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What are liquid crystal elastomer?
Liquid crystal elastomers are hybrid materials combining features of

(A) Elastomers – rubbery materials, microscopically built of
(cross-linked) polymers that can stretch and bend.

(B) Liquid crystals – anisotropic, coming from microscopic
nematic order. Strength of anisotropy is tunable via
temperature.

LCEs are useful because they deform (A) in controllable ways (B)
under heating/cooling.

Graphic from Dorkenoo et al., InTech, DOI: 10.5772/50496



Setup
We study a thin sheet of LCE which is flat at an initial
temperature T0.

Ωh := ω × (−h/2, h/2),

where ω ⊂ R2 is a bounded Lipschitz domain and h� 1.

The initial system is fully described by a director field

N0 : Ωh → S2.

It describes the local orientation of the liquid crystals.

Under temperature change (from T0 to Tf ), the sheet will
spontaneously deform by a map Y h : Ωh → R3, which produces
the new director field

N :=
(∇Y h)N0

|(∇Y h)N0|
.

The map should be “incompressible”, i.e., det(∇Y h) = 1 almost
everywhere.



The elastic energy of the sheet

The energy density of a deformation Y h : Ωh → R3 is

W (∇Y h,N0) := Tr[(∇Y h)T (`fN)−1(∇Y h)`0
N0

]− 3

if det(∇Y h) = 1 (and W =∞ otherwise). The metric tensor `0
N0

describes stretching along N0.

`0
N0

:= r
−1/3
0 (I3×3 + (r0 − 1)N0 ⊗ N0),

where r0 ≥ 1 is the degree of anisotropy at temperature T0.

The total energy is then

EN0(Y h) :=

∫
Ωh

W
(
∇Y h,N0

)
dx .

Remarks: (i) minW = 0. (ii) EN0(Y h) = O(h) generically.
(iii) Isotropic case: `0

N0
= `fN = I3×3.



The 3D and 2D metric constraints

Fact: W (∇Y h,N0) = 0 holds pointwise iff

(∇Y h)T (∇Y h) = r−1/3(I3×3 + (r − 1)N0 ⊗ N0) =: `3D
N0
. (1)

Here r := rf /r0 is the change in anisotropy. We call (1) the 3D
metric constraint.

Problem: (1) is too restrictive; such a global deformation Y h

exists only if the metric, defined by the RHS, is flat.

Solution: Consider the weaker 2D metric constraint at the
midplane ω. With ·̃ the projection from x = (x1, x2, x3) to
x̃ = (x1, x2), consider

(∇̃y)T (∇̃y) = r−1/3(I2×2 + (r − 1)(ñ0 ⊗ ñ0)) =: `2D
n0
. (2)

Here n0(x̃) := N0(x̃ , 0) and y(x̃) := Y h(x̃ , 0). Note that |ñ0| ≤ 1.



Main message: Solutions to the 2D metric constraint (2) can be
extended to 3D deformations Y h of small energy.

Theorem
Let N0(x̃ , x3) = n0(x̃) + O(x3). Let n0 ∈ C 2(ω; S2) and
y ∈ C 3(ω;R3) satisfy (2). Then, for every small enough h, there
exists Y h ∈ C 1(Ωh;R3) so that

Y h(x̃ , 0) = y(x̃), EN0(Y h) = O(h3).

Other results of ours:

– For only continuous and piecewise affine (y , n0), a similar
result holds with energy O(h2) and this is optimal. (This
allows to fold/unfold origami by changing temperature.)

– The metric constraint (2) is necessarily satisfied (along
subsequences) whenever EN0(Y h) = O(h3) in a slightly
modified theory. This is a compactness result; based on
geometric rigidity.

References: Aharoni-Sharon-Kupfermann; Conti-Dolzmann;
Conti-Maggi; Friesecke-James-Müller; Warner-Terentjev



A class of examples that satisfy (2)

ñ0 = 0

Graphic from Plucinsky-L-Bhattacharya, PRE rapid (2016)

The 2D metric constraint can produce, e.g., the graphs of nice
enough functions. Indeed, take any ϕ ∈ C 3(ω;R) with
‖∇ϕ‖∞ < r − 1. Then

y(x̃) = r−1/6x̃ + ϕ(r−1/6x̃)e3

satisfies (2) for an appropriate (explicit) n0. In theory, if we
program n0 into the sheet and change temperature, we see the
graph of ϕ emerge in 3D.



Sketch of the proof in the smooth case

The main difficulty arises from having to ensure the
incompressibility constraint det(∇Y h) = 1. We use a method due
to Conti-Dolzmann (Lemma 2 below).

Lemma 1. For any matrix F ∈ R3×2 and vector n0 ∈ S1 satisfying
FTF = `2D

n0
, there exists b ∈ R3 such that

(F |b)T (F |b) = `3D
n0
, det(F |b) = 1,

Moreover, b depends sufficiently smoothly on F and n0.

(This solves the linear algebra part of incompressibility.)

Proof idea: Express b in the natural basis {Fe1,Fe2,Fe1 × Fe2};
this is a basis because rankF = 2.



A fixed point argument
Lemma 2. For y ∈ C 3(ω;R3), let b ∈ C 2(ω;R3) be the vector
field corresponding to F ≡ ∇̃y via Lemma 1. Then, we can find a
coordinate change ξh ∈ C 1(Ωh;R) so that

Y h(x̃ , x3) := y(x̃) + ξh(x̃ , x3)b(x̃) has det∇Y h = 1.

We also have |ξh(x̃ , x3)− x3| ≤ Cx2
3 , etc.

(Then Y h satisfies (1) up to O(x3) errors with det(I + O(x3)) = 0.
This will prove the Theorem.)

Proof idea. For a general ξh,

det∇Y h = det((∇̃y |b) + x3(∇̃b|0))∂3ξ
h,

and this gives a nonlinear ODE for ∂3ξ
h. This is solved by a fixed

point argument. One has a contraction because |x3| ≤ h� 1.
Important to use a space that ensures good control on the solution
ξh (e.g. |ξh(x̃ , x3)− x3| ≤ Cx2

3 ).



Thank you for your attention!


