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1 Introduction
(A) This paper is a contribution to the theory of countable Borel equivalence
relations (CBER), a recent survey of which can be found in [K19]. One of
our main concerns is the subject of well-behaved, in some sense, realizations
of CBER. Given CBER E,F on standard Borel spaces X, Y , resp., a Borel
isomorphism of E with F is a Borel bijection f : X → Y which takes E to
F . If such f exists, we say that E,F are Borel isomorphic, in symbols
E ∼=B F . Generally speaking a realization of a CBER E is a CBER F ∼=B E
with desirable properties.

To start with, a topological realization of E is an equivalence relation
F on a Polish space Y such that E ∼=B F , in which case we say that F is a
topological realization of E in the space Y . It is clear that every E admits
a topological realization in some Polish space but we will look at topological
realizations that have additional properties.

Also by the Feldman-Moore Theorem (see, e.g., [K19, 2.3]) and [K95,
13.11], it is clear that every CBER E admits a topological realization, in some
Polish space Y , which is induced by a continuous action of some countable
(discrete) group Γ on Y . We will look again at such continuous action
realizations for which the space and the action have additional properties.

To avoid uninteresting situations, unless it is otherwise explicitly stated
or clear from the context, all the standard Borel or Polish spaces below will
be uncountable and all CBER will be aperiodic, i.e., have infinite classes. We
will denote by AE the class of all aperiodic CBER on uncountable standard
Borel spaces.

1



Concerning topological realizations, we first show the following (in The-
orem 3.1):

Theorem 1.1. For every equivalence relation E ∈ AE and every perfect
Polish space Y , there is a topological realization of E in Y in which every
equivalence class is dense.

This has in particular as a consequence a stronger new version of a marker
lemma. Let E be a CBER on a standard Borel space X. A Lusin marker
scheme for E is a family {As}s∈N<N of Borel sets such that

(i) A∅ = X;
(ii) {Asn}n are pairwise disjoint and

⊔
nAsn ⊆ As;

(iii) Each As is a complete section for E (i.e., it meets every E-class).

We have two types of Lusin marker schemes:

(1) The Lusin marker scheme {As}s∈N<N for E is of type I if in (ii) above
we actually have that

⊔
nAsn = As and moreover the following holds:

(iv) For each x ∈ N = NN,
⋂
nAx|n is a singleton.

(Then in this case, for each x ∈ N, Axn = Ax|n \
⋂
nAx|n is a vanishing

sequence of markers (i.e.,
⋂
nA

x
n = ∅).)

(2) The Lusin marker scheme {As}s∈N<N for E is of type II if it satisfies
the following:

(v) If for each n, Bn =
⊔
{As : s ∈ Nn}, then {Bn} is a vanishing sequence

of markers.

We now have (see Theorem 3.3):

Theorem 1.2. Every E ∈ AE admits a Lusin marker scheme of type I and
a Lusin marker scheme of type II.

We next look at continuous action realizations. The strongest such real-
ization of E ∈ AE would be a realization F on a compact Polish space, where
F is generated by a minimal continuous action of a countable (discrete) group.
We call these minimal, compact action realizations. Excluding the case
of smooth relations (i.e., those that admit a Borel transversal), for which such
a realization is impossible, we show the following (in Theorem 3.9), where a
CBER E on X is compressible if there is a Borel injection f : X → X with
f(C) $ C, for every E-class C.
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Theorem 1.3. Every non-smooth hyperfinite equivalence relation in AE has
a minimal, compact action realization. Moreover if the equivalence relation
is not compressible, the acting group can be taken to be Z.

We discuss other examples of CBER which admit such realizations in
Section 3.B, but we do not know whether every non-smooth CBER has a
minimal, compact action realization. In fact we do not even know if every
non-smooth CBER even admits somewhat weaker kinds of realizations, for
example transitive (i.e., having at least one dense orbit) continuous action
realizations on arbitrary or special types of Polish spaces. These problems
as well as the situation with smooth CBER in such realizations are discussed
in Section 3.B.

Clinton Conley raised also the question of whether every E ∈ AE admits
a Kσ realization in a Polish space. We show in Proposition 3.18 that this is
equivalent to asking whether such a realization can be found as a Kσ = Fσ
relation in a compact Polish space and this raises the related question of
whether every E ∈ AE admits an Fσ realization in a Polish space with
some additional properties, like having one or all classes dense. We show in
Proposition 3.19 that any E ∈ AE has an Fσ realization in some Polish space
with a dense class and moreover in a compact Polish space if it is smooth.
In view of Theorem 1.3, every non-smooth hyperfinite equivalence relation
in AE has an Fσ realization on a compact Polish space with all classes dense
and Solecki in [S02] has shown that this fails for smooth relations, but this
is basically the extent of our knowledge in this matter. All this is discussed
in Section 3.C.

(B) In connection with these realization problems, we were led also to
consider the following quasi-order on CBER, which we call the Borel inclu-
sion order. Given CBER E,F on standard Borel spaces, we put E ⊆B F
if there is E ′ ∼=B E with E ′ ⊆ F .

Below, unless otherwise explicitly stated or understood from the context,
by a measure on a standard Borel space we will always mean a Borel proba-
bility measure.

For each CBER E, we denote by EINVE the set of ergodic, invariant
measures for E and by |EINVE| ∈ {0, 1, 2, . . .ℵ0, 2

ℵ0} its cardinality. We have
the following result (see Proposition 2.3, Theorem 2.8 and Corollary 2.11),
where AH is the class of hyperfinite relations in AE.

Theorem 1.4. (i) If E ⊆B F are in AE, then |EINVE| ≥ |EINVF| and if
E,F ∈ AH, then E ⊆B F ⇐⇒ |EINVE| ≥ |EINVF|.
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(ii) For any E ∈ AE, there is F ∈ AH with F ⊆ E such that moreover
EINVE = EINVF .

Using this and the classification theorem for hyperfinite CBER from
[DJK94, 9.1], one can then prove the following (see Theorem 2.10 and Propo-
sition 2.13), where we use the following terminology and notation:

For each CBER E and standard Borel space S, SE is the direct sum of
“S” copies of E (see Section 2.A). We let E0 be the equivalence relation on 2N

given by xE0y ⇐⇒ ∃m∀n ≥ m(xn = yn); Et is the equivalence relation on
2N given by xEty ⇐⇒ ∃m∃n∀k(xm+k = yn+k); IN = N2; E∞ is a universal
under Borel embeddability CBER; and E × F is the product of E and F .
Finally ⊂B is the strict part of ⊆B and for any quasi-order � with strict
part ≺ on a set Q and q, r ∈ Q, we say that r is a successor to q if q ≺ r
and s ≺ r =⇒ s � q. Finally, for each cardinal κ ∈ {0, 1, 2, 3, . . . ,ℵ0, 2

ℵ0},
let AEκ be the class of all E ∈ AE such that |EINVE| = κ. Note that
by Nadkarni’s Theorem (see, e.g., [K19, Section 4.C]) AE0 is the class of
compressible relations. We also let for κ > 0, κE = SE, where S is a
standard Borel space of cardinality κ.

Theorem 1.5. (i) RE0 ⊂B NE0 ⊂B · · · ⊂B 3E0 ⊂B 2E0 ⊂B E0 ⊂B Et,
each equivalence relation in this list is a successor in ⊆B of the one preceding
it and NE0 is the infimum in ⊆B of the nE0, n ∈ N \ {0}.

(ii) RIN ⊂B Et and Et is a successor of RIN in ⊆B.
(iii) RIN is ⊆B-minimum in AE0 and Et is ⊆B-minimum among the

non-smooth elements of AE0. (B. Miller) Also E∞ × IN is ⊆B-maximum in
AE0.

(iv) For each κ > 0, κE0 is a ⊆B-minimum element of AEκ but AEκ has
no ⊆B-maximum element.

(v) Let κ ≤ λ. Then for every E ∈ AEλ, there is F ∈ AEκ such that
E ⊆B F .

In particular RE0 is ⊆B-minimum non-smooth in AE and E∞×IN is ⊆B-
maximum in AE. Thus one has the following version of the Glimm-Effros
Dichotomy for ⊆B (see Corollary 2.12):

Theorem 1.6. Let E ∈ AE. Then exactly one of the following holds:
(i) E is smooth,
(ii) RE0 ⊆B E.
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(C) We next look at a different kind of realization of CBER. For each
infinite countable group Γ and standard Borel space X consider the shift
action of Γ on XΓ and let E(Γ, X) be the associated equivalence relation and
Eap(Γ, X) be its aperiodic part, i.e., the restriction of E(Γ, X) to the set of
points with infinite orbits. Consider now a Borel action of Γ on an uncount-
able standard Borel space, which we can assume is equal to R. Then the map
f : X → RΓ given by x 7→ px, where px(γ) = γ−1 · x, is an equivariant Borel
embedding of this action to the shift action on RΓ. Thus every aperiodic
equivalence relation E induced by a Borel action of Γ can be realized as (i.e.,
is Borel isomorphic to) the restriction of Eap(Γ,R) to an invariant Borel
set. By a result in [JKL02, 5.5] we also have Eap(Γ,R) ∼=B Eap(Γ,N), so
such realizations exist for Eap(Γ,N) as well. We consider here the ques-
tion of whether these realizations can be achieved in the optimal form,
i.e., replacing Eap(Γ,N) by Eap(Γ, 2). This is equivalent to the statement
that Eap(Γ,R) ∼=B Eap(Γ, 2). If this happens then we call the group Γ 2-
adequate.

Using a recent result of Hochman-Seward, we show the following (see
Theorem 4.4):

Theorem 1.7. Every infinite countable amenable group is 2-adequate.

This in particular answers in the negative a question of Thomas [T12,
Page 391], who asked whether there are infinite countable amenable groups
Γ for which E(Γ,R) is not Borel reducible to E(Γ, 2).

We also show the following (see Corollary 4.9 and Proposition 4.11):

Theorem 1.8. (i) The free product of any countable group with a group
that has an infinite amenable factor and thus, in particular, the free groups
Fn, 1 ≤ n ≤ ∞, are 2-adequate.

(ii) Let Γ be n-generated, 1 ≤ n ≤ ∞. Then Γ × Fn is 2-adequate. In
particular, all products Fm × Fn, 1 ≤ m,n ≤ ∞, are 2-adequate.

On the other hand there are groups which are not 2-adequate (see Theo-
rem 4.12).

Theorem 1.9. The group SL3(Z) is not 2-adequate.

We do not know if there is a characterization of 2-adequate groups.

(D) In the course of the previous investigations two other classes of groups
have been considered. A countable group Γ is called hyperfinite generat-
ing if for every E ∈ AH there is a Borel action of Γ that generates E. We
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provide equivalent formulations of this property in Proposition 5.1 and show
in Corollary 5.2 that all countable groups with an infinite amenable factor
are hyperfinite generating, while no infinite countable group with property
(T) has this property (see Proposition 5.3).

