ON THE CUSPIDALITY OF PULLBACKS OF SIEGEL
EISENSTEIN SERIES AND APPLICATIONS TO THE
BLOCH-KATO CONJECTURE

JIM BROWN

ABSTRACT. Let £k > 3 be an integer and p a prime with p > 2k — 2.
Let f be a newform of weight 2k — 2 and level 1 so that f is ordinary
at p and p; is irreducible. Under some additional hypotheses we prove
that ordy(Lag(k, f)) < ord,(#S) where S is the Pontryagin dual of the
Selmer group associated to p; ® ' ~* with € the p-adic cyclotomic char-
acter. We accomplish this by first constructing a congruence between
the Saito-Kurokawa lift of f and a non-CAP Siegel cusp form. Once
this congruence is established, we use Galois representations to obtain
the lower bound on the Selmer group.

1. INTRODUCTION

The conjecture of Bloch and Kato, also known as the Tamagawa number
conjecture, is one of the central outstanding conjectures in number theory.
Let f be a newform of weight 2k — 2 and level 1. The Bloch-Kato conjecture
for modular forms roughly states that the special values of the L-function
associated to f should measure the size of the Selmer group associated to
twists of the Galois representation associated to f. In previous work we
showed that under suitable hypotheses that one has that if ord, (Lag (%, f)) >
1, then ord,(# Sel(W)) > 1 ([Br07]). Unfortunately, due to limitations of
the method used one was unable to gain any more information then this. In
this paper we improve upon these results yielding the much stronger result
that under the same hypotheses needed before roughly speaking one has

ordyy(Lag(k, £)) < ordy(# Sel(W)).

The method of proof is in the same spirit as used in [Br07] with significant
improvements at a couple of steps. Nevertheless, we briefly recount the
method here.

The general outline of the method goes back to work of Ribet on the
proof of the converse of Herbrand’s theorem ([R76]). This method has been
generalized and applied in other contexts by several authors ([KKO07], [SU06],
[Wi90], etc.) The method employed by Ribet (in a slightly more general
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form) is as follows. Given a positive integer k£ and a primitive Dirichlet
character x of conductor N so that y(—1) = (—1)*, one has an associated
Eisenstein series E} , with constant term w For an odd prime p with
p| L(1 —k,x) and pt N, one can show that there is a cuspidal eigenform g
of weight k and level M with N | M so that g = E}, , (mod p) for some prime
p | p. This congruence is used to study the residual Galois representation of
0 ka_1> is non-split where w is the reduction
of the p-adic cyclotomic character. This allows one to show that * gives a
non-zero cohomology class in HL (Q, x~'w! ).

For our purposes, the character in Ribet’s method will be replaced with
a newform f of weight 2k — 2 and level 1. Associated to f we have its
Saito-Kurokawa lift F'r, our replacement for the Eisenstein series Ej, ,. Our
goal is to find a Siegel modular form G that is not a Saito-Kurokawa lift so
that the Fourier coefficients of G' are congruent modulo @™ to those of F
for some integer m > 1. We are able to produce such a GG by exploiting the
explicit nature of the Saito-Kurokawa correspondence, using the pullback of
a Siegel Eisenstein series and an inner product relation of Shimura ([Sh95])
as key ingredients. It is at this step a significant improvement over the
results of [Br07] is made. We use results of Garrett to show that in fact
the Siegel Eisenstein series used pulls back to something cuspidal in each
variable. This allows us to avoid some of the ad hoc methods needed in
[Br07] that “lost the powers of p”. Once we have the congruence desired, we
generalize results of Urban ([U01]) to our situation to allow us to give the
lower bound on the Selmer group. This generalization is another significant
improvement over our work in [Br07] and allows us to get the lower bound
desired.

The author would like to thank Jim Cogdell for many helpful conversa-
tions.

g- It is shown that p, , ~

2. NOTATION

In this section we set the notation and definitions to be used throughout
this paper.

Let A be the ring of adeles over Q. For a prime p, we fix once and for all
compatible embeddings Q — @p, Q — C, and @p — C. We write ord,(n)
to denote p™ for p™ || n. We denote by ¢, the p-adic cyclotomic character
ep : Gg — GLi(Z,). We drop the p when it is clear from context. We
denote the residual representation of €, by wj,, again dropping the p when
it is clear from context.

For aring R, we let M,,, ,,(R) denote the set of m by n matrices with entries
in R. If m = n we write M,,(R) for My, ,,(R). For a matrix € My, (R),

we write
Y by
r= (cw dx)
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where a,, by, ¢;, and d, are all in M, (R). We drop the subscript  when it
is clear from the context. The transpose of a matrix z is denoted by ‘.

Let SLs and GL,, have their standard definitions. We denote the complex
upper half-plane by h'. We have the usual action of GL; (R) on h! UPH(Q)
given by linear fractional transformations. Define

0, -1
Sp?n = {g € GLQn : t’YLZn’Y = L2n}a lon = " .
In Op

Siegel upper half-space is defined by
h" ={Z € M,,(C) : 'Z = Z,Im(Z) > 0}.
The group Sps,(R) acts on h” via

A B\, »
Q;D>Z—MZ+EK¥+D)'
We let I'{ = SLy(Z) x Z? be the Jacobi modular group ([EZ85]).

Given an L-function L(s) = [, Ly(s) and a finite set of places X, we
write

L*(s) = [T Lo(s)
PEY

when we restrict to places away from > and

Ly(s) = [ ] Lo(s)

pEX

when we restrict to the places in X.

Let I' C SL2(Z) be a congruence subgroup. We write M (I') to denote
the space of modular forms of weight k and level I'. We let Si(I") denote
the subspace of cusp forms. The nth Fourier coefficient of f € My(I') is
denoted by ay¢(n). Given a ring R C C, we write My(I', R) for the space
of modular forms with Fourier coefficients in R and similarly for Si (T, R).
Let f1, fa € M (T") with at least one of the f; a cusp form. The Petersson
product is given by

1 I N, k2
(f1, f2) SLZ) T Jow f1(2) f2(2)y" “dady
where SLy(Z) = SLo(Z)/{415} and T is the image of I' in SLy(Z). The nth
Hecke operator T'(n) has its usual meaning. Let A be a Z-algebra. Let Tz be
the Z-subalgebra of End¢(Sk(SLa(Z)) generated by T'(n) forn =1,2,3,....
Note that we do not include the weight in the notation as it will always be
clear from context. We set T4 = Ty ®z A. We say f € Si(SLa(Z)) is a
newform if it is an eigenform for all 7'(n) and af(1) = 1. The L-function
associated to a newform f of weight k is given by

L(s, f) = Zaf(n)nfs.

n>1
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The L-function L(s, f) can be factored as
L(s, f) = [[I(0 = ar(p)p~)(1 = Bs(p)p~*)]

p

where as(p) + B¢(p) = ar(p) and ay(p)Bs(p) = p*~L. The terms ays(p) and
Bf(p) are referred to as the pth Satake parameters of f.

Kohnen’s +-space of half-integral weight modular forms is given by

S;_l/Q(ro(zL)) = {9 € Sk_1/2(T0(4)) : ag(n) = 0 if (—1)* 'n = 2,3(mod 4)}.

The Petersson product on S; . . (I'g(4)) is given by

k—1/2
(91,92 = / 01(2) )y 2dwdy.
To(4)\b!

