Contemporary Mathematics

Quasi-invariant measures for continuous
group actions

Alexander S. Kechris
Dedicated to Simon Thomas on his 60th birthday

ABSTRACT. The class of ergodic, invariant probability Borel mea-
sure for the shift action of a countable group is a G set in the com-
pact, metrizable space of probability Borel measures. We study in
this paper the descriptive complexity of the class of ergodic, quasi-
invariant probability Borel measures and show that for any infinite
countable group I' it is Hg—hard, for the group Z it is Hg—complete,
while for the free group Fo, with infinite, countably many gener-
ators it is Hoa—complete, for some ordinal o with 3 < a < w + 2.
The exact value of this ordinal is unknown.

1. Introduction

For any Polish space X, let P(X) be the Polish space of probability
Borel measures on X with the usual topology (see, e.g., [K, 17.E]). It
is compact, metrizable, if X is compact, metrizable. Any f: X — Y
induces the map f,: P(X) — P(Y), defined by f.(u)(B) = u(f~1(B)).

If E is an equivalence relation on X, a measure u € P(X) is ergodic
for E if for any Borel E-invariant set A C X, u(A) € {0,1}. We denote
by ERGpg the set of such measures. Similarly if a: I' x X — X is an
action of a group I' on X, a measure p is ergodic for a if for any
invariant under a Borel set A, we have p(A) € {0,1}. We denote again
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by ERG, the set of such measures. Clearly ERG, = ERGg,, where E,
is the equivalence relation induced by (the orbits of) the action a.

Consider now a continuous action a of a countable (discrete) group
[' on a compact, metrizable space K. If a is understood from the
context, we write 7 - x instead of a(y,z). We also let v*(x) = a(v, z).
It is a standard fact that the set INV, of invariant measures for a is
closed in P(K) and the set EINV, of invariant, ergodic measures for a
is G5 in P(K) (see, e.g., [G, Theorem 4.2]).

Recall that © € P(K) is called quasi-invariant for the action a if
for any v € I', v - u ~ p, where ~ denotes measure equivalence and
v = (7")«(p). Denote by QINV, the set of quasi-invariant measures
for a and by EQINV, the subset of ergodic, quasi-invariant measures
for a. Since the relation ~ of measure equivalence is II3 in P(K)?, it
follows that QINV, is IT3 in P(K). From a (more general) result of
Ditzen in [D], it follows that ERG, is Borel and, again from a (more
general) result in Louveau-Mokobodzki [LM, page 4823], this can be
improved to ERG, € IT? 4o Thus EQINV, = ERG, N QINV,, is also
IT ., in P(K).

In this paper we are interested in the Borel complexity of the sets
QINV, and EQINV,. To avoid technical complications involving the
topology of K, we will consider here the case where K is 0-dimensional
and thus can be viewed as a closed subspace of the Cantor space C = 2.
Under these circumstances, the action a of I' on K can be topologically
embedded, via the map f(z) = (y~!- z),, into the shift action sp of
I" on C''. Therefore QINV, and EQINV, are Wadge reducible, via the
continuous map g — fi(p), to QINV, and EQINV_, resp. Recall
that if A C X, B C Y, then A is Wadge reducible to B if there
is a continuous function f: X — Y such that A = f~*(B). In this
case we put A <y B. We will thus focus our attention on the study of
the Borel complexity of the quasi-invariant and ergodic, quasi-invariant
measures for the shift action. For convenience we write

QINV;. = QINV, ,ERGr = ERG,,, EQINV. = EQINV, .

We prove below the following results, where for a class ® of sets in
Polish spaces, a set A C X, X a Polish space, is called ®¢-hard if for
any B C Y, Y a 0-dimensional Polish space, with B € ®, we have
B <y A. If in addition A € ¢, then A is called ®-complete.

Sr? S

THEOREM 1. For any infinite, countable group I', QINV is Hg—
complete and ERGr, EQINV . are Hg—hard.

THEOREM 2. The set EQINV, is TI3-complete.
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THEOREM 3. Let F be the group with infinite, countably many

generators. Then there is a countable ordinal ., > 3 such that the set
EQINVy_ s ng—complete.

Thus 3 < ag < w + 2.
Problem 4. Calculate c.

We note that from Theorem 3 it follows that EQINV. € IT)_, for
any countable group I'.