Finally we say that an infinite countable group Γ is dynamically com-
pressible if every E ∈ AE generated by a Borel action of Γ can be Borel
reduced to a compressible F ∈ AE induced by a Borel action of Γ. We
show in Proposition 5.7 that every infinite countable amenable group is dy-
namically compressible and the same is true for any countable group that
contains a non-abelian free group (see Proposition 5.8). However there are
infinite countable groups that fail to satisfy these two conditions but they
are still dynamically compressible (see Proposition 5.9). We do not know if
every infinite countable group is dynamically compressible.

(E) The paper is organized as follows. In Section 2, we study the struc-
ture of the Borel inclusion order on countable Borel equivalence relations. In
Section 3, we consider topological realizations of countable Borel equivalence
relations. In Section 4, we introduce and study the concept of 2-adequate
groups, and in Section 5 we discuss results concerning the concepts of hyper-
finite generating groups and dynamically compressible groups.

Acknowledgments. The authors were partially supported by NSF Grant
DMS-1464475. We would like to thank Joshua Frisch, Clinton Conley and
Brandon Seward for many helpful suggestions.

2 The Borel inclusion order of countable Borel
equivalence relations

2.A General properties

Definition 2.1. Let E,F be CBER on standard Borel spaces X, Y , resp.
We put E ⊆B F if there is a Borel isomorphism f : X → Y with f(E) ⊆ F .

It is clear that ⊆B is a quasi-order on CBER, which we call the Borel
inclusion order. We also let E ⊂B F ⇐⇒ E ⊆B F & F *B E be the
strict part of this order.

Recall that a homomorphism of an equivalence relation E on X to
an equivalence relation F on Y is a map f : X → Y such that xEy =⇒

6



f(x)Ff(y). Thus E ⊆B F iff there is a bijective Borel homomorphism of E
to F .

We will study in this section the structure of this inclusion order on
aperiodic CBER on uncountable standard Borel spaces.

We first prove some basic facts concerning the inclusion order that will
be used repeatedly in the sequel. Recall that a CBER E on X is smooth
if it admits a Borel selector and compressible if there is Borel injection
f : X → X such that for each E-class C, f(C) $ C. We also let IN be the
equivalence relation N2 on N and for each equivalence relation E on X and
standard Borel space S, we let SE be the direct sum of “S" copies of E,
i.e., the equivalence relation on S × X defined by (s, x)SE(t, y) ⇐⇒ s =
t & xEy. It is clear that there is a unique up to Borel isomorphism (which
we denote by ∼=B), smooth aperiodic CBER, namely RIN.

Proposition 2.2. (i) If E ⊆B F and F is smooth, then E is smooth.
(ii) E is compressible iff RIN ⊆B E. Therefore if E ⊆B F and E is

compressible, then F is compressible.

Proof. (i) By the Feldman-Moore Theorem (see, e.g., [K19, 2.B], there is a
Borel action of a countable group Γ = {γn} on X (the space of F ) which
induces F , i.e., xFy ⇐⇒ ∃γ ∈ Γ(γ · x = y). Let f be a Borel selector for
F and define for each x ∈ X, n(x) = the least n with γn · f(x)Ex. Then
g(x) = γn · f(x) is a Borel selector for E.

(ii) This follows from [K19, 2.23].

The number of ergodic, invariant probability Borel measures for a CBER
E will play an important role in the sequel. We denote by EINVE the set of
ergodic, invariant probability measures and by |EINVE| its cardinality. Since
EINVE can be viewed in a canonical way as a standard Borel space (see, e.g.,
[K19, 4.10]) we have that |EINVE| ∈ N ∪ {ℵ0, 2

ℵ0}. Moreover by Nadkarni’s
Theorem, see [K19, 4.C], we have that |EINVE| = 0 iff E is compressible.

We note here the following basic fact:

Proposition 2.3. If E ⊆B F , then |EINVE| ≥ |EINVF|.

Proof. This is clear when |EINVF| = 0. Otherwise assume that E ⊆ F live
on a space X and F admits at least one invariant measure. Consider then
the ergodic decomposition {Xe}e∈EINVF

of F , see [K19, 4.11]. Then for each
e ∈ EINVF, Xe is E-invariant and e is an invariant measure for E|Xe, thus
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Xe supports at least one ergodic, invariant measure for E, say e′. Since the
map e 7→ e′ is injective the proof is complete.

We will next show that many subclasses of AE, including AE itself, admit
maximum under ⊆B elements. This was proved for AE by Ben Miller, see
[K19, 11.E], and the proof below is an adaptation of his argument to a more
general context. Later we will show the existence of a minimum under ⊆B
non-smooth element of AE (see the paragraph following Corollary 2.12).

Below for equivalence relations E,F on spaces X, Y , resp., we let E vB F
iff there is a Borel injection f : X → Y such that xEy ⇐⇒ f(x)Ff(y).
Again vB is a quasi-order on CBER. Also we let E × F be the equivalence
relation on X × Y given by (x, y)E × F (x′, y′) ⇐⇒ (xEx′ & yFy′). We
now have:

Theorem 2.4. Let E ⊆ AE be a class of CBER such that E contains a
maximum under vB element E such that E × IN ∈ E. Then E × IN ∈ E is
⊆B-maximum for E.

Proof. We start with the following fact, where for two equivalence relations
F,G, F ⊕G is their direct sum.

Lemma 2.5. Let R be compressible. Then for any S ∈ AE, S ⊆B R⊕ S.

Proof. Suppose S lives on the space X. Then there is an S-invariant Borel
set X0 ⊆ X such that S|X0

∼=B RIN. Since RIN ⊕ RIN ∼=B RIN, we have, by
Proposition 2.2, that S ∼=B RIN ⊕ S ⊆B R⊕ S.

Let now F ∈ E in order to show that F ⊆B E × IN. Since F vB E,
there is G such that F ⊕ G ⊆B E. Recalling (see, e.g., [K19, 2.23]) that
for any CBER R, R × IN is compressible, we have, by Lemma 2.5, that
F ⊆B F ⊕ (F × IN) ⊕ (G × IN). Note now that F ⊕ (F × IN) ⊆B F × IN,
therefore F ⊆B F ⊕ (F × IN) ⊕ (G × IN) ⊆B (F × IN) ⊕ (G × IN) ∼=B

(F ⊕G)× IN ⊆B E × IN.

In particular this applies to the following classes E: hyperfinite, α-amenable
(see [K19, 8.B]), treeable, AE.
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2.B Hyperfiniteness

We will discuss here the inclusion order on the hyperfinite equivalence rela-
tions. Recall first the following well-known fact (see, e.g., [K19, 7.13]):

Proposition 2.6. If E is hyperfinite and F ⊆B E, then F is hyperfinite.

Thus the classAH of hyperfinite aperiodic CBER forms an initial segment
in ⊆B. It is also downwards cofinal in ⊆B in view of the following standard
result (see, e.g., [K19, 2.10]):

Theorem 2.7. For any E ∈ AE, there is F ∈ AH with F ⊆ E.

We will actually need a more precise version of this result, see [K19, 7.12].
Since a proof of this result has not appeared in print before, we will include
it below.

Theorem 2.8. For any E ∈ AE, there is F ∈ AH with F ⊆ E such that
moreover EINVE = EINVF .

Proof. We will need the following lemma. Below E0 is the equivalence rela-
tion on 2N defined by xE0y ⇐⇒ ∃m∀n ≥ m(xn = yn) and µ0 is the product
measure on 2N, where 2 = {0, 1} is given the uniform (1

2
, 1

2
) measure. Then

µ0 is the unique element of EINVE0 .

Lemma 2.9. Let E be a CBER on a standard Borel space X and let µ ∈
EINVE. Then there is an E-invariant Borel set X0 ⊆ X with µ(X0) = 1, an
E0-invariant Borel set C0 ⊆ 2N with µ0(C0) = 1 and a Borel isomorphism
f : C0 → X0 such that f∗µ0 = µ and f(E0|C0) ⊆ E.

Proof. This follows from the proof of Dye’s Theorem, see, e.g., [KM04, Sec-
tion 7] and [K94, 5.26].

If E is compressible, then the result follows from Proposition 2.2. So
assume that EINVE is nonempty. Consider then the ergodic decomposition
{Xe}e∈EINVE

of E. For each e ∈ EINVE, by Lemma 2.9, there is an E-
invariant Borel set X0,e ⊆ Xe with e(X0,e) = 1, an E0-invariant Borel set
C0,e ⊆ 2N with µ0(C0,e) = 1 and a Borel isomorphism fe : C0,e → X0,e such
that (fe)∗µ0 = e and Fe = fe(E0|C0,e) ⊆ E. Note that Fe admits a unique
ergodic, invariant measure, namely e.

The proof of Lemma 2.9 is effective enough (see, e.g., [DJK94, 9.6]), so
that X0 =

⋃
eX0,e is Borel and F0 =

⋃
e Fe, which lives on X0, is also Borel
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and hyperfinite. Let X ′ = X \ X0. Then by the properties of the ergodic
decomposition F |X ′ is compressible, so by the compressible case above there
is a hyperfinite compressible equivalence relation F ′ ⊆ E|X ′. Finally put
F = F0 ∪ F ′. This clearly works.

Recall that the classification theorem for hyperfinite CBER, see [DJK94,
9.1], shows that, up to Borel isomorphism, AH consists exactly of the fol-
lowing equivalence relations, where Et is the equivalence relation on 2N given
by xEty ⇐⇒ ∃m∃n∀k(xm+k = yn+k):

RIN, Et, E0, 2E0, 3E0, . . . ,NE0,RE0.

Moreover |EINVE|, for E in this list, is respectively 0, 0, 1, 2, 3, . . . ,ℵ0, 2
ℵ0 .

Below for a quasi-order � with strict part ≺ on a set Q and q, r ∈ Q, we
say that r is a successor to q if q ≺ r and s ≺ r =⇒ s � q.

We now have:

Theorem 2.10. (i) RE0 ⊂B NE0 ⊂B · · · ⊂B 3E0 ⊂B 2E0 ⊂B E0 ⊂B Et,
each equivalence relation in this list is a successor in ⊆B of the one preceding
it and NE0 is the infimum in ⊆B of the nE0, n ∈ N \ {0}.

(ii) RIN ⊂B Et and Et is a successor of RIN in ⊆B.

Proof. (i) Clearly E0 ⊆ Et and thus E0 ⊂B Et as E0 is not compressible. To
see that 2E0 ⊆B E0, note that 2N = X0 tX1, where Xi = {x ∈ 2N : x0 = i},
and E0|Xi

∼=B E0. From this it follows immediately that (n+ 1)E0 ⊆B nE0,
for each n ∈ N, n ≥ 1.

To show that NE0 ⊆B nE0, for each n ∈ N\{0}, it is enough to show that
NE0 ⊆B E0. Let sn = 1n0 be the finite sequence staring with n 1’s followed
by one 0, for n ∈ N. Let Xn be the subset of 2N consisting of all sequences
starting with sn, let 1̄ be the constant 1 sequence and put X = 2N\{1̄}. Then
X =

⊔
nXn and E0

∼=B E|X ∼=B E|Xn, for each n ∈ N, which completes the
proof that NE0 ⊆B E0.