We denote the space of Jacobi cusp forms on I'{ by J;"F(I'{). The inner
product is given by

(p1, p2) = / d1(7, 2)pa (T, z)vk_36_4“y2/”dx dy du dv
I'\pxC

for ¢1, ¢o € Jg’fp(l“{) and 7 = u + v, z = x + iy.

We denote the space of Siegel modular forms of weight k£ and level I' C
Spy,(Z) by My (T'). The subspace of cusp forms is denoted by Si(T"). For
F,G € My(Spy,(I')) with at least one a cusp form, the Petersson product
is given by

= 71 G(2) € m k
(F,G) = =77 /F . F(2)G(Z) det(Im(Z))*du(Z).

We will be particularly interested in the decomposition
Sk(Sp4(Z)) = Sy (Spa(Z)) ® SEM(Spa(Z))

where SM(Sp,(Z)) is the space of Maass spezialchars and Sy™(Spy(Z)) is
the orthogonal complement. A form F € S;(Spy(Z)) is in SM(Sp,(Z)) if the
Fourier coefficients of F satisfy the relation
B b1 nm
Ap(n,r,m) = Z " Ap <?7 E 1) .

We let TS(n) denote the nth Siegel Hecke operator. As above, we set T%
to be the Z-subalgebra of Endc(Sk(Spsy,(Z)) generated by the T'(n). For a
Z-algebra A we write fo = T% ®z A. The Hecke algebra ’]I'(*g respects the
decomposition of Sk(Sp4(Z)) into the space of Maass and non-Maass forms
([A80]).

Let F' € S;(T'2) be a Hecke eigenform with eigenvalues Ap(m). Associated
to F' is an L-function called the spinor L-function. It is defined by

Lepin(s, F) = ¢(25 — 2k +4) Y Ap(m)m™*.

m>1
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One can also define the spinor L-function in terms of the Satake parameters
g, a1, and as of F. One has

spm S, F HQp _s

where
Qp(X) = (1 — Oé()X)(l — a()OqX)(l — OéoOzQX)(l — a()OéQOéQX).

The standard L-function associated to F' is given by

(1) bt S, F HWE

where ,
Wo(t) = (1— ) [[(1 = Pait)(1 - £a; '),
Given a Hecke character ¢, the txjvzi;ted standard zeta function is given by
Lt (s, F,¢) = HWg

3. SIEGEL EISENSTEIN SERIES

In this section we study pullbacks of Siegel Eisenstein series and show
that the pullback of the Siegel Eisenstein series from Spy,, to Sps,, X Spy,, is
cuspidal in each variable. We use the methods developed by Garrett ([G92])
along with standard facts about Siegel Eisenstein series to establish this
result. We also recall facts that can be found in [Br07] about the Fourier
coefficients of the Siegel Eisenstein series as well as a formula for the inner
product of the pullback of the Siegel Eisenstein series with a cuspidal Siegel
eigenform due to Shimura ([Sh95]).

3.1. Basic definitions and results. We begin by recalling the defintion
of some subgroups of Spy,,(A) and Sp,,,,(Q). Let N > 1 be an integer let ¥
be the set of primes dividing N. For a prime ¢ define

Koo(N) = {9 € Spo,,(Qp) : ag, by, dg € My, (Zy), cqg € My, (NZyg)}
and set

Kof(N) = [[ Kou(N
Lroo

Set
Koo = {9 € Spy,,(R) : glom = fom}
where i9,, = 7l9,,. and
Ko(N) = Koo Ko f(N).

Set
Sm ={x € My, : 'z = z}.
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Let Pop, = U Qam be the Siegel parabolic of Sps,,, defined by
P2m:{g€Sp2m:CQZO}

with unipotent radical

= fu = (1 ) o5

and Levi subgroup

Qam = {Q(A) = (’g tAo_l) tAe GLm}.

We drop the subscript 2m from the notation when it is clear from context.
Let k be a positive integer such that & > max{3,m+1}. Let x be a Hecke
character of A* satisfying
(2) Xeo(z) = sgn(@)",
xe(a) = 1 iflfoo,a€Z),and N | (a—1).
Define e(g, s; k, N, x) on Spy,,(A) x C by
e(g,s:k,N,x) =0
if g ¢ P(A)Ko(N) and for g = u(x)Q(A)f with u(x)Q(A) € P(A) and
RS Ko(N)
E(g,S; kv Na X) = Eoo(ga S;k7X) Hgé(ga S;k7X) Hgf(ga S;kaNa X)
UN (N
where we define the components by
Eo0(Gs 51k, X) = Xoo(det Axo)| det Ano|**5% (000, 1) 71,
ee(g, 57k, x) = xe(det Ag)[det A|* (€1 N)
ee(g, 57k, N, x) = xe(det Ap)xe(detdg) ' det A,** (L] N).
The Siegel Eisenstein series is defined by
E(g,s) = E(g,s:k,N,x) = > (79 sk, N, x).-
YEP(Q)\ Sp2,, (Q)

The series E(g,s) converges locally uniformly for Re(s) > (m + 1)/2 and
can be continued to a meromorphic function on all of C. It has a functional
equation relating E(g, s) to E(g,(m+1)/2 — s).

Associated to the Siegel Eisenstein series E(g,s) is a complex version
E(Z,s) defined on h™ x C by

E(Z,5) = j"(goo, i2m) E(g, 5)
where Z = gooiom and g = gggocff € Spa,n(Q) Spa,, (R) Ko (V). It will
be important for us that E(Z,(m + 1)/2 — k/2) and E(Z,k/2) are both
holomorphic modular forms of weight k£ and level N ([Sh87]). We will use
whichever of these Siegel Eisenstein series is most convenient for the current
application, keeping in mind the above relation between them.
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Finally, we recall a result on the Fourier coefficients of E(Z, (m +1)/2 —
k/2) demonstrated in [Br07]. Let E*(g,s) = E(g§;1, s) where we recall ¢ =

(?m _0]-m> It is convenient to look at this translation when calculating
m m

the Fourier coefficients of E(g,s). We let E*(Z,s) be the corresponding
complex version. Write elements Z € h™ as Z = X +1Y with X,Y € S"(R)
and Y > 0. L =S"Q)NM,(Z), L' = {s € S"(Q) : Tr(sL) C Z} and
M = N~'L'. The Eisenstein series E*(Z, s) has a Fourier expansion

E*(Z,s) =Y a(h,Y,s)e(Tr(hX))

heM
for Z = X 4+1Y € h™. Set
[m/2]
A¥(s,x) = L%(25,x) [ L7(4s — 24, 47).
j=1

m(m+2)

We normalize E*(Z,s) by multiplying it by 77— 1 A*(s, x). We have the
following result.

Theorem 3.1. ([Br07] Theorem 2.4) Let p be an odd prime such thatp > m
and ged(p, N) = 1. Set

(3)
Dp«(Z,(m+1)/2—k/2) = (7
Then

_ m(m+2)
4

A*((m+1)/2—k/2,x))E*(Z, (m+1)/2—k/2).

Dp+(Z,(m +1)/2 — k/2) € Mp(T™(N), Zy[x,i™]).

3.2. Pullbacks of Siegel Eisenstein series. We begin by reviewing the
notion of the pullback of an automorphic form on Spy, (A) to Spy,(A) x
Spy,,(A). This theory has been well established and the interested reader is
advised to consult any of the following references for more details: ([B85],
[G92], [G84], [Sh95], [ShoT7]).