Remark 5. The proof of Theorem 3 in Section 4 below also shows that
for any countable group I' that can be mapped onto the direct sum of
infinite, countably many copies of itself, there is a countable ordinal
ar (thus 3 < ar < w + 2) such that EQINV} is ng—complete.

Acknowledgment. Research partially supported by NSF Grant DMS-
1464475.

2. Proof of Theorem 1
We first note the following standard fact.

Lemma 2.1. For any continuous action a of a countable group I' on
a compact, metrizable space K, ERG, <y EQINV,.

PRrROOF. LetI' = {v,: n € N}. Themap € P(K)— >, 2= (D) .
p € P(K) is a continuous reduction of ERG, to EQINV,,. O

Thus to complete the proof of Theorem 1, it is enough to show that
QINVy. is IT3-complete and that ERGr is TT3-hard.
(A) QINV} is TI3-complete.

Let X be a perfect Polish space and I' an infinite, countable group,
which acts freely and continuously on X. Put

S ={(x,) € X": {x,: n € N} is [-invariant)
= {<xn) € XN: VanyEIm(fy * Ty = xm)}

Proposition 2.2. S is not Gs.

PRrROOF. First notice that S is dense: Given Uy, ...,U;_; non-{)
open in X consider Uy x - - - x U_1 x X~. We will show that it intersects
S. Pick 2§ € Vi,i < k. Then clearly there are a, 29 ,,... such that
(%) € S.

So if S'is G, it is comeager. We will show that there is a dense G
set G such that GN S = (), a contradiction.
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Let v # 1,7 € I and put
G = {(w): Vm(y - 30 # 7m)}.
Clearly GN S = (. Now
G = ﬂGm, where

Gm ={(xn): v 20 # T}

Clearly G,, is dense, open, so GG is comeager. O

Let now K be perfect, compact, metrizable and let a be a free,
continuous action of I' on K.

Proposition 2.3. QINV, is not Gs in P(K).
PRrROOF. It is enough to find a continuous function
F: KN — P(K)

such that F~1(QINV,) = S, where S is as above for (K,T).
Put

=1
F(('TTL)) = Z 2n+1 5In7
n=0
where 9, is the Dirac measure at z € K.

Claim. F' is continuous.

Proof. We need to check that if f € C(K), and (2},) — (x,) in KV,
then F((a7,))(f) = 20lq gorr f(a7,) = F((@a))(f) = 3020 garr f (@),
which is clear as f(z) — f(x,),Vn.

Claim. F~Y(QINV) = S.

Proof. If (z,) € S, then clearly v - (F(x,)) ~ F((z,)),¥Vy € T.
Conversely assume (z,) € S. Let then n,~ be such that Vm(y - x,, #
Tm). Then v - F((z,)) # F((x,)). O

Thus we have shown:

Proposition 2.4. Let a be a continuous and free action of an infinite

countable group T' on the perfect, compact metrizable space K. Then
QINV, is not G5 in P(K).

Let now @ = {x € C: x(n) = 0 for all but finitely many n}. Then
Q@ is F, in the Cantor space C and for any Polish space X and Borel
set A C X, if Ais not Gg, then Q <y A (see [K, 24.20 and 22.13)).
Thus we have:



QUASI-INVARIANT MEASURES 5

Corollary 2.5. Let a be a continuous and free action of an infinite,
countable group I' on the perfect, compact metrizable space K Then

there is a continuous function f: C — P(K) with f~*(QINV,) = Q.

Consider now the set QN C CN. It is known that QY is a Hg-
complete set (see [K, page 179] where this set is denoted by Pj).
Let now K = C' with the shift action. By a result of Gao-Jackson-
Seward [GJS, 3.7], there are infinitely many, pairwise disjoint, invari-
ant compact subsets K, of K on which I' acts minimally and freely.
Note that each K, is perfect. By the preceding corollary, there is a
continuous function f,: C — P(K,) such that f,'(QINV, ) = @,
where a,, is the restriction of the shift action to K,. Define now
f:CY — P(K) by f((zn)) = X, 5w fa(zs). Then f is continuous
and f~H(QINV}) = QV, so QINV}. is IT3-complete.

(B) ERGr is IT3-hard.

This follows from the following more general result, where a Borel
equivalence relation £ on a Polish space X is smooth if there is a Borel
map f: X — Y, Y a Polish space, such that zFy <= f(z) = f(y).

THEOREM 2.6. Let E be a non-smooth, Borel equivalence relation
on a Polish space X. Then ERGy is TI3-hard.