Finally to show that RE0 ⊆B NE0, it is enough to show that RE0 ⊆B E0.
To prove this, let for each y ∈ 2N, Xy = {x ∈ 2N : ∀n ∈ N(x2n = yn)}. Then
2N =

⊔
yXy and E0|Xy

∼=B E0,∀y ∈ 2N, which immediately implies that
RE0 ⊆B E0.

This establishes the non-strict orders in the list of (i). The strict orders
and the last two statements of (i) now follow from Proposition 2.3.

(ii) Since Et is compressible and not smooth, by Proposition 2.2, RIN ⊂B
Et. It is also clear that Et is a successor of RIN.
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The following is an immediate corollary of Theorem 2.10:

Corollary 2.11. Let E,F ∈ AH. Then

E ⊆B F ⇐⇒ |EINVE| ≥ |EINVF |.

The next result is a version of the Glimm-Effros Dichotomy, see [K19,
5.5], for the inclusion order ⊆B instead of vB. It is an immediate corollary
of Theorem 2.10 and Theorem 2.8.

Corollary 2.12. Let E ∈ AE. Then exactly one of the following holds:
(i) E is smooth,
(ii) RE0 ⊆B E.

Denote by E∞ a universal CBER, in the sense that every CBER F satisfies
F vB E∞, see, e.g., [K19, 5.C]. Then, by Corollary 2.12, RE0 is a ⊆B-
minimum among all the non-smooth relations in AE and, by Theorem 2.4,
E∞ × IN is a ⊆B-maximum relation in AE.

2.C A global decomposition

For each cardinal κ ∈ {0, 1, 2, 3, . . . ,ℵ0, 2
ℵ0}, let AEκ be the class of all

E ∈ AE such that |EINVE| = κ. Clearly AE =
⊔
κAEκ and each AEκ is

invariant under the equivalence relation associated with the quasi-order ⊆B,
by Proposition 2.3. We also let for κ > 0, κE = SE, where S is a standard
Borel space of cardinality κ.

Proposition 2.13. (i) RIN is ⊆B-minimum in AE0 and Et is ⊆B-minimum
among the non-smooth elements of AE0. (B. Miller) Also E∞ × IN is ⊆B-
maximum in AE0.

(ii) For each κ > 0, κE0 is a ⊆B-minimum element of AEκ but AEκ has
no ⊆B-maximum element.

(iii) Let κ ≤ λ. Then for every E ∈ AEλ, there is F ∈ AEκ such that
E ⊆B F .

(iv) (with R. Chen) The map E 7→ E ⊕ E0 is an order embedding of
the non-smooth elements of AE into AE, i.e., for non-smooth E,F ∈ AE,
E ⊆B F ⇐⇒ E⊕E0 ⊆B F ⊕F0. It maps AEκ into AEκ+1, if κ is finite,and
AEκ into itself, if κ is infinite.
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Proof. (i) That RIN is ⊆B-minimum in AE0 follows from Proposition 2.2 and
that E∞ × IN is ⊆B-maximum in AE0 follows from Theorem 2.4. Finally we
have to show that if E ∈ AE0 is not smooth, then Et ⊆B E.

Since E is not smooth, we have that Et vB E (see [K19, 5.5 and 7.3]), so
as Et is compressible Et viB E (see [K19, 2.27]), i.e., Et is Borel isomorphic
to the restriction of E to an E-invariant Borel set. So if E lives on X, we
have a Borel partition X = Y t Z into E-invariant Borel sets such that
E|Y ∼=B Et. Since E|Z is compressible, we see, using Lemma 2.5, that
Et ⊆B Et ⊕ E|Z ∼=B E|Y ⊕ E|Z ∼=B E.

(ii) The fact that κE0 is a ⊆B-minimum element of AEκ is clear from
Theorem 2.8. That AEκ has no ⊆B-maximum element can be seen as follows.

Assume that E is such a ⊆B-maximum, towards a contradiction. Say E
lives on the space X. Fix an invariant measure µ for E. We will show that
every infinite countable group Γ embeds algebraically into [E], the measure
theoretic full group of E with respect to µ, contradicting a result of Ozawa,
see [K10, page 29].

The group Γ admits a free Borel action on a standard Borel space Y ,
with associated equivalence relation G that has exactly κ ergodic, invariant
measures. To see this, consider the free part of the shift action of Γ on 2Γ,
which has 2ℵ0 ergodic components, and restrict the action to κ many ergodic
components. Since E is ⊆B-maximum in AEκ, let f : Y → X be a Borel
isomorphism such that f(G) = F ⊆ E. Then Γ acts freely in a Borel way on
X inducing F , so that Γ can be algebraically embedded in [F ], the measure
theoretic full group of F with respect to µ (which is clearly invariant for F ).
But [F ] ≤ [E], so Γ embeds algebraically into [E].

(iii) We can of course assume that κ > 0. Let E ∈ AEλ. Let {Xe}e∈EINVE

be the ergodic decomposition of E, which has λ many components. If E
lives on X, let Y be a Borel E-invariant subset of X consisting of exactly κ
many ergodic components. Put Z = X \ Y . Then let E ′ = E|Y and let G
be a compressible equivalence relation on Z with G ⊇ E|Z. Let F = E ′ ∪G.
Then E ⊆ F and F ∈ AEκ.

(iv) We show that E 7→ E ⊕ E0 is an order embedding on non-smooth
aperiodic CBERs (on uncountable standard Borel spaces). (Note that the
only failure is that Et ⊕ E0

∼=B RIN ⊕ E0.)
Clearly, if E ⊆B F , then E ⊕ E0 ⊆B F ⊕ E0. Conversely, suppose that

E ⊕ E0 ⊆B F ⊕ E0. We want to show that E ⊆B F .
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We can write E ∼=B R ⊕ R′ and E0
∼=B S ⊕ S ′ with R ⊕ S ⊆B F and

R′ ⊕ S ′ ⊆B E0. Note that R′, S, S ′ are all aperiodic hyperfinite (maybe on
a countable space), and since E0

∼=B S ⊕ S ′, exactly one of S or S ′ must be
E0, and the other is compressible hyperfinite. Also since E is non-smooth,
we have E ∼=B E ⊕ Et, and similarly for F .

We have two cases:

1. If S = E0 and S ′ is compressible, then since R′ ⊕ S ′ ⊆B E0, we must
have R′ ⊆B E0 = S.

2. If S is compressible, then we have R′ ⊕Et ⊆B S ⊕Et, since R′ ⊕Et is
hyperfinite and S ⊕ Et ∼=B Et.

In both cases, we get:

E ∼=B E ⊕ Et ∼=B R⊕R′ ⊕ Et ⊆B R⊕ S ⊕ Et ⊆B F ⊕ Et ∼=B F

13



The following picture illustrates parts (i) and (ii) of Proposition 2.13.

Et

RINE0

2E0

NE0

RE0

E∞ × IN

|EINV| = 0

|EINV| = 1

|EINV| = 2

|EINV| = ℵ0

|EINV| = 2ℵ0

It is interesting to consider the problem of existence of ⊆B-maximum
elements in Eκ = AEκ ∩ E for other classes E ⊆ AE. This is clearly the case
if κ = 0 and E satisfies the conditions of Theorem 2.4, so we will consider
κ ≥ 1.

Clearly κE0 is ⊆B-maximum in AHκ. Denote by AT the subclass of AE

consisting of the treeable equivalence relations.

Problem 2.14. Let κ ≥ 1. Does ATκ have a ⊆B-maximum element?
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If E is ⊆B-maximum in AT1, then κE is ⊆B-maximum in ATκ, for ev-
ery 1 ≤ κ ≤ ℵ0, so we will concentrate in the case κ = 1, i.e., the class of
uniquely ergodic elements of AT. We do not know the answer to this prob-
lem but we would like to point out that a positive answer has an implication
in the context of the theory of measure preserving CBER, see [K18].

Fix a standard Borel space X and a measure µ on X. We will consider as
in [K18] pmp CBER on X, i.e., µ-measure preserving CBER on X, where
we identify two such relations if they agree µ-a.e. Inclusion of pmp relations
is also understood in the µ-a.e. sense. Such a relation is treeable if it has this
property µ-a.e. We also denote by Aut(X,µ) the group of measure preserving
automorphisms of (X,µ).

Proposition 2.15. If E on a standard Borel space X is a ⊆B-maximum
uniquely ergodic, equivalence relation in AT, with (unique) invariant measure
µ, then for every treeable pmp relation F on (X,µ), there is an automorphism
T ∈ Aut(X,µ) such that T (F ) ⊆ E.

Proof. We will use the following lemma.

Lemma 2.16. Let G be a treeable pmp CBER on (X,µ). Then there is an
ergodic, treeable pmp CBER H on (X,µ) with G ⊆ H.

Proof. For each T ∈ Aut(X,µ) denote by ET the equivalence relation induced
by T . By [CM14, Theorem 8] the set of T ∈ Aut(X,µ) such that ET is
independent of G (see [KM04, Section 27] for the notion of independence)
is comeager in Aut(X,µ), equipped with the usual weak topology. So is
the set of all ergodic T ∈ Aut(X,µ), see [K10, Theorem 2.6]. Thus there
is an ergodic T ∈ Aut(X,µ) such that ET is independent of G. Then put
H = ET ∨G, the smallest equivalence relation containing ET and G.

By Lemma 2.16, we can assume that F is ergodic. We can also assume
that there is F ′ ∈ AT which agrees with F µ-a.e. By considering the ergodic
decomposition of F ′, we can also assume that µ is the unique invariant mea-
sure for F ′. Fix then a Borel automorphism T : X → X such that T (F ′) ⊆ E.
Then both T∗µ and µ are T (F ′)-invariant. Since T (F ′) is uniquely ergodic,
it follows that T∗µ = µ, i.e., T ∈ Aut(X,µ) and the proof is complete.
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3 Topological realizations

3.A Dense realizations and Lusin marker schemes

We will first use the results in Section 2 to prove the following:

Theorem 3.1. For every equivalence relation E ∈ AE and every perfect
Polish space Y , there is a topological realization of E in Y in which every
equivalence class is dense.

Proof. First, since for every perfect Polish space Y there is a continuous
bijection from the Baire space N onto Y (see [K95, 7.15]), we can assume
that Y = N. Moreover by Corollary 2.12, it is enough to prove this result
for E = RE0 and E = RIN.

Case 1: RE0.
Consider the shift map of Z on 2Z with associated equivalence relation

F ′. Let Y = {x ∈ 2Z : [x]F ′ is dense in 2Z}, Clearly Y is a dense, co-dense
Gδ set in 2Z, so, in particular, it is a zero-dimensional Polish space (with the
relative topology from 2Z). We next check that every compact set in Y has
empty interior. Indeed let K ⊆ Y be compact in Y . Then K is compact in
2Z. If now V is open in 2Z and ∅ 6= V ∩ Y ⊆ K, then since Y is dense in
2Z, by looking at V \ K we see that V ⊆ K, contradicting that Y is also
co-dense in 2Z.