Let Sp,,, X Sp,y,, be imbedded in Sp,,, via

al 0 b1 0

L<<a1 b1> <a2 bg))_ 0 a9 0 bQ
c1 di)’ \ca do ct 0 di O

0 Co 0 d2

One can show that given a holomorphic automorphic form F' of weight k
and level N on Spy,,(A), the function (g1, 92) — F'(¢(g1,92)) is a holomorphic
automorphic form of weight k& and level N in each variable, see [G92] for
example. The form F(t(g1,92)) is referred to as the pullback of F' from Spy,,
to Spy,, X Spay,, or just the pullback of F'. We will often drop the ¢ from the
notation when it is clear from context. If we wish to work classically rather
then adelically we make use of the embedding

bn % hn s h2n
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given by

0o w

arising from the isomorphism Sp,,, (R)/ Ko = bh".

Our goal is to show that the Eisenstein series E(c(g1,92), (n+1)/2—k/2) is
cuspidal in g1 and g2 where g1, g2 € Spy, (A). We begin by noting that using
the functional equation, this is equivalent to showing that F(t(g1, g2), k/2)
is cuspidal in g; and go. We now wish to apply the methods used by Garrett
in [G92]. To do this, we restrict our Eisenstein series from Py, (A)Ky(N) to
Pin(A)K(N) where K(N) = Koo [Tyoo Ke(N) with

K¢(N) ={g € Spsn(Q¢) : g = Lan(mod N)}.
Classically we are taking E(Z, k/2), which is in My(T'§"(N)), and thinking
of it as a modular form in My (I'*"(N)). From this it is clear that if the
pullback of the restricted Eisenstein series is cuspidal, so is the original. We
denote the Eisenstein series restricted to Py,(A)K(N) as E’. Observe that
if we write

ZXW (Z 0) = diag[Z, W]

E'(g,k/2) = > g k/2)
7€P47L (@)\ Sp4n (Q)

with €(g,k/2) factored into local components as in the previous section,
then we have €x(g,k/2) = ex(9,k/2), €(g,k/2) = e4(g,k/2) for £ 1 N,
and €(g,k/2) = xe(det Ay)| det Ag|* for £ | N. Note the x(det dy)~! drops
out because of the restriction to K(N). We are now in a position to apply
Garrett’s argument to E’(¢(g1,92), k/2) to show that it is cuspidal in g; and

g2 ([G92]).
Let 0 € Spy,(Af) be an element so that

_ ]—n 1n On On
We will consider the Eisenstein series translated by this 6, namely, we will
show that E’(1(g1,92)0~ 1, k/2) is cuspidal in g; and go. Classically this just

amounts to translating to a different cusp, so it is sufficient to show this
translated Eisenstein series is cuspidal in g; and gs.

The space
X = P4N(Q)\ Sp4n(@)/b(sp2n((@) X Sp2n(@))
has representatives 79, 71, ..., T, so that
lo—i 0; Op—y 05 Op—; 0; Op—y 0O
(Oanlon)Ts = Op—i 1; Op—i 1; Op—y 0; Onp—y 0y
nesni Op—i 0i Op—i 0; Op—y 0; 1p—y 0y
Op—i 0i Op—i 0; Op—y —1; Op—y 1

This is essentially a result in geometric algebra, see [G92] for a proof. Let
I; be the isotropy group of Pu,(Q)7; in Py, (Q)\ Spu, (Q) under Sp,, (Q) x
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Sp,,,(Q) acting on the right, i.e.,
Ii = {(91,92) € Sp2,(Q) X Sp2,(Q) : Pun(Q)7it(91, 92) = Pan(Q)7i}.

This allows us to write our Eisenstein series as

E'(1(g1,92)0 " k/2) = > Vilg1, 92)

0<i<n
where
Di(g1,92) = > e(Tive(gn, 92)0~ ", k/2).
YEL\t(SPa, (Q) XSpa, (Q))

Our goal now is to show that ¥;(g1,g2) = 0 for all g1,92 € Sp,,,(Q) unless
i = n. Observe that it is enough to show that for any prime p | NV, we have
ep(Tive(g1,92)07 1, k/2) = 0 for all g1, 92 € Spy,(Qp) In order to show this,
we give an integral representation of the Eisenstein series components €.
Let GL,(Qp) have Haar measure normalized so that GL,(Z,) has Haar
measure 1. For p | N, let ¢, be the characteristic function of the set

{(mimz2) € Mpx2n(Qp) : (m1mz) = (0p1y)(mod N)}.
A change of variables shows that for g € Sp,,(Q,) we have
ep(9:k/2) = 1p(9)/Zp(120)
where

L@ = [ [dethx(deth)y(h(0,L,)g)dh.
GLn(Qp)

In order to show that ¥;(g1, g2) = 0 for all g1, g2 € Sp,,,(Q) unless i = n,
we will show that

Tp(7it(g1,92)0") = 0
for p | N and every g1, 92 € Sps,(Qp) if i # n. In particular, the definition
of Z,, allows us to reduce this to showing that

&p(9(02n120)Tit (g1, 92)07") = 0

for every p | N, g1, 92 € Sps,(Qp), and g € GL2,,(Q,) unless i = n. We have

that ¢,(g(02n12,)7it(g1,92)0~") # 0 if and only if g(02,120)7it(g1,92)0 " =
(02n12n>(m0d N), i.e

9(02,19,)Tit (g1, g2) = (02,12,,)0(mod N).
Deﬁne Q,Z) : MQn,4n — M2n by

a1 a2 bir bio (o b11
ci1 ci2 din dio cii din)’
The definition of € yields

¥ ((02n120)0) = ((1): —Ofn> '
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Thus, we have that 1((02,12,)6) is a matrix of rank 2n in My, (Q,). How-
ever, a short calculation yields that

Y(9(02n120)7iL(91, 92)) = g¥((02n125)7i) 91

and
Y((02n120)73) = 0,; 0; 0; 0;
Op—i 0; 0; —1;

Thus, the rank of ¥(g(02,12,)7it(g1,92)) is at most n + i. Hence, for
¥(g(02n12,)7it(g1, g2)) to be congruent modulo N to (02,12, )0 we must have
a matrix of rank at most n -+ ¢ congruent modulo a proper ideal to a matrix
of rank 2n. This can only happen if i = n. Thus, we have shown that

¢p(9(02nl20)Tit(91,92)0 ") = 0
unless ¢ = n. This shows that ¥;(g1, g2) = 0 for all g1, g2 € Sp,,,(Q) unless
1 = n. Thus we have
El(b(91792)9_17k/2) = Z €(Tn/yb(g1592)0_lak/2)'
YEIn\t(Sp2n (Q) XSp2, (Q))
We are now in a position to show that E'(¢(g1,g2)0~ 1, k/2) is a cuspform
in g1 (g2 respectively). We show here that E'(1(g1, g2)0~ !, k/2) is a cusp form

in g;. The argument to establish the result for g is the same argument and
is omitted. Observe that we have

(4) I, = {u(91,92) : g2 = 91} = Sp,(Q)

—Oln (1)n . Thus, we can take ¢(Spy, (Q) x {1})

as a collection of representatives for I),\¢(Spa, (Q) X Spy,(Q)). This allows
us to write

E'(ug1,92)07 " k/2) = > e(rat(vg1,92)0 ", k/2).
’YESPQn(Q)
We can unfold this sum along the unipotent radical as follows:
E/(L(gl?92)9_17k/2) = Z E(Tnb<791792)9_17k/2)
Y€SP2, (Q)

— Z Z f(TnL(7u91792)0_17k/2)

YESP2n (Q)/U2n (Q) u€U2n (Q)
= > > erarlugr, A g2)07" k/2)
YESP2n (Q)/U2n (Q) €U (Q)

where the last equality follows from the isomorphism in equation (4). We
can expand the sum

where g = (Bg8 with § =

Z e(ti(ugr, ¥ g2)07 1, k/2)
UEUQn(Q)
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in its Fourier expansion in g; along the unipotent radical. Since we are only
interested here in showing cuspidality, it is enough to show that the o-th
Fourier coefficient is zero for all g1, g2 € Sps, (A) unless o is totally positive
definite. Recall the Fourier coefficient is given by

O(Tr(og)) > e(rurlunlg)gr, g2)0~" k/2)dg
UGUQn(Q)

where we recall that ¢ is the standard additive character on A/Q given by

z — ¥ on R and is trivial on Z, for all p. We can fold this integral to

obtain the collapsed integral given by

/U D) elrai(ul0)on, )0~ /2.

