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1 Introduction and background

1 Introduction and background

Let (M, g) be a compact Riemannian manifold, ∂M = ∅. Denote ∆ =
∆g the positive Laplacian. Suppose that ∆uj = λ2

juj.

Theorem (Small scale quantum ergodicity, H. 15, Hezari-Rivière 15).
Let M be negatively curved, i.e. sectional curvatures are negative. Let

0 ≤ α <
1

3n
and r(λ) =

1

(log λ)α
.

Given any orthonormal basis of eigenfunctions (i.e. eigenbasis) {uj}∞j=1,
there exists a full density subsequence

{ujk} ⊂ {uj},
such that ˆ

B(x,rjk)
|ujk|

2 ≈ Vol(B(x, rjk)) as k →∞

for rjk = r(λjk) and all x ∈M uniformly.
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Definition. The density D of a subsequence J = {jk} ⊂ N is defined
as

D(J) = lim
N→∞

#{jk < N}
N

, if the limit exists.

When D = 1, we call J a full density subsequence.

Theorem (Quantum ergodicity, Šnirel’man-Zelditch-Colin de Verdière
70-80s). There exists a full density subsequence {ujk} in any eigen-
basis {uj} such that for any Borel subset Ω ⊂ M with measure-zero
boundary, ˆ

Ω
|ujk|

2→ Vol(Ω)

Vol(M)
as k →∞.

• In Quantum ergodicity (QE) theorem, Ω is independent of λ.
• In small scale QE theorem, Ω = B(x, r) is at a small scale

r(λ)→ 0 as λ→∞.
• Small scale QE is a refinement of QE theorem (on the negatively

curved manifolds).
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Remark.

•What is Ergodicity?

It describes the equidistribution of a typical geodesic trajectory in
the phase space of some compact manifolds, e.g. negatively curved
manifolds.

•What is Quantum Ergodicity? It assigns a correspondence as h→ 0

◦ classical ergodic system: geodesic flow on M and

◦ quantum system: Schrödinger propagator eith∆ on L2(M).

Laplacian eigenfunctions (∆u = λ2u, λ = 1/h) are stationary states
of the Schrödinger propagator, i.e. |u|2 stays unchanged under eith∆.

•Why small scale? For high frequency eigenfunctions u as λ→∞,

◦ Elliptic theory applies to u at the small scale r = 1/λ.

Under a dilation : ∆u = λ2u ⇒ ∆̃ũ = u in B(x, 1/λ).

◦ Quantum ergodicity says nothing of u at small scales.
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2 Classical ergodicity and classical chaos

Dynamical system: A particle moving in M without potential.
• States are points in the phase space, i.e. the cosphere bundle S∗M:

(x, ξ) ∈ S∗M = {(x, ξ) ∈ T ∗M : |ξ|x = 1} .
• The states evolve in time under the geodesic flow Gt:

(x(0), ξ(0)) ⇒ (x(t), ξ(t)) = Gt(x(0), ξ(0)).

• Topological ergodicity: A typical trajectory of Gt equidistributes in
S∗M as t→∞.
• Measure-theoretical ergodicity:
◦ Gt preserves the cosphere bundle S∗M and its Liouville volume

form µ on S∗M, i.e.

µ
(
Gt(Ω)

)
= µ(Ω) for all Ω ⊂ S∗M.

◦ (Gt, S
∗M;µ) is ergodic if there is no non-trivial invariant sets, i.e.

Gt(Ω) = Ω ⇒ µ(Ω) = 0 or µ(S∗M).
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• Functional ergodicity: Define time-average and space-average of f :

AvT (f ) =
1

T

ˆ T

0
f ◦Gt dt, and µ(f ) =

1

µ(S∗M)

ˆ
S∗M

f dµ.

Theorem (von Neumann’s ergodic theorem). Let Gt be ergodic on
S∗M with respect to µ. If f ∈ L2(S∗M, dµ), then

lim
T→∞

‖AvT (f )− µ(f )‖L2(S∗M) = 0
(

= of (1)
)
.

Remark.

• Šnirel’man-Zelditch-Colin de Verdière’s Quantum Ergodicity applies
von Neumann’s ergodic theorem in the quantum system by quantiza-
tion in the microlocal analysis.

• Our small scale quantum ergodicity applies a refined version of von
Neumann’s ergodic theorem in a chaotic system, i.e.

How fast does the time-average of f converges its space-average?
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2 Classical ergodicity and classical chaos

From now on, let (M, g) be negatively curved.
• Topological chaos: Two nearby trajectories of Gt separate in S∗M at

an exponential rate as t→∞.

• [Hedlund 30s, Hopf 37-42, Anosov 63-67, Anosov-Sinai 67, etc]: Gt is
ergodic on S∗M with respect to the Liouville volume µ.

• Gt is central-limiting, mixing, Anosov (i.e. chaotic): (S∗M, Gt) is a
hyperbolic dynamical system.

• [Ruelle 70s-80s, Ratner 70s-90s, Chernov 90s, Dolgopyat 90s-10s, Liv-
erari 90-10s, etc]: More quantitative characterization of ergodicity and
mixing.

Theorem (Exponential decay of correlation, Liverani 04).∣∣∣∣ˆ
S∗M

f · g ◦Gt dµ− µ(f )µ(g)

∣∣∣∣ ≤ Ce−ct‖f‖γ‖g‖γ.