By [K95, 7.7] Y is homeomorphic to N. Moreover if F = F ′|Y , F has
dense classes and |EINVF | = 2ℵ0 , so F ∼=B RE0.

Case 2: RIN.
Consider the equivalence relation R on N given by

xRy ⇐⇒ ∃m∀n ≥ m(xn = yn).

Let A ⊆ N be an uncountable Borel partial transversal for R (i.e., no two
distinct elements of A are in R). Then, as R is not smooth, denoting by
B = [A]R the R-saturation of A, we also have that Y = N\B is uncountable.
Fix then a Borel bijection f : A → Y and let F be the equivalence relation
obtained by adding to each [a]R, a ∈ A, the point f(a). Then F is a smooth
CBER, so F ∼=B RIN, and every F -class is dense in N.

A complete section of an equivalence relation E onX is a subset Y ⊆ X
which meets every E-class. Recall that a vanishing sequence of markers
for a CBER E is a decreasing sequence of complete Borel sections {An}
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for E such that
⋂
nAn = ∅. A very useful result in the theory of CBER

is the Marker Lemma, which asserts that every E ∈ AE admits a vanishing
sequence of markers, see, e.g., [K19, 2.15]. We will see next that Theorem 3.1
implies a strong new version of a marker lemma.

Definition 3.2. Let E be a CBER on a standard Borel space X. A Lusin
marker scheme for E is a family {As}s∈N<N of Borel sets such that

(i) A∅ = X;
(ii) {Asn}n are pairwise disjoint and

⊔
nAsn ⊆ As;

(iii) Each As is a complete section for E.
We have two types of Lusin marker schemes:

(1) The Lusin marker scheme {As}s∈N<N for E is of type I if in (ii) above
we actually have that

⊔
nAsn = As and moreover the following holds:

(iv) For each x ∈ N = NN,
⋂
nAx|n is a singleton.

(Then in this case, for each x ∈ N, Axn = Ax|n \
⋂
nAx|n is a vanishing

sequence of markers.)
(2) The Lusin marker scheme {As}s∈N<N for E is of type II if it satisfies

the following:
(v) If for each n, Bn =

⊔
{As : s ∈ Nn}, then {Bn} is a vanishing sequence

of markers.

Theorem 3.3. Every E ∈ AE admits a Lusin marker scheme of type I and
a Lusin marker scheme of type II.

Proof. Type I: By Theorem 3.1, we can assume that E lives on N and that
every equivalence class is dense. Let then for each s ∈ Nn, As = {x : x|n = s}.

Type II: By Theorem 3.1, we can assume that E lives on R and that
every equivalence class is dense. By induction on n, we can easily construct
open sets As, s ∈ Nn, such that {As}s∈N<N is a Lusin marker scheme for E
and moreover it has the following properties:

(a) Each As, s ∈ Nn, n ≥ 1, is contained in (n,∞);
(b) Each As, s ∈ Nn, n ≥ 1, has non-empty intersection with the interval

(k, k + 1) for every k ≥ n.
Then clearly {As}s∈N<N is of type II.

Remark 3.4. (a) We can also easily see that every E ∈ AE admits a Cantor
marker scheme {As}s∈2<N of each type, which is defined in an analogous
way.

(b) By applying Theorem 3.3 to RE, and using the ccc property for
category, we can see that every E ∈ AE admits a variant of a Lusin marker
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scheme of type I, where condition (iv) in Definition 3.2 is replaced by the
following condition:

(iv)’ For each x ∈ N,
⋂
nAx|n has at most one element and for a comeager

set of x it is empty.

3.B Continuous action realizations

Any CBER has a topological realization induced by a continuous action of a
countable group. We will consider what additional properties of the action
and the Polish space of the realization are possible.

Definition 3.5. (i) A transitive action realization, resp., minimal ac-
tion realization of a CBER is a topological realization induced by a contin-
uous, topologically transitive action of a countable group (i.e., one which has
a dense orbit), resp., induced by a continuous, topologically minimal action
of a countable group (i.e., one for which all orbits are dense).

(ii) A σ-compact action realization, resp., locally compact action
realization, resp., compact action realization of a CBER is a topological
realization induced by a continuous action of a countable group on a σ-
compact, resp., locally compact, resp., compact Polish space.

(iii) A transitive, σ-compact action realization is a topological real-
ization induced by a continuous, topologically transitive action of a countable
group on a σ-compact Polish space. Similarly we define the concepts of

transitive, locally compact action realization,
transitive, compact action realization,
minimal, σ-compact action realization,
minimal, locally compact action realization,
minimal, compact action realization.

We first note the following fact:

Proposition 3.6. If E ∈ AE has a compact action realization or a transitive
action realization on a perfect Polish space or a minimal action realization,
then E is not smooth.

Proof. Suppose a smooth E has a compact action realization F , towards
a contradiction. Then there is a compact invariant subset K in which the
action is minimal. Since F |K is also smooth, by [K95, 8.46] some orbit in K
is non-meager in K, thus consists of isolated points in K. Minimality then
implies that K consists of a single infinite orbit, contradicting compactness.
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The proof of the case of a transitive action realization on a perfect Polish
space or a minimal action realization follows also from [K95, 8.46].

We also note here that the hypothesis of perfectness in Proposition 3.6 is
necessary.

Proposition 3.7. Every smooth equivalence relation in AE has a transitive
locally compact action realization (in some non-perfect space).

Proof. Let N =
⊔
q∈QNq be a decomposition of N into infinite sets indexed by

the rationals. Define then recursively {zn}n∈N ⊆ C, with Im zn > 0, zn → 0,
and pairwise disjoint squares Sn with center zn with Im(Sn) > 0 as follows:

If 0 ∈ Nq, choose z0 ∈ {q}×R and let S0 be a very small square around z0.
At stage n+1, if n+1 ∈ Nq, choose zn+1 ∈ {q}×R so that 0 < Im zn <

1
n+1

,
zn+1 /∈

⋃
m≤n Sm and then choose Sn+1 to be a small square around zn+1 so

that it has empty intersection with all Sm,m ≤ n.
Put X = R ∪ {zn}n∈N. Then X is closed in C, so it is locally compact.

Next define T : X → X as follows:
If x ∈ R, then T (x) = x+ 1. If x = zn with n ∈ Nq, so that x ∈ {q}×R,

and if in the increasing enumeration of Nq, n is the ith element, then put
T (x) = zm, wherem is the ith element in the increasing enumeration of Nq+1.
It is not hard to check that T is a homeomorphism of X. For example, to
check that T is continuous (a similar argument works for T−1) let wn, w ∈ X,
with wn → w, in order to show that T (wn) → T (w). We can assume of
course that wn /∈ R, w ∈ R, Im wn → 0. Now Re T (wn) = Re wn + 1 and
thus T (wn) = Re wn + 1 + i Im wn → w + 1 = T (w).

Next for each pair (m,n) ∈ N2, let Tm,n be the homeomorphism of X
that switches zm with zn and keeps every other point of X fixed. Then the
group generated by all Tm,n and T acts continuously on X. One of its orbits
is {zn} which is dense in X, thus the action is topologically transitive. The
equivalence relation F it generates has as classes the set {zn} and the sets
of the form x+ Z, for x ∈ R, so it is aperiodic and smooth, with transversal
{z0} ∪ [0, 1).

Also the hypothesis of compactness in Proposition 3.6 is necessary.

Proposition 3.8. Every smooth equivalence relation in AE has a locally
compact action realization on a perfect space, in fact one in the space 2N\{1̄},
where 1̄ is the constant 1 sequence.
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Proof. We use an example in [DJK94, page 200, (b)]. Consider the space
X = 2N \ {1̄}. For each m 6= n, let hm,n be the homeomorphism of X
defined by: hm,n(1m0y) = 1n0y, hm,n(1n0y) = 1m0y, hm,n(x) = x, otherwise.
Then the group generated by these homeomorphisms acts continuously on
X and generates the equivalence relation F given by: xFy ⇐⇒ ∃z(x =
1m0z & y = 1n0z), which is smooth aperiodic.

We next show that non-smooth hyperfinite equivalence relations in AE

have the strongest kind of topological realization.

Theorem 3.9. Every non-smooth hyperfinite equivalence relation in AE has
a minimal, compact action realization. Moreover if the equivalence relation
is not compressible, the acting group can be taken to be Z.

Proof. We first consider the compressible case, namely Et. Then Et is gen-
erated by a continuous action of F2, see [K19, 2.B].

Next assume that E ∈ AH is non-compressible and let κ = |ENVE| > 0.
By a theorem of Downarowicz [D91] (see also [M18]) for every metrizable
Choquet simplex K there is a minimal continuous action of Z on 2N such
that K is affinely homeomorphic to the simplex of invariant measures for
this action. In particular the cardinality of the set of ergodic, invariant
measures for the action is the same as the cardinality of the set of extreme
points of K. Fix now a compact Polish space X of cardinality κ and let K
be the Choquet simplex of measures on X. The extreme points are the Dirac
measures, so there are exactly κ many of them. Thus we can find a minimal
continuous action of Z on 2N with exactly κ many ergodic, invariant measures
and therefore if F is the equivalence relation induced by this action, we have
that E ∼=B F .

Although Et does not have a minimal, compact realization where the
acting group is amenable (otherwise it would have an invariant measure), we
have the following:

Proposition 3.10. A compressible, non-smooth, hyperfinite CBER has a
minimal, locally compact action realization where the acting group is Z.

Proof. It is known that there are minimal homeomorphisms on uncountable
locally compact spaces with no invariant measure, see, e.g., [D01, Section 2].
Below we give a simple example:
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Let X ⊆ 4N be the set of sequences which eventually consist only of 1
and 2. Let Xn = 4n×{1, 2}N, so that X0 ⊆ X1 ⊆ X2 ⊆ . . . and X =

⋃
nXn.

We give Xn the usual product topology, so that Xn is clopen in Xn+1, and
X the inductive limit topology, so that U ⊆ X is open iff ∀n(U ∩Xn is open
in Xn). This is Hausdorff, locally compact and second countable, with basis⋃
nBn, where Bn is a countable basis for Xn. Thus X is a locally compact

Polish space, see, e.g., [K95, 5.3].
Let now ϕ : 4N → 4N be the odometer map, i.e., addition by 1 with carry,

which is a homeomorphism of 4N. Note that ϕ(X) ⊆ X and ϕ−1(X) ⊆ X.
We next check that ϕ|X is a homeomorphism of X. It enough to check that
ϕ|Xn : Xn → X and ϕ−1|Xn : Xn → X are continuous. This follows noticing
that ϕ(Xn) ⊆ Xn+1 and ϕ−1(Xn) ⊆ Xn+1.

Let E be the equivalence relation on X induced by ϕ|X. Denote by E ′0
the equivalence relation on 4N defined by xE ′0y ⇐⇒ ∃m∀n ≥ m(xn = yn).
Then E = E ′0|X and E|Xn = E ′0|Xn, so ϕ|X is minimal.