/Uzn(Q)\Uzn(A)

We restrict ourselves now to looking at the infinite place as this is the place
that forces the vanishing of the integral for ¢ not totally positive definite.
Recall that 6 € Spy,,(Af), so when we look at the infinite place our integral
becomes

(5) / B(Te(09))eno (i (u(g)gn, g2). k/2)dg.
U2n( )

It is enough to consider g; and gs of the form g; = Q(A41), g2 = u(z)Q(A2).
This follows from the Iwasawa decomposition and the right (K(N),;~%)-
equivariance of €. One can use the fact that 7, is of the form

* * * *
* * % *
In 1In Onp  Op
On On - 1n 1n
to calculate
* % * *
* % * *

Tnb(u(g)glaQQ) = Al A2 gtAl—l xtA2—1
0 0 At !

where we use a * to indicate that we are not interested in this entry of
the matrix. We now make the observation that for any g € Spy,(R), one
has €x(g,k/2) = x(det Ay)j(g,i)~* where g = u(z,)Q(Ay)k,. This fol-
lows immediately from the definition of €, and the fact that j(g,i)™% =

|det Ay|¥j(k,,i)~%. Applying this to our current situation we have
_ ta—1 ta—1N\\ —F
€oo(Tnt(u(9)g1, 92), k/2) = x(det A) det { i dv A gtAl—l :CtA—Ql
0 0 —tA7h

where we write A = Az
have

(A A2 g AT 2T\ (iA1MA g iA A+ AT 0
t 0 0 _tAl—l tA2—1 - -1 1 0 tA2—1 .

u(g)g1,g2) O €ase the notation. Observe that we
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We now recall the formula that if D~! exists then we have

C D
This follows immediately from the identity

A B\ (1 BD™'\ (A-BD'C 0
cC D) \0 1 C D/
Thus, we have

€oo(Tnt(u(g)g1, 92),k/2) = x(det fl)(det Ajdet A2)71 det(g 4+ = +iA; tAy +iAs tAg)*k
= x(det A)(det Ay det Ay) "t det(g + 2)F

det (A B) = det Ddet(A — BD'0).

where z € h". Thus, the integral in equation (5) is equal to

\(det A)(det Ay det Ag)~" / B(Te(og)) det(g + 2)~Fdg = 0
Uan (R)

unless o is totally positive definite. This last equality is a result due to Siegel.
Thus, we have that E'(¢(g1,92)07", k/2) is a holomorphic cuspform in g;.
Similarly, we have it is a holomorphic cuspform in g5 as well. Combining
this with our previous discussion relating E(t(g1,92),(n + 1)/2 — k/2) to
E'(1(g1,92)07 1, k/2), we see that E(1(g1, g2), (n+1)/2—k/2) is a holomorphic
cuspform in g; (respectively, gs.)

3.3. Pullbacks and an inner product relation. In this section we sum-
marize a result of Shimura giving the inner product between a cuspidal Siegel
eigenform and the pullback of the Siegel Eisenstein series. See [Sh95] for a
detailed treatment of this material. We specialize to the case of Sp, x Spy
embedded in Spg as this will be the case for which we apply the result.

Let 0 € Spg(Ay) be defined by

I if 0t N
B 1y 04
L= 0o LY if 0| N.
(2 0) o

Strong approximation gives an element p € Spg(Q) so that E|,(Z,s) corre-
sponds to E(go~1, s).
Let F € Si(T3(N)) be a Siegel eigenform. Applying ([Sh95], equation
(6.17)) to our situation we obtain
(6)
(D, (diag[Z, W], (5 — k)/2), (F|)*(W)) = 7~ Ap N L (5 — k, F,X)F(2)

where Dpy, is the normalized Eisenstein series as defined in equation (3),
(_1)k 22k—3UN
Spa(Z) : TGH(N)]
function as defined in equation (1), and (F'|c)¢ denotes taking the complex
conjugates of the Fourier coefficients of F|..

,uy = £1, L% (5 — k, F, x) is the standard zeta

AN = 31
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4. THE SAITO-KUROKAWA CORRESPONDENCE

The Saito-Kurokawa correspondence is a well known result with several
excellent references for the basic facts ([EZ85], [Geer|, [Z80]). For the facts
we will be interested in, the reader is advised to consult the section on Saito-
Kurokawa lifts in [Br07]. Here we will briefly recall the Saito-Kurokawa
correspondence and state some necessary facts, but omit a lengthy discussion
preferring to point unfamiliar readers to the appropriate references.

Let f € Sox—2(SL2(Z), O) be a newform with Fourier coefficients in a ring
0. The Saito-Kurokawa correspondence associates to f a cuspidal Siegel
eigenform Fy in the Maass spezialchars Sy(Spy(Z)). This correspondence
is achieved via a set of isomorphisms, the first being between So,_2(SLa(Z))
and S, /2 (T'o(4)). The isomorphism from Kohnen’s +-space of half-integral
weight modular forms to Sox_2(SL2(Z)) is given by sending

9(z) = > cg(n)q" € Sy ;5(To(4))

n>1
(—=1)*=1n=0,1(mod 4)
to
= DY\ o 2/ 12 n
Cog(=) =) _ [ D_ (= ) d"2es(IDIn*/d?) | g
n=1 \ dn

where D is a fundamental discriminant with (—1)*='D > 0. The second
isomorphism is between J; ;" (SLa(Z) x Z?) and S, ,,(To(4)) via the map

k—1/2
>—D
Z c(D,r)e <T 7t rz> > Z c(D)e(|D|r).
D<0,reZ D<0
D=r?(mod 4) D=0,1(mod 4)

Finally, we obtain an isomorphism between J; 17 (SLa(Z) x Z*) and the space
of Maass spezialchars Sy(Sp,(Z)) given by

O(1,2) — F(1,2,7") = Z Vind(T, 2)e(mt’)

m>0

where V;,, is the index shifting operator as defined in ([EZ85], Section 4).
We will need that the Fourier coefficients of the form F' arising from ¢(r, 2)
are related to the Fourier coefficients of ¢ by

_ dnm —r? r
Ap(n,r,m) = Z d* lc¢ (dQ’ d) :

dlged(m,m,r)

We recall that we write SS™(Sp,(Z)) for the orthogonal complement to
SM(Sp4(Z)) in Sk(Sp4(Z)) and refer to this as the space of non-Maass forms.
The Saito-Kurokawa correspondence is stated in the following theorem.
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Theorem 4.1. ([Z80]) There is a Hecke-equivariant isomorphism between
Sok—2(SLa(Z)) and SN (Sp4(Z)) such that if f € Sor_o(SLa(Z)) is a new-

form, then one has
(7) Lopin(s, Fy) = C(s — s+ 1)(s — k+ 2)L(s, f).

