(x) of degree n−1 with integer
coefficients and an integer r so that

p(x) = (x− b)q(x) + r.

[In other words, you are asked to show that you can divide the polynomial p(x) by the
polynomial (x− b) and obtain an integer remainder.] (Hint: Use induction on n. To carry
out the induction step, see that you can eliminate the leading term, and then use the
induction hypothesis to divide a polynomial of degree n− 1.)

2.(10 points) Use Gauss’ trick (as in the notes for lecture 1) to find a formula for the
sum of the first n fourth powers. To verify your calculation, prove by induction that this
formula is correct.

3.(10 points) Let Sk(n) denote the sum of the first n kth powers as in the notes for
lecture 1. Prove by induction that Sk(n) is a polynomial (whose coefficients are rational
numbers) of degree k+1 in n. (Hint: You should prove this by induction on k. You should
use as your induction hypothesis that Sj(n) is a polynomial of degree j+1 for all j smaller
than k. [This is sometimes called strong induction.] The last page of the notes for lecture
1 give you a good guess for what the leading term of Sk(n) should be. Express the rest of
it as a combination of Sj(n)’s for smaller j.)

4 .(10 points) In lecture 2, we defined the difference x − y of two real numbers x
and y in terms of differences between the decimal truncations tn(x) and tn(y) of the real
numbers. We could instead have done the following. Define the set Sx,y to be the set of
rational numbers p− q so that p < x and q > y. Show that for any real numbers x and y,
the set Sx,y is bounded above. Show that the least upper bound of Sx,y is x− y.

5.(10 points) The purpose of this problem is to show that when considering the sum
x + y of two real numbers x and y, if we are only interested in know tn(x + y), the
truncation of the sum up to n places past the decimal, we may need information about x
and y arbitrarily far into their decimal expansion. Let us make this precise. Fix a natural
number n. Now choose another, possibly much larger natural number m. Show that you
can find real numbers x1, x2, y1, and y2 with the properties that

tm(x1) = tm(x2),

tm(y1) = tm(y2),

but
tn(x1 + y1) 6= tn(x2 + y2).
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