Finally E is compressible as witnessed by the following Borel map f : X →
X: Given x ∈ X, let n be least such that x ∈ Xn. If x(n) = 1, let f(x) = y
be equal to x, except that y(n) = 0. If x(n) = 2, let f(x) = y be equal to x,
except that y(n) = 3.

Remark 3.11. Here are also some other minimal, locally compact action re-
alizations of a compressible, non-smooth, hyperfinite CBER.

(i) Let X be the locally compact space constructed in the proof of Propo-
sition 3.7, whose notation we use below. For each q ∈ Q, let Tq : X → X be
the homeomorphism which is translation by q on R and defined on {zn} in a
way similar to translation by 1 in the proof of Proposition 3.7. Also define
a homeomorphism T : X → X as follows: T is the identity on R. Next let
for each q ∈ Q, Nq = {nq0 < nq1 < nq2 < . . . } be the increasing enumeration
of Nq and define T (znq

2n+3
) = znq

2n+1
, T (znq

1
) = znq

0
, T (znq

2n
) = znq

2n+2
, n ∈ N.

The group generated by T, Tq, q ∈ Q is abelian and acts continuously on
X. The orbits consist of {zn} and the sets of the form x + Q for x ∈ R, so
the action is minimal. Finally there is clearly no invariant measure for this
action.

(ii) Another construction, where the acting group is actually Z2 is the
following: Let S be a minimal homeomorphism on an uncountable compact
metric space K, inducing the equivalence relation F , and let X = K × Z.
Then let Z2 act by homeomorphisms on X, where one of the generators
acts like S on K and the other as translation by 1 on Z. The associated
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equivalence relation of this action is F ×IN so it is compressible, non-smooth
and hyperfinite by [K19, 7.27].

Below for a Borel action of a countable group Γ on a standard Borel
space X and a probability measure ζ on Γ, we say that a measure µ on X is
ζ-stationary if µ =

∫
γ∗µ dζ(γ).

It is easy to see that µ is quasi-invariant under the action, i.e., the action
sends µ-null sets to µ-null sets. Next we check that if the action has infinite
orbits, then µ is non-atomic. Let x ∈ X be such that µ({x}) > 0, towards
a contradiction. Since µ({x}) =

∫
µ(γ−1 · {x}) dζ(γ), if µ(γ−1 · {x}) ≤

µ({x}),∀γ, then as µ(γ−1 · {x}) > 0, we must have that µ(γ−1 · {x}) =
µ({x}),∀γ, a contradiction. Thus we see that for every x ∈ X with µ({x}) >
0, there is x′ ∈ Γ · x, with µ({x′}) > µ({x}). So we can find x0, x1, x2, . . .
with µ({x0}) < µ({x1}) < µ({x2}) < . . . , a contradiction.

We use these facts and Theorem 3.9 to prove the following:

Proposition 3.12. Let E ∈ AE be an equivalence relation on a standard
Borel space X. Then the following are equivalent:

(i) E is not smooth;
(ii) There is a Borel action of a countable group Γ on X generating E,

such that for every measure ζ on Γ there is a ζ-stationary, ergodic for this
action measure on X.

(iii) There is a Borel action of a countable group Γ on X generating E,
such that for some measure ζ on Γ there is a ζ-stationary, ergodic for this
action measure on X.

Proof. If (iii) holds, then E admits a non-atomic, ergodic, quasi-invariant
measure, so it is not smooth. We next prove that (i) implies (ii).

Suppose that E lives on X. Since E is not smooth, by the Glimm-Effros
dichotomy, there is an E-invariant Borel set Y ⊆ X such that E|Y is non-
smooth, hyperfinite. Then, by Theorem 3.9, there is a continuous action of
Γ = F∞ on a compact space Z inducing an equivalence relation F ∼=B E|Y .
Let ζ by any measure on Γ. Then there is a ζ-stationary for this action
measure on Z, see, e.g., [CKM13]. The set of ζ-stationary for this action
measures is thus a non-empty compact, convex set of measures, so it has an
extreme point which is therefore ergodic. Transferring this back to Y and
extending the Γ action to X so that it generates E|(X \Y ) on X \Y , we see
that (ii) holds.

The following question is open:
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Problem 3.13. Does every non-smooth E ∈ AE have any of the topological
realizations stated in Definition 3.5?

We have seen in Theorem 3.9 that the answer is affirmative in the strongest
sense for hyperfinite E but the situation for general E is unclear. The follow-
ing results give some examples of non-hyperfinite equivalence relations that
admit compact realizations.

For each infinite countable group Γ, let F (Γ, 2N) be the equivalence re-
lation induced by the shift action of Γ on (2N)Γ restricted to its free part
X. Every equivalence relation induced by a free Borel action of Γ is Borel
isomorphic to the restriction of F (Γ, 2N) on an invariant Borel set. We now
have:

Proposition 3.14. For every infinite countable group Γ, F (Γ, 2N) has a
compact action realization.

Proof. By a result of Elek [E18], F (Γ, 2N) is Borel isomorphic to F (Γ, 2N)|Y ,
where Y ⊆ X is invariant under the shift and moreover, if Y is the closure
of Y in (2N)Γ, then Y ⊆ X. It follows that F (Γ, 2N) ∼=B F (Γ, 2N)|Y and
the latter is induced by a continuous action of Γ on the compact space K =
Y .

Proposition 3.15. Let (K, d) be an uncountable compact metric space, let
Γ be a countable group acting on K by isometries, inducing the equivalence
relation F , and let Q ⊆ K be invariant Borel with F |Q smooth, and so that
X = K \Q is uncountable, has infinite orbits and contains a dense orbit. Let
E = F |X. Then E ∼=B F , so E has a compact action realization (and thus
a minimal, compact action realization if the action of Γ on K is minimal).

Proof. We first check that the action of Γ on Q has infinite orbits. Otherwise
let y0 ∈ Q have finite orbit. Fix ε0 > 0 so that the distance between any two
distinct point in this orbit is > 2ε0. Also let ∆ ≤ Γ be the stabilizer of y0.

Let x0 ∈ X be such that Γ · x0 is dense in K, so there is x1 ∈ Γ · x0 with
d(x1, y0) = ε1 < ε0. Then if δ ∈ ∆, d(δ · x1, y0) = ε1, so ∆ · x1 ⊆ Sd(y0, ε1),
the sphere of radius ε1 with center y0. If now γ = γ0δ, γ0 /∈ ∆, δ ∈ ∆, we have
d(γ ·x1, γ · y0) = d(γ ·x1, γ0 · y0) = ε1, so γ0 · y 6= y0 and γ ·x1 ∈ Sd(γ0 · y0, ε1),
so γ · x1 /∈ Bd(y0, ε0), the open ball of radius ε0 with center y0. Now there
is x2 ∈ Γ · x1 = Γ · x0 such that d(x2, y0) < ε1. There is no δ ∈ ∆ such that
x2 = δ · x1, so x2 = γ0δ · x1, γ0 /∈ ∆, δ ∈ ∆. Thus if γ = γ0δ, x2 = γ · x1 ∈
Bd(y0, ε0), a contradiction.
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Finally we will check that E ∼=B F . Let X = X0 t X1 t X2 t · · · t X∞
be a decomposition into invariant Borel sets, so that F |Xn, n ∈ N, is smooth
and |Xn| = |Q|. Let π0 be a Borel isomorphism of F |Q with F |X0, π1 a
Borel isomorphism of F |X0 with F |X1, π2 a Borel isomorphism of F |X1 with
F |X2, etc., and let π∞ be the identity on X∞. Then

⋃
n∈N πn ∪π∞ is a Borel

isomorphism of F and E.

Proposition 3.16. Let Γ be a countable group acting continuously on a
perfect, compact, Polish space K with infinite orbits and at least one dense
orbit, inducing the equivalence relation F. Then there is an invariant dense
Gδ set Y ⊆ K, so letting Z = K \ Y , F |Z is non-smooth and if X ⊇ Z is
any invariant Borel and E = F |X, then E ∼=B F , so E has a compact action
realization (and thus a minimal, compact action realization if the action of
Γ on K is minimal).

Proof. By [KM04, 12.1 and 13.3] and the fact that there is a dense Gδ set
consisting of dense orbits, we can find an invariant dense Gδ set Y ⊆ K
with Z = K \ Y uncountable such that F |Y is compressible, hyperfinite and
non-smooth. Therefore F |Y ∼=B Et ∼=B REt. Thus by ccc for category one of
the continuum many copies of Et in F |Y is meager, so subtracting it we can
also assume that F |Z is not smooth. Let now X ⊇ Z be any invariant Borel
set and put E = F |X. Then by the Glimm-Effros Dichotomy and [K19, 7.3
and 2.27], we can find a Borel decomposition X = X0 tX1 tX2 t · · · tX∞
into invariant Borel sets, so that F |Xn

∼=B F |(K \X), n ∈ N. Then complete
the proof as in the last paragraph of the proof of Proposition 3.15.

Recall that a reduction of an equivalence relation E on X to an equiva-
lence relation F on Y is a map f : X → Y such that xEy ⇐⇒ f(x)Ff(y).
If such a Borel reduction exists, we say that E is Borel reducible to F and
write E ≤B F . If E ≤B F and F ≤B E, then E,F are Borel bireducible,
in symbols E ∼B F . We note here that the following weaker version of
Problem 3.13 is also open:

Problem 3.17. Is every non-smooth E ∈ AE Borel bireducible to some
F ∈ AE which has any of the topological realizations stated in Definition 3.5?

3.C Fσ and Kσ realizations

Clinton Conley raised the following question: Does every aperiodic CBER
have a realization as a Kσ equivalence relation in a Polish space?
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We first note that this has the following equivalence formulation:

Proposition 3.18. An aperiodic CBER has a Kσ realization in a Polish
space iff it has an Kσ realization in a compact Polish space.

Proof. Let E ∈ AE be a Kσ equivalence relation on a Polish space X, which
is therefore itself Kσ. Let K = {0, . . . , 1

n
, . . . , 1

3
, 1

2
, 1}, a compact subset of

R. Finally let Y be a compactification of X (i.e., a compact Polish space
which contains X as a dense subspace). Then X is ∆0

2 in Y and thus so is
Y \X. Consider now the compact product space Z = Y ×K. Identify Y with
Y × {0} and so X with X × {0}. Consider then the equivalence relation F
on Z whose classes are the E-classes in X×{0} and the sets {x}× (K \{0}),
x ∈ X, and {y}×K, y ∈ (Y \X). It is easy to check that F is Fσ, therefore
Kσ, in Z. Now notice that there is a perfect set C ⊆ X consisting of pairwise
E-inequivalent elements. To see this, let P be the perfect kernel of X. Then
E ∩ P 2 is not comeager in P 2, so, by [K95, 8.26] and [K95, 19.11], there is a
perfect set of pairwise E-inequivalent elements in P . Using C it is now easy
to show that F ∼=B E.