As our applications of the Saito-Kurokawa correspondence will be in terms
of arithmetic data, we also need the follow two results.

Corollary 4.2. ([Br07], Corollary 3.8) Given f € Si(SLa(Z),0) a new-
form, then Fy also has Fourier coefficients in O. In particular, if O is a
discrete valuation ring, Fy has a Fourier coefficient in O .

Corollary 4.3. Let f € Si(SL2(Z)) and Fy the Saito-Kurokawa lift of f.
One has that F§=Fpe. In other words, the Saito-Kurokawa correspondence
respects complex conjugation of Fourier coefficients.

Proof. This is straightforward by viewing the lift through the isomorphisms
described above. For example, if we let gy denote the half-integral weight
modular form corresponding to f, then just observe that g; maps to fe
under the given isomorphism, as does gf.. Thus, we must have g = g]%.
The others are even more obvious. (]

We will also make use of the following three results.

Theorem 4.4. ([KS89], [KZ81]) Let f € Sop_2(SLa(Z)) be a newform, Fy €
SM(Spy(Z)) the corresponding Saito-Kurokawa lift, and g(z) = Y cg(n)q"
the weight k — 1/2 cusp form corresponding to f. We have the following
mner product relation

(k—1) c(DD* Lk f)
25327 |DIF372 L(k—1, . xp)

where D is a fundamental discriminant so that (—1)*~1D > 0 and xp is the
character associated to the field Q(\/D).

Theorem 4.5. ([Br07], Theorem 3.10) Let N be a positive integer, ¥ the
set of primes dividing N, and x a Dirichlet character of conductor N. Let
[ € Sop—2(SLa(Z)) be a newform and Fy the corresponding Saito-Kurokawa
lift of f. The standard zeta function of Fy factors as

LsEt(Qsa Ffa X) = LE(2S - 2a X)LE(QS + k — 37 f)X)LE(ZS + k — 47 fa X)

Proposition 4.6. Let f € So,_2(SLa(Z)) be a newform, py the associated
l-adic Galois representation, Fy the Saito-Kurokawa lift, and pp, the asso-
ciated 4-dimensional £-adic Galois representation. Then one has

k—2

€

(Fy, Fy) = (f; )

pFy = p
! ! k—1

where € is the {-adic cyclotomic character and blank spaces in the matriz
are assumed to be 0’s of the appropriate size.
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Proof. This fact is used in [Br07], though not formally stated as a proposition
there. It follows directly from the decomposition of the Spinor L-function
of Fy, the fact that pp, is necessarily semi-simple, and the Brauer-Nesbitt
theorem. O

5. CONGRUENCES BETWEEN SAITO-KUROKAWA LIFTS AND NON-MAASS
FORMS

In this section we will use the results obtained in § 3 as well as arguments
originally used in [Br07] to produce a congruence between a Saito-Kurokawa
lift Fy and a form G € SEM(Spy(Z)). This congruence will provide the
foundation for providing the lower bound on the size of the appropriate
Selmer group in § 8.

Let k > 3 be an integer and p a prime so that p > 2k—2 and ged(p, N) = 1.
Let E be a finite extension of Q, with ring of integers O and uniformizer w.
We fix an embedding of F into C that is compatible with the embeddings
fixed in section 2. Let p be the prime of O lying over p.

Given two Siegel modular forms F' and G, we write F' = G(mod w™)
to mean that orde(Arp(T) — Ag(T)) > m for all T. If F and G are
Hecke eigenforms, we denote a congruence between the eigenvalues as F' =
G(mod @w™).

Let f € Sor_2(SL2(Z)) be a newform and Fy the Saito-Kurokawa lift
of f. As in [Br07], we begin by replacing the normalized Eisenstein series
Dg), (diag[Z, W], (5 — k)/2) by its trace so as to work with level 1. Write

E(Z,W) = > (D, ) |yxs(diag[2, W], (5-F)/2).
X BE(Spa(Z) XS4 (2)/(TH(N) xTH(N))

We then have that £(Z, W) is a Siegel cusp form of weight k and level 1
in each variable separately. In addition, one sees that the coefficients of
E(Z,W) remain in Zp[x] by an application of the g-expansion principle for
Siegel modular forms ([CF80], Proposition 1.5).

Let fo = f, f1,..., fm be an orthogonal basis of newforms for So_2(SL2(Z))
and let Fop = Fy, Fy = Fy,...,Fyp = Fy, Fpy1, ..., Fy be an orthogonal
basis of eigenforms of Si(Sp4(Z)). Note we are implicitly using Corollary
4.3 and Theorem 4.4 here. We enlarge E here if necessary so that both of
the bases are defined over O and O contains the values of xy. We write

EZW) =Y e Fi(Z)F(W)
1,J

for some ¢; j € C. The reader is urged to see ([Sh83], Lemma 1.1) or [G84]
for the general principles of such expansions. In [Br07] the assumption was
made that f have real Fourier coefficients to remove the complex conjugation
from the formulas. Though this assumption will eventually be necessary,
we do not immediately make it. This adds some minor complexity to the
argument, but provides a much better picture of why the assumption is
necessary for the method and is not just one made out of convenience.
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Proposition 5.1. With the notation as above, we have
(8) E(Z W)=Y ciFi(Z)Ff (W),
0<i<r

i.e., ¢;j = 0 unless 1 = j. In particular, one has

S A nLg (5 — K, Fiy x)

1,2 7.[.3 <Fic’ Fﬂzc>
Proof. Fix jo with 0 < jo < r and consider the inner product (£(Z, W), Fj, (W)).
Using the orthogonality of the basis we have
(9) (E@ZW), F (W) = > eijo(Ff, Fi) Fi(Z).

0<i<r

On the other hand, combining the facts that
(E(Z W), Ff(W))sp,z) = (D), (diag[Z, W], (5 — k) /2), Ff(W))ra(n

and Fy|¢ = Fy since Fy is of full level with equation (6) gives

(EZ W), F (W) =73 AN L5 (5 — k, Fjy, X) Fjo (2).

Combining this with equation (9) and using that the F; form a basis allows
us to conclude that ¢; j, = 0 unless ¢ = jp and if ¢ = jo we have

 AenLE(5 -k, Fjy, X)

CjOJO - 7T3<cho7 F]C()>

Since jg was arbitrary, we have
EZW) = ) cii(Z)F (W)
0<i<lr

with the ¢;; as desired. O

As our goal is to produce a congruence between Fy and a Siegel cusp form
that is not a CAP form, the first step is a theorem which allows us to kill all
of F; with 1 <+¢ < m. First we need the following result giving the existence
of complex periods.

Theorem 5.2. ([Sh77], Theorem 1) Let f € Sarp_2(SLa(Z),O) be a new-
form. There exist complex periods Q]jf such that for each integer m with
0 <m < 2k — 2 and every Dirichlet character x one has

L(m, f,x) {Q}Ox if x(=1) = (=1)™,
7(x)(2mi)™ Q7O if x(=1) = (1)1,

where T(x) is the Gauss sum of x and Oy is the extension of O generated

L(m, f,x)
() (2md)™

The theorem we will use to kill the F; for 1 <7 < m is as follows.

by the values of x. We write Layg(m, f, x) to denote the value
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Theorem 5.3. ([Br07], Theorem 5.4) Let f = fo, f1,-.., fm be a basis of
newforms of Sog_o(SLo(Z), O) with k > 2. Suppose that the residual Galois
representation py is irreducible and f is ordinary at p. There exists a Hecke
operator t € To such that

Lf = af ifi=0,
TV 0 ifl<i<m,

u 18 a unit in O.