Here, ‖f‖γ is the Hölder norm of a function f ∈ Cγ(S∗M).
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Using exponential decay of correlation, we can prove a quantitative
version of von Neumann’s ergodic theorem

‖AvT (f )− µ(f )‖L2(S∗M) = of (1) as T →∞.

Theorem (Rate of ergodicity).

‖AvT (f )− µ(f )‖L2(S∗M) ≤
C‖f‖γ√

T
.

• Smoother functions are averaged faster in an Anosov system, quanti-
tatively depending on the Hölder norm.

• In classical-quantum, the correspondence can be well controlled within
log λ time (i.e. Ehrenfest time), so we can allow f to be “singular” at an
log small scale (and still control its time-average).

• In the rate of ergodicity, one losses the exponential decay. This is in
fact sharp: Without loss of generality, let µ(f ) = 0. Then f ◦ Gt and
f ◦Gs are “almost orthogonal” in L2(S∗M) when |t− s| � 1.
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3 Small scale quantum ergodicity

Goal: For “almost all” {ujk} ⊂ {uj},ˆ
B(x,rjk)

|ujk|
2 ≈k→∞ Vol(B(x, rjk)) uniformly for x ∈M.

We first fixed the “base point” x = x0. Let

A := ax0(x;λj) = χB(0,1)

(
x− x0

r(λj)

)
.

Then ˆ
B(x0,r(λj))

|ujk|
2 = 〈ax0(x;λ)uj, uj〉 = 〈Auj, uj〉,

and

Vol(B(x0, r(λj)) =

ˆ
M
ax0(x;λj) ≈ µ(a(x0)).

Technical issue: The “symbols” ax0 are not smooth; we need smooth
symbols.
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Strategy: Take the average of the difference in a spectrum window
(quantum variance):

V2
(
λ,A

)
=

1

λn−1

∑
λj∈[λ,λ+1]

∣∣∣〈Auj, uj〉− µ(ax0

)∣∣∣2.
Weyl Law: #{λj ∈ [λ, λ + 1]} ∼ λn−1. Then

V2
(
λ,A

)
→ 0

can imply that “almost all” of the terms in the summation tend to 0.

Idea: It is extremely difficult to study the high-frequency eigenfunctions
individually. (It is Sarnak’s Quantum Unique Ergodicity Conjecture.)
One instead studies their average in a spectrum window of fixed length
and lets the whole window tend to ∞.

Semiclassical analysis: Tool box to study these high-frequency limits
λ→∞ (i.e. h = λ−1→ 0). Goal:

V2
(
λ,A

)
(a quantum object)⇒ AvT (ax0) (a classical object).
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3 Small scale quantum ergodicity

Laplacian eigenfunctions are stable states of Schrödinger propagator

U(t) = eith∆.

Denote h = 1/λ. Then

∆u = λ2u =⇒ U(t)u = eitλu.

So
|U(t)u|2 = |u|2 is stable under the quantum flow U(t).

Moreover,〈
U(−t)AU(t)uj, uj

〉
=
〈
AU(t)uj, U(t)uj

〉
=
〈
Auj, uj

〉
.

Hence, we can insert U(t) in the quantum variance

V2(λ,A) = V2(λ, U(−t)AU(t)) for arbitrary t ∈ R.

Therefore,

V2(λ,A) = V2
(
λ,Av

q
T (A)

)
for arbitrary t ∈ R.
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Here the quantum time-average of A is

Av
q
T (A) =

1

T

ˆ T

0
U(−t)AU(t).

• Semiclassical trace formula:

V2
(
λ,Av

q
T (A)

)
=⇒ the “symbol” of Av

q
T (A).

• Egorov’s theorem until Ehrenhest time T ∼ log λ:

the “symbol” of Av
q
T (A) =⇒ AvT (ax0)

i.e. within T ∼ log λ,

quantum evolution U(t) ≈ classical evolution Gt.

• a(x0) can only be singular at a 1/ log λ scale so that we can have

V2(λ,A) . AvT (ax0)→ 0 with T ∼ log λ→∞.
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• Small scale quantum ergodicity holds in the phase space, i.e. one can
control the quantum variance

V2
(
λ,A

)
=

1

λn−1

∑
λj∈[λ,λ+1]

∣∣∣〈Auj, uj〉− µ(a)
∣∣∣2,

where A is a pseudo-differential operators on M with symbol a in T ∗M.

• Small scale quantum ergodicity applies to other eigenfunctions esti-
mates, e.g. Lp norm estimates, nodal set measure estimate, nodal domain
estimates. [Hezari, Hezari-Rivière, Zelditch, Sogge, H. 15.-present]

• On special manifolds (e.g. spheres, tori, arithmetic hyperbolic mani-
folds), one can prove stronger results. [Luo-Sarnak, Hezari-Rivière, Lester-
Rudnick, Bourgain, Young, H., H.-Tacy, etc]
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4 Further investigations

4 Further investigations

• Quantum ergodicity (QE) in a polynomial scale λ−α (0 < α < 1)?
Other eigenfunction estimates can be then improved significantly.

• Periodic and non-periodic points. The geodesic flow displays very dif-
ferent dynamics on these points: loops vs equidistribution. Relating
this dynamics with quantum chaos is somehow very challenging.

• Apply exponential decay of correlation directly to quantum chaos?

• Other harmonic analysis and PDE problems on negatively curved man-
ifolds, e.g. nonlinear Schrödinger equations?

• Noncompact manifolds with hyperbolic trapped sets – spectral mea-
sure and resolvent estimates in Lp theory.

• Random wave conjectures by [Michael Berry].
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Thank you for your attention!
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