Of course on compact Polish spaces Kσ and Fσ relations are the same,
so one can also ask more generally about Fσ realizations with additional
properties. First it is clear that every aperiodic CBER has a realization in
some Polish space which is induced by a continuous action of a countable
group and thus it is Fσ. In fact by looking at the perfect kernel of such a
Polish space we can assume that it is also perfect. We can actually find such
an Fσ realization with at least one class dense.

Proposition 3.19. Every aperiodic CBER admits an Fσ realization in some
Polish space with a dense class. Every aperiodic smooth CBER admits such
a realization in a compact Polish space.

Proof. Let E ∈ AE and find a realization F of E on a Polish space X induced
by a continuous action of a countable group. Then let Q ⊆ X be a countable
dense subset of X invariant under the action. The note that F ′ = F ∪Q2 is
an Fσ equivalence relation, F ′ ∼=B F ∼=B E and Q is a dense class of F ′.

For the second assertion, consider the equivalence relation R on R which
is given by the translation action of Z on R. Let X = R ∪ {∞} be the one-
point compactification of R and let F = R∪(Z∪{∞})2. Next fix a countable
subset Q of X, let [Q]F be the F -saturation of Q and put F ′ = F ∪ ([Q]F )2.
Then F ′ is Fσ smooth aperiodic and has a dense class.
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The following is an open problem:

Problem 3.20. Can every aperiodic CBER be realized as an Fσ equivalence
relation on some Polish space with all classes dense?

Again Theorem 3.9 shows that the answer is positive for all non-smooth
relations in AH, with the realization being in fact on a compact space. How-
ever we do not know if Problem 3.20 has a positive answer for smooth rela-
tions,

Problem 3.21. Can every smooth aperiodic CBER be realized as an Fσ
equivalence relation on some Polish space with all classes dense?

Returning to Kσ realizations, we restate Conley’s question and some
stronger variants:

Problem 3.22. (1) Can every aperiodic CBER be realized as a Kσ equiva-
lence relation on some Polish space? In addition:

(2) with a dense class
or even

(3) all classes dense?

Clearly the answer to Problem 3.22, (1) is positive for hyperfinite relations
(by Theorem 3.9 and Proposition 3.19). Proposition 3.19 also gives a pos-
itive answer to Problem 3.22, (2) for smooth equivalence relations. Finally
Problem 3.22, (3) has of course a positive answer for non-smooth hyperfinite
relations and in compact spaces but it fails for smooth relations as proved
by Solecki in [S02]:

Theorem 3.23 (Solecki, [S02, Corollary 3.2]). Every Kσ equivalence relation
on a Polish space with all classes dense and at least two classes is not smooth.

In contrast, we note that by a variation of Case 2 in the proof of Theo-
rem 3.1, one can show the following:

Proposition 3.24. Every aperiodic smooth CBER can be realized as an
equivalence relation which is a Boolean combination of Kσ relations in a
compact Polish space and has all classes dense.

Proof. Here are two such realizations:
1) Consider the equivalence relation E0 in 2N. Let A be a Cantor set in

2N which is a partial transversal for E0. Let B be the E0-saturation of A and
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put Y = 2N \ B. Then Y is Gδ, so a zero-dimensional Polish space (in the
relative topology). Every compact subset of Y has empty interior in Y , so Y
is homeomorphic to the Baire space N (see [K95, 7.7]). Therefore there is a
continuous bijection f : Y → A (see [K95, 7.15]). Let F be the equivalence
relation on 2N obtained by adding to each E0 class [a]E0 , with a ∈ A, the
point f−1(a). Then F is smooth with all classes dense. Put

S(x, y) ⇐⇒ x ∈ B & y ∈ Y & ∃z ∈ A(xE0z &f(y) = z)

and
T (x, y) ⇐⇒ S(y, x).

Then each of S, T is the intersection of two Kσ relations with a Gδ relation
and

xFy ⇐⇒ (x, y ∈ B & xE0y) ∨ S(x, y) ∨ T (x, y),

so F is a Boolean combination of Kσ relations as well.
2) Let X =

∏
n≥1 2n, where 2n is the set of binary sequences of length

n. Define f : X → 2N as follows: Let Y = {(xn) ∈ X : ∃m∀n ≥ m(xn ⊆
xn+1)} and for (xn) ∈ Y , let f(x) =

⋃
n≥m xn, for all sufficintly large m.

For (xn) ∈ Z = X \ Y , let f((x)n) be the concatenation x1x2x3 · · · . Let
xFy ⇐⇒ f(x) = f(y). Then F is a smooth CBER with all classes dense
and it is easy to check that F = F1 ∪ F2 ∪ F3 ∪ F4, where F1 is Kσ, F2 and
F3 are intersections of a Kσ and a Gδ relation and F4 is the equality relation
on X.

3.D A σ-ideal associated to a Kσ CBER

Suppose that X is an (uncountable) Polish space and E a CBER on X.
Denote by K(X) the space of compact subsets of X with the usual Vietoris
topology (see [K95, 4.F]). Let

IE = {K ∈ K(X) : [K]E 6= X}.

Recall that a σ ideal of compact sets is a nonempty subset I ⊆ K(X) such
that K ⊆ L ∈ I =⇒ K ∈ I (i.e., it is hereditary) and K ∈ K(X), K =⋃
nKn, Kn ∈ I,∀n =⇒ K ∈ I (i.e., it is closed under countable unions

which are compact).

Proposition 3.25. Let X be a Polish space and E a Kσ CBER on X with
all E-classes dense. Then IE is a Gδ σ-ideal of compact sets.
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Proof. Here and in the sequel, notice that sinceE isKσ,X = {x ∈ X : (x, x) ∈
E} (and X2) is also Kσ and Fσ = Kσ on X (and X2).

Clearly IE is hereditary. To check closure under countable unions, we will
actually show that if Kn ∈ IE,∀n, then [

⋃
nKn]E 6= X. Notice that because

E is Kσ, for each compact K the set [K]E is also Kσ and thus if K ∈ IE,
then X \ [K]E is dense Gδ. So if Kn ∈ IE,∀n, and [

⋃
nKn]E =

⋃
n[Kn]E = X

this contradicts the Baire Category Theorem. Since

K ∈ IE ⇐⇒ ∃x∀y(y ∈ K =⇒ ¬xEy),

clearly IE is Σ1
1, thus by [KLW87, Theorem 11] (see also [MZ07, Theorem

1.4]) it is Gδ.

Corollary 3.26. If X,E are as in Proposition 3.25 and moreover E admits a
meager complete section, then E admits a nowhere dense, compact complete
section.

Proof. We have a sequenceKn of nowhere dense compact sets with [
⋃
nKn]E =⋃

n[Kn]E = X. Thus for some n, Kn /∈ IE, soKn is a nowhere dense, compact
complete section.

Below denote by Kℵ0(X) the σ-ideal of countable compact subsets of X
and by MGR(X) the σ-ideal of nowhere dense (i.e., meager) compact subsets
of X.

Corollary 3.27. If X,E are as in Corollary 3.26, then

Kℵ0(X) $ IE $ MGR(X).

Corollary 3.28. If X,E are as in Proposition 3.25, then E does not admit
a Kσ transversal.

Proof. If F is a Kσ transversal, we can write F = F1 t F2, where each Fi
is also Kσ and nonempty. Then each Fi is the union of countably many
compact sets in IE, a contradiction.

We say that a σ-ideal of compact sets I satisfies Solecki’s Property (*)
if for any sequence Kn ∈ I,∀n , there is a Gδ set G such that

⋃
nKn ⊆ G

and K(G) = {K ∈ K(X) : K ⊆ G} ⊆ I; see [S11].

Proposition 3.29. If X,E are as in Proposition 3.25, then IE satisfies
Solecki’s Property (*).
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Proof. Let Kn ∈ IE,∀n. Then there is x ∈ X such that [x]E ∩ [
⋃
nKn]E = ∅

and thus if G = X \ [x]E, G is Gδ and K(G) ⊆ IE.

In particular IE admits a representation as in [S11, Theorem 3.1].
A σ-ideal I of compact sets is ccc if there is no uncountable collection

of pairwise disjoint compact sets which are not in I. Since for any CBER E
every K /∈ IE is a complete section, it follows that IE is ccc.

On the other hand, let I∗E be the σ-ideal of subsets of X generated by IE,
i.e, for A ⊂ X, A ∈ I∗E ⇐⇒ ∃(Kn)(Kn ∈ IE,∀n, and A ⊆

⋃
nKn). Then

I∗E is not ccc, in fact we have the following:

Proposition 3.30. Let X,E be as in Proposition 3.25 and moreover for
every nonempty open set U ⊆ X there is a meager complete section contained
in U . Then there is a homeomorphic embedding f : 2N × NN → X such that
for every α ∈ 2N, we have f({α} × NN) /∈ I∗E.

Proof. By [KS95, Section 3, Lemma 9], it is enough to show that for every
nonempty open U ⊆ X, there is a nowhere dense compact set K ⊆ U with
K /∈ IE. This follows as in the proof of Corollary 3.26.

A σ-ideal I of compact sets has the covering property if for every Σ1
1

set A ⊆ X, either A ⊆
⋃
nKn, where Kn ∈ I,∀n, or else K(A) ⊆ I. It is

calibrated if whenever K ∈ K(X) and Kn ⊆ K are such that Kn ∈ I,∀n,
and K(K \

⋃
nKn) ⊆ I, then K ∈ I.

Proposition 3.31. Let X,E be as in Proposition 3.25. Then IE does not
have the covering property and is not calibrated.

Proof. Fix x ∈ X and let G = X \ [x]E. This provides a counterexample to
both properties.

We next provide an example of a pair X,E satisfying all the properties of
Proposition 3.30, and which therefore satisfies all the preceding propositions.
We take X to be the collection of all subsets A of N such that 0 ∈ A, 1 /∈
A, with the usual topology. We let then E be the restriction of many-one
equivalence to X. It is easy to see that E is a Kσ CBER and every E-
class is dense. Finally if U is an open subset of X, which we can assume
that it has the form U = {A ∈ X : F1 ⊆ A,F2 ∩ A = ∅}, for two disjoint
finite subsets F1, F2 of N, then for a large enough number n the set K =
{A ∈ U : A contains only even numbers > n} is a meager complete section
contained in U .
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4 Generators and 2-adequate groups
For each infinite countable group Γ and standard Borel space X consider
the shift action of Γ on XΓ and let E(Γ, X) be the associated equivalence
relation and Eap(Γ, X) be its aperiodic part, i.e., the restriction of E(Γ, X)
to the set of points with infinite orbits. Consider now a Borel action of Γ
on an uncountable standard Borel space, which we can assume is equal to
R. Then the map f : X → RΓ given by x 7→ px, where px(γ) = γ−1 · x,
is an equivariant Borel embedding of this action to the shift action on RΓ.
In particular for every aperiodic equivalence relation E induced by a Borel
action of Γ we have that E viB E(Γ,R), where for equivalence relations R, S
on standard Borel spaces Y, Z, resp., we let R viB S iff there is an injective
Borel reduction f : Y → Z of R to S such that f(Y ) is S-invariant. Thus
every aperiodic equivalence relation E induced by a Borel action of Γ can
be realized as (i.e., is Borel isomorphic to) the restriction of Eap(Γ,R) to an
invariant Borel set.