From this point on we assume that f is ordinary at p and p; is irreducible
so we are able to apply this theorem. We write F' = G(mod w") to indicate
that ord (Ap(T)—Ag(T)) > nfor all T, i.e., the congruence is a congruence
of Fourier coefficients.
Applying the fact that the Saito-Kurokawa correspondence is Hecke-equivariant
we are able to conclude there exists t° € Tf’; so that
g afy ifi=0,
! Fi_{ 0 ifl1<i<m

Applying t° to equation (8) we obtain

(10) t5E(Z,W) = acooFo(Z)F5(W) + > ¢; gt F(Z)F§(W).

m<j<r
Before we study ordg(acp,), we show how it “controls” a congruence be-
tween Iy = Fy and a non-CAP eigenform.
Suppose we can have ordg(acop) = M < 0, i.e., there exists a w-unit
B so that acoo = wM 3. Corollary 4.2 gives that there exists a Tj so that
@ 1 Apg(Tp). We claim that this implies that ¢;; # 0 for at least one i with
1> 0. If not, we would have

t3E(2Z,W) = wMBFy(Z)F§(W).

However, since £(Z, W) has w-integral Fourier coefficients, °£(Z, W) does
as well. Thus, upon multiplying both sides of the equation by w™M we
obtain that Fy(Z)F§(W) = 0(mod w), clearly a contradiction.

We now expand each side of equation (10) in terms of W, reduce modulo
w, and equate T¢" Fourier coefficients. The O-integrality of the Fourier
coefficients of t5&(Z, W) combined with the fact that M < 0 gives

-M

Fy(2) = - c( 7 > ¢ Ape(ryt® Fy(Z)(mod o).
F m<j<r
Set o
G: L Z C]]AFC(T())t F(Z)
Ape(To)p i ’

First, we note that if G = 0(mod =) we obtain a contradiction to Corol-
lary 4.2, so we must have a nontrivial congruence. Secondly, since all of the
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Fj’s with m < j < r lie in SSM(Spy(Z)) and as we noted earlier this space
is stable under Hecke operators, we have that t9F; is in SN (Spy(Z)) for
m < j <r. As G is a linear combination of forms in SfM(Sp4(Z)), we must
have G € SfM(Sp,(Z)). Thus, if we show that ordy(acyp) is less then 0,
we have a nontrivial congruence between Fy and a form in Sy™(Sp,(Z)), in
particular, between a Saito-Kurokawa lift and a non-Saito-Kurokawa lift.

Our discussion of acgo will be brief as most of the work done in [Br07]
applies verbatim to this situation. Corollary 4.3 allows us to apply Theorem
4.4 to (F§, F§) as this is (Fye, Fie). Following the same argument as in [Br07]
we are able to conclude that

wcon = Buoallh /- D075
where
Lk £ D) = L*(3 — k, x) Laig(k — E{Cisz)cI;alg(l,f7X)Lalg(2’f’ X)
and Y

(=1)F 1225430 DI* 7 (xp) 7(X)*
k= 1)[Spa(Z) : TEN)IIDI 2 egpe (IDNP Ly (1, f,x) Le(2, £, X)

where D is a fundamental discriminant so that yp(—1) = —1. It was
shown in [Br07] that as long as ged(p, D[Spy(Z) : T3(N)]) = 1 one has
orde (Bi,n,p,y) < 0. Thus, we would be able to get a divisibility condition
on L-functions associated to f guaranteeing the existence of the congruence

if not for the factor <J<3:’;>C> = <<;c’ff>>c ([Sh76], Lemma 4). Unfortunately, we do

By, N,p,x = (

not even know in general if this quantity is algebraic! However, if we assume
that f has Fourier coefficients lying in R, then this term is 1 and so does
not cause any further issues. In that case, we have the following theorem.

Theorem 5.4. Let k > 3 be an integer and p a prime so that p > 2k — 2.
Let f € So—2(SLa(Z), O) be a newform with real Fourier coefficients and Fy
the Saito-Kurokawa lift of f. Let f be ordinary at p and py be irreducible.

If there exists N > 1, a fundamental discriminant D so that (—1)*~1D > 0,
xp(=1) = =1, p { ND[Sp,(Z) : T§(N)], and a Dirichlet character x of
conductor N so that

—M = ordg(L(k, f,D,x)) <0
then there exists G € SSM(Spy(Z)) so that
F; = G(mod ™).

We repeat Lemma 6.4 of [Br07] here for completeness, though it will not
be needed.

Lemma 5.5. With the set-up as in Theorem 5.4, there exists an eigenform
F € SS™M(Spy(Z)) so that Fy =ey F(mod w).
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Proof. Let G be as in Theorem 5.4. The Hecke algebra T% decomposes as
T3 2= [[Tom

where the product is over the maximal ideals of T% containing w. Write
mp, for the maximal ideal corresponding to FYy, i.e., mp, is the kernel of the
O-algebra homomorphism Ap, : T% — O sending t to the eigenvalue of ¢
acting on Fy. The decomposition gives that there exists a Hecke operator
te "]I‘Zq9 so that tFy = Fy and tF = 0 if ' does not correspond to the ideal
mp,, i.e., if F'Zey Fy(modw).

Write G = Y ¢;F;. By construction, the only F; that appear are in
S"M(Sp,(Z)). Applying the Hecke operator t to G we see that Fy

tG(modw) and so tG # O(modw). Thus, there is an eigenform F &
SM(Sp,(Z)) so that Ff =, F(mod w) as claimed.

O

We close this section by phrasing our results in terms of the CAP ideal
([KKOT7]). This ideal can be thought of as a generalization of the Eisenstein
ideal to our situation. As the Eisenstein ideal measures congruences be
to Eisenstein series, the CAP ideal measures congruences between Fy and
non-CAP modular forms.

Let TAM denote the image of T inside of Endc(SNM(Spy(Z))). Let
o : ']T% — 'JTI(\QIM denote the canonical O-algebra surjection. Denote the
annihilator of Fy in ’]I'*g) by Ann(Fy). The annihilator of Fy in ’]I'*g) is a prime
ideal and one has that the map Ap, induces an O-algebra isomorphism

TS/ Ann(Fy) = O.

As the map ¢ is surjective, one has that ¢(Ann(Fy)) is an ideal in THM. We
call this ideal the CAP ideal associated to F.

One has that there exists an r € Z>q so that the following diagram
commutes:

TS, M

| i

TS,/ Ann(Fy) — 2 TNM /¢ (Ann(Fy))

lAFf l:

O O/w"O.

Note that all of the maps in the above diagram are O-algebra surjections.

Corollary 5.6. With r as in the diagram above and M as in Theorem 5.4
we have r > M.

Proof. Let G be as in Theorem 5.4. Choose a t € ¢ (") C T?. Note
that this means that tG = w"G. We also have by the commutativity of
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the diagram that ¢ € Ann(F) and so the congruence in Theorem 5.4 gives
"G = 0(mod w™), i.e.,

G = 0(mod ™).

Now assume that » < M. The fact that F; = G(modw™) and G
0(mod @) imply that

F; = 0(mod w).