PROOF. Let Ef be the equivalence relation of kN given by

Then by [HKL], E3 can be continuously embedded, say by the function
f: 3% — X into E. The function f, from P(3Y) to P(X) is continuous
and p is ergodic for E3 iff f.(u) is ergodic for E. Tt is thus enough to
prove this result for £ = Ej.

Consider the TI3-complete set P; = QY C CV, as in the paragraph
following Corollary 2.5. We will define a continuous function f: CN x
C — 3N as follows:

Fix a bijection (-,-): N> — N. Define first a function f by:

f((ar),x)({(n,m)) = xz(n + m),if a,(m) = 0; z|[n,n + m],if a,(m) = 1.

Let then f((ax),z) = y, where letting y,(m) = y((n,m)), y, is equal
to:

2 f((ar), 2)({n,0)) 2 f((ar), 2)({n, 1)) 2 -+~ 2 f((ar), 2)((n,m)) 2 -+,
which is the concatenation of 2 followed by f((ax),z)({n,0)) followed
by 2 followed by f((ax),z)({n,1)) ...

Since y({n, m)) depends only on a,(1), for | < m, and z(n),...,x(n+
m), it is clear that f is continuous.
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It is also clear that for each fixed (ax), the section f,,)(z) =
f((ax), z) is injective. For each (a;) € CY let now

plar)) = (flan)+(N),

where A is the usual product measure on C. The function p: CN —
P(3Y) is continuous, so its is enough to show that

(CLk) e P — ,u((ak)) & ERGES’

(A) Let (ay) € P;. We claim then that Efy = f(ay) (%) Ej fran) (Y)-
Indeed, if zEyy, say x(k) = y(k) for all k > ng, then for n > ng, clearly
Jan(@)((n,m)) = flap)(¥)({n,m)),¥m. Let also m be large enough so
that a,(m) = 0, for all n < ng and all m > mg. Then for some ko
and all m > ko, n < ng, we have fiq,)(x)((n,m)) = fa(v)((n,m)), so
f(ak)(x>ng(ak)(y)'

Thus if A C 3" is Borel, E3-invariant, then f(;i)(A) is Borel E3-
invariant, so, since \ is ergodic for EZ, it has A-measure 0 or 1, and
thus A has p((ax))-measure 0 or 1. So u((ax)) € ERGgg.

(B) Let (ax) ¢ Ps. Fix then ng and 1 < mg < my < mgy... be such
that a,,(m;) = 1,Vi. Fix also a tree T C 2<N such that 0 < A\([T]) < 1.
Put

where for s € 2™0:

Ny« [T]={aeC:sCa& (any,anys1,---) € [T]}.
Then A\(B) = A([T]) € (0,1). Put f(,)(B) = C and A = [C]gs. Then
A is Borel, E3-invariant and we will show that f(;i)(A) = B, so that
w((ag))(A) € (0,1), and thus u((ax)) is not ergodic for E3, completing
the proof.

Let f(z) € A and choose y € B such that fia,)(2)E§ fia) ().
Then, in particular, if fi,)(2) = (Zn), flax)(Y) = Yn, we have z,, EJyn,.
Now 2,y =2 502 S1..., Yn, = 2 tp 2 t1..., where for each i, s;,;
are binary sequences of the same length. Let then k be such that for
all i > k, s; = t;. If my >k, then ¢, = (Yng,- -+ Ynot+m,) and so
Sm; = tm; € T. Since also s,,, = (Tng,.-.,Tng+m,), We have that
(g, Tng+1,-..) € [T, ie., x € B. O

3. Proof of Theorem 2

Ditzen [D, page 47] shows that EQINV, is II3 and thus by Theo-
rem 1 it is TT3-complete.
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4. Proof of Theorem 3
Theorem 3 will follow from the next proposition:

Proposition 4.1. Let X be a Polish space and let A C X. If A <y
ERGIFOO; then AN(Q XN) SW ERGIF00~

PRrROOF. Recall that for any countable Borel equivalence relation
E, we denote by ERGE the set of probability Borel measures that are
ergodic for F.

Lemma 4.2. Let E,, be a countable Borel equivalence relation in the
Polish space X,, and let p,, be a probability Borel measure on X,,. Let
EL be the following equivalence relation on X :

(20)Eoo(yn) <= VYn(z,Eny,) & ImVn > m(z, = y,).

Then
[]# € ERGE,. <= Vn(u, € ERGp,).