Now recall that for a Borel action of Γ on a standard Borel space X and
n ∈ {2, 3, . . . , . . . ,N} an n-generator is a Borel partition X =

⊔
i<nXi such

that {γ ·Xi : γ ∈ Γ, i < n} generates the Borel sets in X. This is equivalent
to having a Borel equivariant embedding of the action to the shift action on
nΓ.

It is shown in [JKL02] that for every such action with infinite orbits there
exists an N-generator. It follows that every aperiodic equivalence relation E
induced by a Borel action of Γ can be realized as the restriction of Eap(Γ,N)
to an invariant Borel set. In particular Eap(Γ,R) ∼=B Eap(Γ,N). However
because of entropy considerations, even for the group Γ = Z, it is not the
case that every such action with invariant measure has a finite generator.

Weiss [W89] asked whether for Γ = Z any Borel action without invariant
measure admits a finite generator. Tserunyan [T15] showed that answer is
affirmative for any infinite countable group Γ if the action is Borel isomorphic
to a continuous action on a σ-compact Polish space. Then Hochman [H15]
provided a positive answer to Weiss’ question (for Z). Finally this work
culminated in the following complete answer:

Theorem 4.1 (Hochman-Seward). Every Borel action of a countable group
on a standard Borel space without invariant measure admits a 2-generator.

This however leaves open the possibility that every aperiodic CBER E
induced by a Borel action of Γ can be realized as the restriction of Eap(Γ, 2)
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to an invariant Borel set. This is clearly equivalent to the statement that
Eap(Γ,R) ∼=B E

ap(Γ, 2) and it also equivalent to the statement that there is
a Borel action of Γ that generates E and has a 2-generator. This leads to
the following concept.

Definition 4.2. An infinite countable group Γ is called 2-adequate if

Eap(Γ,R) ∼=B E
ap(Γ, 2).

Remark 4.3. Thomas [T12] studies the question of when E(Γ,R) ∼B E(Γ, 2).

The first result here is the following:

Theorem 4.4. Every infinite countable amenable group is 2-adequate.

Proof. Let X = RΓ, Y = 2Γ, E = Eap(Γ,R), F = Eap(Γ, 2). Note that
|EINVF | = |EINVE| = 2ℵ0 , so fix a Borel bijection π : EINVE → EINVF .
Fix also the ergodic decompositions {Xe}e∈EINVE

of E and {Yf}f∈EINVF
of

F , resp. By the Ornstein-Weiss Theorem, see. e.g., [K19, 7.25], let Ze be
an E-invariant Borel subset of Xe such that E|Ze is hyperfinite with unique
invariant measure e. Again the construction of Ze is effective enough, so that
Z =

⋃
e Ze is Borel. Put X

′ = X \ Z, so that E|X ′ is compressible.
Then, by Theorem 4.1, there is a Borel F -invariant subset Y ′ of Y such

that E|X ′ ∼=B F |Y ′, say by the Borel isomorphism g : X ′ → Y ′. Put W ′ =
Y \ Y ′. Then let Wf be an F -invariant Borel subset of Yf such that Wf ⊆
W ′ and F |Wf is hyperfinite with unique invariant measure f . Again the
construction of Wf is effective enough, so that W =

⋃
f Wf is Borel and

there is a Borel isomorphism he of E|Ze with F |Wπ(e) such that moreover
h =

⋃
e he is Borel and thus a Borel isomorphism of E|Z with F |W . Then

g ∪ h shows that E viB F and the proof is complete.

Thomas [T12, Page 391] asked the question of whether there is an infinite
amenable Γ such that E(Γ,R) �B E(Γ, 2). Theorem 4.4 provides a negative
answer in a strong form.

To discuss other examples of 2-adequate groups, we will need the following
strengthening of Theorem 2.7.

Proposition 4.5. Let E ∈ AE and let R ⊆ E be hyperfinite. Then there is
R ⊆ F ⊆ E with F ∈ AH.
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Proof. Suppose E lives on the standard Borel space X and let

Y = {x : [x]E contains a finite nonempty set of finite R-classes}.

Then Y is E-invariant and E|Y is smooth, thus we can let F = E on Y . Let
W = {x : [x]E contains no finite R-classes}. Then we can take F = R on W .

So we can assume that each E-class contains infinitely many finite R-
classes. Let Z = {x : [x]R is finite}. Then R|Z is R-invariant and smooth,
so let S be a Borel selector and T the associated Borel transversal T =
{x : S(x) = x}.. Then, by Theorem 2.7, let F ′ be a hypefinite aperiodic Borel
equivalence relation on T such that F ′ ⊆ E|T . Let then F ′′ be the equivalence
relation on Z defined by xF ′′y ⇐⇒ S(x)F ′S(y). It is clearly aperiodic,
hyperfinite, and R|Z ⊆ F ′′ ⊆ E|Z. Finally put F = F ′′ ∪R|(X \ Z).

We also consider the following class of countable groups.

Definition 4.6. A countable group Γ is hyperfinite generating if for every
E ∈ AH there is a Borel action of Γ that generates E.

We now have the next result that generalizes Proposition 4.5 from Z
to any hyperfinite generating group. The proof is similar, noting that any
smooth aperiodic CBER can be generated by a Borel action of any infinite
countable group.

Proposition 4.7. Let E ∈ AE and let R ⊆ E be generated by a Borel action
of Γ, where Γ is a hyperfinite generating group. Then there is R ⊆ F ⊆ E
with F ∈ AE generated by a Borel action of Γ.

Proposition 4.8. Let Γ be any countable group and ∆ a hyperfinite gener-
ating, 2-adequate group. Then Γ ?∆ is 2-adequate.

Proof. Fix a Borel action a of Γ ?∆ on an uncountable standard Borel space
X generating an aperiodic equivalence relation that we denote by Ea. Let
b = a|∆, c = a|Γ and denote by Eb, Ec the associated equivalence relations,
so that Ea = Eb ∨ Ec. By Proposition 4.7 find a Borel action b′ of ∆ such
that Eb′ is aperiodic and Eb ⊆ Eb′ ⊆ Ea, so that Ea = Eb′ ∨ Ec. Let now a′

be the action of Γ ?∆ such that a′|∆ = b′, a′|Γ = c, so that Ea′ = Ea. Since
b′ has a 2-generator, so does a′ and the proof is complete.

It will be shown in Corollary 5.2 that all groups that have an infinite
amenable factor are hyperfinite generating. Thus we have:
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Corollary 4.9. The free product of any countable group with a group that has
an infinite amenable factor and thus, in particular, the free groups Fn, 1 ≤
n ≤ ∞, are 2-adequate.

The following is immediate:

Proposition 4.10. If Γ,∆ are countable groups, every aperiodic equivalence
relation induced by a Borel action of Γ can be also induced by a Borel action
of ∆, ∆ is a factor of Γ and ∆ is 2-adequate, so is Γ. In particular, for
any 1 ≤ n ≤ ∞, every n-generated countable group that factors onto Fn is
2-adequate.

The next two results owe a lot to some crucial observations by Brandon
Seward.

Proposition 4.11. Let Γ be n-generated, 1 ≤ n ≤ ∞. Then Γ × Fn is 2-
adequate. In particular, all products Fm×Fn, 1 ≤ m,n ≤ ∞, are 2-adequate.

Proof. Let {γi}i<n be generators for Γ and let {αi}i<n be free generators
for Fn. Consider a Borel action a of Γ × Fn with Ea aperiodic. Then the
equivalence relation Ei generated by a|〈γi, αi〉 is generated by a Borel action
of Z2 thus is hyperfinite, see, e.g., [K19, 7.F], and thus is given by a Borel
action ai of Z. Let b the Borel action of Fn in which the generator αi acts like
ai. Then Eb =

∨
iEi = E and the proof is complete by Proposition 4.10.

Finally not every infinite countable group is 2-amenable. The argument
below follows the pattern of the proofs in [T12, Section 6].

Theorem 4.12. The group SL3(Z) is not 2-adequate.

Proof. Assume that Γ = SL3(Z) is 2-adequate, towards a contradiction.
Then in particular Eap(Γ, 3) ∼=B Eap(Γ, 2), say via the Borel isomorphism
f . Let µ be the usual product of the uniform measure on 3Γ. Then ν = f∗µ
is an ergodic, invariant measure for the shift action of Γ on 2Γ, thus by Stuck-
Zimmer [SZ94] this shift action is free ν-a.e. This gives a contradiction by
the arguments in [T12, Section 6].

We conclude this section with the following problem:

Problem 4.13. Characterize the 2-adequate groups.
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5 Additional results
(A) Hyperfinite generating groups. We introduced in Section 4 the con-
cept of hyperfinite generating groups. We will establish here some equivalent
formulations of this concept and in particular prove the fact mentioned in
the paragraph after Proposition 4.8. Below we let µ be the product of the
uniform measure on 2N and by [E0] ≤ Aut(2N, µ) the usual measure theoretic
full of the pmp equivalence relation E0. For a countable group ∆ ≤ [E0], we
denote by E∆ the subequivalence relation of E0 induced by the action of ∆
on 2N. This is again understood to be defined only µ-a.e.

Below an IRS on a countable group Γ is a measure on the space of
subgroups of Γ invariant under conjugation. We say that an IRS µ has some
property P if µ-almost all ∆ ≤ Γ have property P. Finally a subgroup ∆ ≤ Γ
is co-amenable if the action of Γ on Γ/∆ is amenable, i.e., admits a finitely
additive probability measure.

Proposition 5.1. Let Γ be an infinite countable group. Then the following
are equivalent:

(i) Γ is hyperfinite generating;
(ii) There is a Borel action of Γ that generates E0;
(iii) Γ admits a Borel action which generates a non-compressible, aperi-

odic hyperfinite equivalence relation;
(iv) Γ admits a factor ∆ ≤ [E0] such that E∆ has a µ-positive set of

infinite orbits.
Moreover, if Γ is hyperfinite generating, Γ admits a co-amenable IRS with

infinite index.

Proof. Clearly (i) =⇒ (ii) =⇒ (iii). We next prove that (iii) =⇒ (iv).
Indeed (iii) implies that there is a Borel action of Γ on a standard Borel
space X generating an aperiodic equivalence relation E that has an ergodic,
invariant measure µ. This action induces a homomorphism π : Γ→ [E], the
measure theoretic full group of E, with respect to µ. If ∆ = π(Γ) ≤ [E],
then ∆ generates E (again µ-a.e). But by Ornstein-Weiss and Dye, see, e.g.,
[K19, 7.8 and 7.25], E and E0 are measure theoretically isomorphic, which
proves (iv).