However, this is impossible and so we must have r > M as claimed. [l

6. RESIDUALLY REDUCIBLE REPRESENTATIONS AND LATTICES

In this section we construct the lattice we will use in section 8 to give a
lower bound on the appropriate Selmer group. Our main result here is a
generalization of Theorem 1.1 of [U01]. Where his result deals with the case
of p* splitting into two irreducible representations, our results are for when
0% splits into three irreducible representations. The proofs given here are
adapted from those in [U01] to our situation. As Theorem 1.1 of [U01] is a
variant of the main result of [U99], our result here is very much a variant
of the main result of [Br08]. The results contained in this section or some
alternative version of them will also appear in [SU].

Let O be a discrete valuation ring and & a reduced local commutative
algebra that is finite over O and is Henselian. Let my be the maximal ideal
of #Z and k4 the residue field. We use the fact that &% is reduced to embed
it into a product of its irreducible components

#CH=]]0c|]F,=Fa
P P
where F|, is the field of fractions of O. Let m,, be the maximal ideal of O,
and k, the residue field.
Let MF,, be a finite free Fip-module and let . be a Z#-submodule of
Mp,. We say .Z is a Z-lattice if .Z is finite over #Z and . ®4 Fy = MFp,,.

Theorem 6.1. Let o/ be a Z-algebra and let p be an absolutely irreducible
representation of &/ on FJ,. Suppose there are at least n distinct elements

mn /f{% and suppose that there exist three representations p; for 1 <i < 3 in
M, (Z) and I C Z a proper ideal of # such that

(1) the coefficients of the characteristic polynomial of p belong to X ;
(2) the characteristic polynomials of p and p1 ® pa & ps are congruent
modulo I;
(3) the residual representations p; are absolutely irreducible for 1 < i <
3;
(4) pi £p; ifi#j.
Then there exists an < -stable Z-lattice £ in Fj, and %Z-lattices 1, T of
Fy such that we have the following exact sequence of o7 -modules:
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P

00— MDNs—> L DR —— p3 @ R)] — 0,

where N; = p; @ T;/1.7; fori=1,2 and s is a section (though only of Z/I-
modules.) Moreover, £ has no quotient isomorphic to a representation p’
with p'> = py @ py.

Let py, : @ — My(F,,) be the representation arising from p via the pro-
jection Fyp — F,. Since the trace of p, takes values in O, we can find
an «/-stable Op-lattice £, in FJ. Write p,, for the residual representation
Py @ — Mpu(ky). We abuse notation and write p; for the residual repre-
sentation p; : & — M,, (k%) as well as the residual representation arising
from the natural projection from r4 — k. The fact that pff = p; ©py © 3
allows us to conclude that there is an O-basis of .Z, so that

(11) pp A — Mp(Op)
with

pi(a) k1 ke
(12) P = % @

0 0 ps(a)

and x; = 0 or x3 = 0. In other words, there is an O-basis of .Z, and a
permutation o of {1,2} so that

Poy(a)  *1 *2
(13) pyla) = 0 Poxy(a) x4
0 0 p3(a)

We adopt the convention that o(3) = 3. Write n} = 23‘21 Niy 0i = Po(i)s
m; = Ng(s), and mj =35 my. Set ps = (pg)g : & — Mu(R).

The fact that each p; is absolutely irreducible implies that imp; = M, (k%).
Combining this with p; # p; if i # j allows us to conclude that there ex-
ists ag € &/ so that det(X — pz(ao)) has n distinct roots @y, ..., &, where

5~ _ R ) . -
p(%,(a) e M, (Rad @)). Hensel’s lemma guarantees that there exists n dis

tinct elements a1,...,a, € # that are roots of det(X — p(ap)) so that
a; = a;(modmg). After a change of basis we may assume that

p(ao0) = diag(a, ..., an).

Lemma 2.1 of [Br08] gives that the Z-submodule of M,,(#) generated by
the powers of p(ao) is exactly the set of diagonal matrices with entries in
Z. So for all i with 1 < i < n there exists f; € & so that
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with 1 in the ith place. We also set a1, a9, and a3 to be the elements in .o/
so that

ln, 0 O
pyla)=E1=1 0 0, 0 |,
0 0 O
Op, 0 0O
pj(a@) = EQ = 0 ]-nz 0 )
0 0 O
and
Op, O 0O
pj(ag) = E3 = 0 0n2 0
0 0 1,
Similarly, we define a}, a, and a4 to be the elements in & so that
I, 0 0
pald) =B = 0 0, 0.
0 0 Op,
Om, O 0
palay) =By = 0 1. 0 |,
0 0 Op,
and
Oy, O 0
o) =B = 0 0wy 0
0 0 1,
We now consider %" with an action of <7 given by ps. Let (e1,...,en)

be the canonical basis and set £ as the %-sublattice of %" generated by
p;(a)e, as a runs through <7 It is clear that . is <7/-stable by construction.
Set & = E;( %) for i = 1,2,3. Trivially we have ¥ = .41 & % & L.

Lemma 6.2. The lattice .£; is free of rank n; over Z for 1 <i < 3.

Proof. This is Lemma 1.1 of [U01]. We give the proof here for i = 3 as the
other two cases are identical. The definition of %5 gives that Z5 Q4 kg is
generated by

On, 0 0
0 0, 0 |e
0 0 p3(a)

as a runs through /. The fact that imp; = M,,(kg) gives that £3 ®4
Kg = Kglny 41 @ @ Kgen. For ny +1 < i < nlet ej € 2 be a lifting
of €. Theorem 2.3 in [M94] (essentially Nakayama’s lemma) gives that
by = !/Z’e;L,QH + -+ Ze],. We can now use the fact that %5 ®4 Fyp is of
rank ng = n — nf, over Fy to conclude the sum must be direct. g
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Write py = p | . We can write the decomposition & = £ & £ @ £3
as & = L) © Ly 2) © £, which allows us to write pg in blocks

Al’l(a) A1’2(a) AI,S(G)

pz(a) = | A>!(a) A*%(a) A**(a)
Ag’l(a) A3’2(a) A3’3(a)

where
A" (a) = Resg, , (Ej o p;(a)) € Homyp (L), Zo(i))-
Lemma 6.3. The map
o — Homqg(gg,go(l)) D Hom%(gg,gg(g)) = Homﬁ(gg,gg(l) D gg(g))
a - (A'(a), A%%(a))

is surjective as a map of %-modules. Moreover, if there exists an a € A so
that AY2(a) # 0, then the map

o — Homg (L, (2), ZL51)) © Homg (L3, Z51)) © Homy (L3, L5 (2))
a— (A"%(a), A (a), A*(a))
is surjective as a map of %-modules.

Proof. This is a generalization of Lemma 1.2 of [U01]. The necessary work
was done in Lemma 2.3 of [Br08], so here we merely reduce to what was
shown there.