Proor. = : Put g = [], ptn- Let A C X,, be Borel and E,-
invariant. Let B = Xy x --- X,,_1 X A X X,,41 X ---. Then B is Borel
and E.-invariant, so u,(A) = u(B) € {0,1}.

<=: Assume that each p, is ergodic for E,. Let A C ], X, be
Borel and E-invariant. For each Borel set B C [ X, let v(B) =
u(A N B). If we can show that for each Borel cylinder B C [[,, X,
v(B) = p(A)u(B), then since the class of all Borel sets B with the prop-
erty that v(B) = u(A)u(B) is closed under complements and countable
disjoint unions, by the 7 — A Theorem (see, e.g., [K, 10.1, iii)]) it con-
tains all Borel sets, and in particular A, so v(A) = u(A) = u(A)?, thus
u(A) € {0,1}.

Let then B = D x][],.,, X; be a Borel cylinder, where D C [],_, X;.
For y € HiZn Xi, let AY = {(2i)i<n € Hz‘<n Xit ((zi)icn,y)) € A}
Then AY is ],_,, Ei-invariant.

Claim. [];.,, i € ERGy,_ &;-

Proof. 1t is enough to consider the case n = 2, so let A C Xy x X;
be Borel and (Fy x Ej)-invariant. Note that for zq € X, the section
A,y € X is By invariant, so p11(Ay,) € {0,1}. Let P, = {xo: p1(As) =
i}, for i € {0,1}. Then each P; is Ep-invariant. If ug(FPy) = 0, then
po(Pr) =1, s0 (g X p1)(A) = 1. If po(Fy) = 1, then (po x pp)(A) = 1.

Thus AY has [],_,, pi-measure 0 or 1. Let

C={ye HXii (H pi)(AY) =1}

>n <n
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Then (4) = ([T #)(C). Now for y € C, ([T, )(AY 0 D) =
(IL<, #:)(D) and for y ¢ C, ([I,-,, :)(Ay N D) =0, so

W(ANB) = p(An (D x [] X))

w>n

- /(H 1) (AY N D)d(H i) ()

= (H 1:)(D) - (H 1:)(C)

— u(B)u(A).
O

Let now E be the equivalence relation on C¥~ induced by the shift
action of Fo. We have to show that if A <y ERGp, then AY <y
ERGg. Let f: X — P(C™=) be a continuous function witnessing that
A <y ERGpg. Define foo: XN — P((C*)N) by foo((zs)) =11, f(xn).
Then f., is continuous and if F., is as in Lemma 4.2 with F,, = F for
each n, then

fo((2,)) € ERGg, <= Vn(f(z,) € ERGgp) < (1,) € A

So AN SW ERGEOO

Now consider the continuous action of @, Fo, on (CF<)N given by
(V) - () = (Y - ©,). The equivalence relation it induces is exactly
E,. Mapping F,, onto @n F.., this gives a continuous action a of F,
on (C¥=)N for which ERG, = ERGg_ and thus AN <y ERG,. Noting
that (C¥>=)N is homeomorphic to C, we can embed this action to the
shift action of Fo, on C¥= and thus AN <y ERGp,_. O

Using Proposition 4.1, we now complete the proof of Theorem 3 as
follows. Let a be least such that ERGp_ € IT. By Theorem 1, o > 3.

Claim. ERGy_ is ITI2-complete.

Proof. Let A ={B CY:Y Polish, 0-dimensional, B <y ERGp__}.
Then A is closed under countable intersections, since if B,, € A, B,, C
Y, there is a continuous function f,: Y — P(C¥<) such that B, =
[HERGE,). Put X = P(C), A = ERGp_ and let f: Y — XN be
given by f(y)n, = fu(y). Then f witnesses that |, B, <w AY <y A =
ERGr_, so ), Bn € A.

Let now B € II’, B C Y, Y Polish and 0-dimensional. Then
B =), By, where B, € Egn, for some «,, < a. By a result of Saint-
Raymond (see [K, 24.20 and 22.13]) B, <w ERGy_, so B <y ERGp_,.
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Now, as a > 3, EQINVy_isin IT°. Also by Lemma 2.1, if B € TT?,
then B <y ERGr_ <w EQINVy_, so EQINVy_ is II.-complete.

Remark 4.3. Note that the only property of F,, that we used in
the preceding proof is that it can be mapped onto the direct sum of
countably many copies of itself. It follows that Theorem 3 is valid as
well for any countable group I' that has this property.
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