We now show that (iv) =⇒ (i). Fix E ∈ AH which lives on a space
X. If E is compressible, then it is generated by a Borel action of Γ, by
[DJK94, 11.2]. Otherwise consider the ergodic decomposition {Xe}e∈EINVE

of E. Now (iv) implies (iii) and it follows that Γ has a Borel action on a
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standard Borel space Z which generates an aperiodic hyperfinite equivalence
relation F , which has an ergodic, invariant measure µ. Find then, using Dye’s
Theorem, see, e.g., [K19, 7.8], invariant Borel sets Ye ⊆ Xe with e(Ye) = 1
and Ze ⊆ Z with µ(Ze) = 1 such that E|Ye and F |Ze are Borel isomorphic.
Then E|Ye can be generated by a Borel action of Γ, and, by the effectivity of
this construction, we also have that Y =

⋃
e Ye is Borel and putting together

the acton of Γ on each Ye, we get a Borel action of Γ on Y which generates
E|Y . Since E|(X \ Y ) is compressible, this shows that E is generated by a
Borel action of Γ.

Finally the last statement follows as in the proof of (vii) =⇒ (x) in
the last paragraph of [BK17, Appendix D] (finite generation is not required
there).

Corollary 5.2. Every countable group that has an infinite amenable factor
is hyperfinite generating.

Proof. If Γ is infinite amenable, consider its shift action on 2Γ, equipped with
the product of the uniform measure, with associated equivalence relation
E = E(Γ, 2). Then E and E0 are measure theoretically isomorphic, so the
measure theoretic full group of E is isomorphic to [E0]. Since Γ ≤ [E] we
have an embedding π : Γ→ [E0] such that if ∆ = π(Γ), then E∆ = E0, which
completes the proof.

It also immediately follows from [M06, Theorem 13] that every countable
group that has a factor of the form Γ?∆, where Γ,∆ are non-trivial subgroups
of [E0], is hyperfinite generating.

On the other hand, not every infinite countable group is hyperfinite gen-
erating.

Proposition 5.3. No infinite countable group with property (T) is hyperfinite
generating.

Proof. See, for example, the proof of [K10, Proposition 4.14].

It is also shown in [K10, page 29] that there are groups that do not have
property (T) and are not hyperfinite generating.

The following is an open problem.

Problem 5.4. Characterize the hyperfinite generating groups.
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(B) Dynamically compressible groups. In the course of the previous
investigations the following property of countable groups came up. In the
following it will be convenient to use the notation EX

Γ for the equivalence
relation induced by a Borel action of a countable group Γ on a standard
Borel space X.

Definition 5.5. An infinite countable group Γ is called dynamically com-
pressible if for every aperiodic EX

Γ there is an aperiodic compressible EY
Γ

with EX
Γ ≤B EY

Γ .

Here is an equivalent formulation of this notion.

Proposition 5.6. A countable group Γ is dynamically compressible iff for
every EX

Γ , EX
Γ × IN is induced by a Borel action of Γ

Proof. Since EX
Γ × IN ≤B EX

Γ , if EX
Γ ≤B EY

Γ , with EY
Γ compressible, then

EX
Γ × IN ≤B EY

Γ , therefore EX
Γ × IN viB EY

Γ by [K19, 2.27].

We now have:

Proposition 5.7. Every infinite countable amenable group is dynamically
compressible.

Proof. Consider any aperiodic E = EX
Γ , which we can clearly assume is not

compressible, so admits an invariant measure. Then let {Xe}e∈EINVE
be its

ergodic decomposition. Then there is a Borel set Ye ⊆ Xe with e(Ye) = 1
such that E|Ye is hyperfinite, thus E|Ye ≤B Et. As usual Y =

⋃
e Ye is Borel

and E|Y ≤B REt ≤B Et. Now E|(X \ Y ) is compressible and Et is induced
by a Borel action of Γ by [DJK94, 11.2], so the proof is complete.

Proposition 5.8. If F2 ≤ Γ, then Γ is dynamically compressible.

Proof. Let EX
Γ be aperiodic. Then EX

Γ = EF∞ ≤B EF∞ × IN = EY
F∞ , for

Y = X × N. Now F∞ ≤ Γ, so by using the inducing construction from
the action of F∞ on Y , see [BK96, 2.3.5], we have EY

F∞ ≤B EΓ
Z for some

compressible EΓ
Z .

Therefore only the groups that are not amenable but do not contain F2

can possibly fail to be dynamically compressible. But even among those there
exist dynamically compressible groups.
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Proposition 5.9. Let Γ be a countable group for which there is an infinite
group ∆ such that Γ×∆ ≤ Γ. Then Γ is dynamically compressible.

Proof. Let EX
Γ be aperiodic. Then for Y = X × N, EX

Γ ≤B EX
Γ × IN =

EY
Γ×∆ ≤B EZ

Γ , where EZ
Γ is obtained by inducing from the action of Γ × ∆

on Y .

As a result any countable group of the form Γ×∆<N, for an infinite ∆, is
dynamically compressible. Take now Γ to be any group that is not amenable
and does not contain F2 and consider G = Γ× Z<N. Then G is dynamically
compressible and clearly is not amenable. Moreover it does not contain F2

because of the following standard fact.

Proposition 5.10. Let G,H be two groups such that F2 ≤ G × H. Then
F2 ≤ G or F2 ≤ H.

Proof. Let π : F2 → H be the second projection, If it has trivial kernel, then
F2 ≤ H. Else either F2 ≤ ker(π) ≤ G or ker(π) ∼= Z. In the latter case, by
[LS01, 3.110], [F2 : ker(π)] is finite, so by [LS01, 3.9],

[F2 : ker(π)] =
rank(ker(π))− 1

rank(F2)− 1
= 0,

a contradiction.

We now have the following open problem:

Problem 5.11. Is every infinite countable group dynamically compressible?

We note that Γ fails to be dynamically compressible iff there is some
aperiodic EX

Γ such that every EX
Γ ≤B EY

Γ admits an invariant measure.
We conclude with the following interesting consequence of Proposition 5.8.

Let Γ = SL3(Z) and consider the shift action of Γ on RΓ and denote by
E = F (Γ,R) the restriction of E(Γ,R) to the free part of the action. Then,
by Proposition 5.8, E × IN is induced by a Borel action of Γ. On the other
hand, E× IN cannot be induced by a free Borel action of Γ, since if that was
the case then E × IN viB E, contradicting the Addendum following [CK19,
5.28].

37



References
[BK96] H. Becker and AS. Kechris, The Descriptive Set Theory of Polish

Group Actions, Cambridge Univ. Press, (1996).

[BK17] P.J. Burton and A.S. Kechris, Weak containment of measure
preserving group actions, published online in Erg. Theory and
Dynam. Systems, 2019; arXiv:1611.07921v3.

[CK19] R. Chen and A. S. Kechris, Structurable equivalence relations,
Fund. Math., 242 (2018), 109–185; arXiv:1606.01995v5.

[CKM13] C.T. Conley, A.S. Kechris and B.D. Miller, Stationary probabil-
ity measures and topological realizations, Israel. J. Math., 198
(1) (2013), 333-345.

[CM14] C. T. Conley and B.D. Miller, An antibasis result for graphs
with infinite Borel chromatic number, Proc. Amer. Math. Soc.,
142(6) (2014), 2123–2133.

[D01] A. I. Danilenko, Strong orbit equivalence of locally compact
Cantor minimal systems, Internat. J. Math., 12 (2001), 113–
123.

[DJK94] R. Dougherty, S. Jackson and A.S. Kechris, The structure of hy-
perfinite Borel equivalence relations, Trans. Amer. Math. Soc.,
341(1) (1994), 193–225.

[D91] T. Downarowicz, The Choquet simplex of invariant measures
for minimal flows, Israel J. Math., 74(2-3) (1991), 241–256.

[E18] G. Elek, On universal continuous actions on the Cantor set,
arXiv:1803.05461v2.

[H15] M. Hochman, Every Borel automorphism without finite invari-
ant measure admits a two-set generator, J. Eur. Math. Soc.,
21(1) (2019), 271–317.

[JKL02] S. Jackson, A.S. Kechris and A. Louveau, Countable Borel
equivalence relations, J. Math. Logic, 2(1) (2002), 1–80.

38



[K94] A.S. Kechris, Lectures on definable group actions and equiva-
lence relations, preprint, (1994).

[K95] A.S. Kechris, Classical Descriptive Set Theory, Springer, (1995).

[K10] A.S. Kechris, Global Aspects of Ergodic Group Actions, Amer.
Math. Soc., (2010).

[K18] A.S. Kechris, The spaces of measure preserving equivalence re-
lations and graphs, preprint, www.math.caltech.edu/∼kechris/,
(2018).

[K19] A.S. Kechris, The theory of countable Borel equivalence rela-
tions, preprint, www.math.caltech.edu/∼kechris/, (2019).

[KLW87] A.S. Kechris, A. Louveau and W.H. Woodin, The structure of σ-
ideals of compact sets, Trans. Amer. Math. Soc., 310(2) (1987),
263-288.

[KM04] A. S. Kechris and B.D. Miller, Topics in Orbit Equivalence,
Springer, (2004).

[KS95] A.S. Kechris and S. Solecki, Approximation of analytic by Borel
sets and definable countable chain conditions, Israel J. Math.,
89 (1995), 343-356.

[LS01] R.C. Lyndon and P.E. Schupp, Combinatorial Group Theory,
Springer, (2001).

[MZ07] E. Matheron and M. Zelený, Descriptive set theory of families
of small sets, Bull. Symb. Logic, 13(4) (2007), 482–537.

[M18] J. Melleray, Dynamical simplices and Fraïssé theory, published
online in Erg. Th. and Dynam. Sys., 2018; arXiv:1705.03648v2.

[M06] B.D. Miller, Borel equivalence relations and every-
where faithful actions of free products, preprint,
www.logic.univie.ac.at/∼millerb45/otherwork/, (2006)

[S02] S. Solecki, The space of composants of an indecomposable con-
tinuum, Adv. Math., 166 (2002), 149–192.

39



[S11] S. Solecki, Gδ ideals of compact sets, J. Eur. Math. Soc., 13
(2011), 853–882.

[SZ94] G. Stuck and R.J. Zimmer, Stabilizers for ergodic actions of
higher rank groups, Ann. of Math., 139(3) (1994), 723–747.

[T12] S. Thomas, Universal Borel actions of countable groups, Groups,
Geom. Dyn., 6 (2012), 389–407.

[T15] A. Tserunyan, Finite generators for countable group actions in
the Borel and Baire category settings, Adv. Math., 269 (2015),
585–646.

[W89] B. Weiss, Countable generators in dynamics-universal minimal
models, Contemp. Math., 94 (1989), 321–326.

Department of Mathematics
California Institute of Technology
Pasadena, CA 91125
kechris@caltech.edu, fshinko@caltech.edu

40


	Introduction
	The Borel inclusion order of countable Borel equivalence relations
	General properties
	Hyperfiniteness
	A global decomposition

	Topological realizations
	Dense realizations and Lusin marker schemes
	Continuous action realizations
	bold0mu mumu FFsubsectionFFFF and bold0mu mumu KKsubsectionKKKK realizations
	A bold0mu mumu subsection-ideal associated to a bold0mu mumu KKsubsectionKKKK CBER

	Generators and 2-adequate groups
	Additional results