We prove the first statement. If we can show that the map

9
A Qg kg — Homy, (L3 @z kg, L) @z ka) © Homy, (L3 @z kg, Lo2) @ kz)

n n
~ P Homy,(kuei, Lon) @z kiz)® @) Homp, (kuer, Loz) @z kia)

i=mbH+1 k=m,+1
n m} n mh
~ EB EB Homy, (k#€i, k#€j) B GB @ Homy,, (k#zek, kzer)
i:m’2+1 j=1 k:mé—i—l l:ml1+1

is surjective, then Nakayama’s lemma will give the result. However, to see
surjectivity here it is enough to see that the image contains each (7, j) x (k, )-
factor. In terms of the block decomposition into matrices as above, this
amounts to showing that e, , is in the image for all 1 < u < mf, m)+1 <
v < n for e, , the matrix with a 1 in the uvth entry and 0’s elsewhere. That
this is true is shown in Lemma 2.3 of [Br0§].
The second statement follows from the same method.
O

As we are viewing these morphisms of Z-modules as matrices with entries
in Fgp, we can compute their traces. We now rehash the work in [Br08] in
our current setting.
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Lemma 6.4. For alla € o/ and 1 < i < 3 we have Tr(A%(a)) € Z and
Tr(A%(a)) = Tr(o;(a))(mod I).
Proof. Observe that one has Tr(A"(a)) = Tr(Ejpz(a)E]) = Tr(p(aiaa;)) €

Z, and so the first statement holds.
By assumption (2) we have that for all a € o

Tr(e1(aiaa;))+Tr(02(aiaa;))+Tr(os(aiaa;)) = Tr(pz(aaa;)) = Tr(A%(a))(mod I).
We have that g;(a;) = 0(mod I) unless i = j. Thus, we obtain

Tr(A%(a)) = Tr(oi(a))(mod I)
for 1 <4 <3. O
Lemma 6.5. For all a,b € & and 1 < j < 3 we have

Tr Z AV (a)AY () | e #
1<:<3
i)
and

Tr | Y AV(a)AY () | =Te | Y A (b)AY(a) | (mod ).
1<i<3 1<i<3
i#j i#]

Proof. We prove the case with j = 3 as the others are completely analogous.
Let a,b € o/. Observe that

2
Tr (Z A3”'(a)Ai’3(b)> = Tr(E3p;(ab)E3)
i=1
= Tr(pg(dgabag)) EX.

This proves the first claim.
Using the previous lemma we have that
Tr(A33(ab)) = Tr(ps(ab))(mod I)

= Tr(es(a)ps(b))
= Tr(es(b)ps(a))
= Tr(e3(ba))
= Tr(A>3(ba))(mod I).

Thus, Tr(A%3(ab)) = Tr(A33(ba))(mod I) for all a,b € </. We combine this

with the fact that pz(ab) = pj;(a)p;(b) to reach the desired congruence
modulo I. g

Lemma 6.6. For all a € &/ we have A" (a) € Homgy (L,
i> .

), MpLs (i) for

(J
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Proof. Suppose there exists a € &7 so that A"/ (a) ¢ Homg (L, (), mzLo(i))-
Then there exists p so that after localization at o one has py,(7)(Z,(;),0) is
not contained in my,.%, ;) - However, this contradicts equation (13). O

We use this lemma as our base case in an induction argument as used in
[Br08] and [U01]. We prove that for ¢ > j we have

(14) AW (a) € Hom,@(gg(j), (m% + I)gg(z))

for all @ € &/. Assume inductively that the statement is true for some k.
We break the proof into two steps. First we prove that the statement is true
for a € ker(p ®% K%).

Lemma 6.7. Let a € ker(p ®% k). Then under our induction hypothesis
we have

A% (a) € Homgp( %, (mEH + 1.%)
fori>j.

Proof. The fact that a € ker(px zrz) implies that A% (a)(Z, ;) C mp.Ly(j).-
Thus, our induction hypothesis gives that for any b € &/ we have

AY (B) AT (a)(Ly(i)) © A (D)maa( L)) = maA™ (0) (L) © (w5 1)L

Thus, by Lemma 6.5 we have

Tr | > A (a)AP () | emiit + 1.
i
Consider now a fixed i, jo with ig > jo. Let £ € £ ;). We wish to show
that A%Jo(a)l € (mk@'H + 1)Ly (i) Write

A5 (g)0 = Z asel,

— /7
S_mi0—1+1

for some o € Z. Lemma 6.3 guarantees that for each m; | +1 < s <mj
there exists a t5 € &/ so that A% (t,)(e}) = £, AT (ts)(e)) = 0 for 7 # s
and A0 (ts)(e;) = 0 for all j # jo, mj_; +1 < r < mj. Thus, we have

iy = Tr(A%J0(q) Ao (t,)) € m’jjﬂ +1I for each mj | +1 < s < mj_, which
gives the first result. O

Lemma 6.8. Under our induction hypothesis we have
A (a) € Homgp (L), (5™ + 1).Z,))

foralla € of and i > j.
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Proof. Consider Im p ® k C Hom(.Z ® kg, £ ® kg). We denote the pro-
jection of p(a) onto Hom (%, ) ® Ky, L,(s) @ kz) by A% Applying Lemma
6.6 we have a decomposition
mpRkg= Y (mp® kg
1<s<t<3

and so we can denote any element of Im p ® kg by a matrix

Z1,1 ZLQ Zl,B
0 122 128
o o0 A7

with 47" ¢ (Imp ® Kkep)s -
Lemma 6.7 gives well-defined linear maps

(I)i,j Imp® kg — Hom%(.,fg(j), (m% + I o( l)/(mlﬁ;l )gg(z))

for i > j induced by the map a + A% (a). To finish the induction it is
enough to show that ®; ; is 0 for « > j. Observe that by definition ®; ; is
zero on diagonal matrices for ¢ > j. The relation

A (ab) = ZA” )ASI (b

gives the equations

j ‘ ; B B s
0;;(BC)=> @ (B)C™ + Y @;(B)®;(C)+ > B"d,,(C).
s=1 s=j+1 s=i+1

It is enough to show that for each 1 <u <v <3, ®;; (D) = 0 for D defined
by D’ = 0 unless i = u, j = v. We have

(I)i,j (E) - (I)i,j (Eﬁ(a;))

J
=D Y BD ) + D D)
s=1

s=j+1 s=i+1

(15)

= ®is(D)p(a;)*

s=1

(16)

= 2;(D)
(17)

=0.

Note that equation (15) follows from the fact that p(al,) = E., j < s and
O, ; of a diagonal matrix is 0 for s # j. Equation (16) follows from noting
p(al)®) = 0 unless s = j = v, in which case p(a,)*¥ = I,. Finally, we see



CUSPIDALITY OF PULLBACKS OF SIEGEL EISENSTEIN SERIES 27

that ®; ;(D) = 0 unless (4, j) = (u,v), but this is impossible since ¢ > j and
u < v. This completes the proof and hence the induction. O

We summarize what we have proven thus far (in terms of p;’s and .%;’s)
in the following proposition. The only point that needs mentioning is the
statement about the action on the quotient also requires Theorem 1 in [C94].

Proposition 6.9. The lattice (ZARZ)1)® (Lo®@R/I) is stable under the
action of &/ and the action of o/ on the quotient (L@ Z/1)/((LAQZ/1)S
(&2 ® Z/1)) is isomorphic to p3 @ Z/1. Moreover, either Homg (-1 ®
R, L@ R]|1) =0 or Homgy, (Lo @ Z/1,4 %)) = 0.

It now remains to consider the action of & on (LA RZ/I)® (L @Z/I).

Lemma 6.10. (1) The Z-modules
(i) = E(oi) 4 = ker(p(ao) — o Id) N A

are mutually isomorphic to some module 7 for 1 < i < ng and
similarly the Z-modules

gQ(Oé,;) = E(ai).ﬁfg = ker(pj(ag) — o Id) N.%

are mutually isomorphic to some module 5 for ny +1 < i < no.

(2) As an o/ -module, £; @ Z/1 = p; @ F;/1.9; for j =1,2.

Proof. We prove this theorem for % as the argument for % is exactly
the same. Recall that we let f; € &/ denote the element so that ps(f;) =
diag(0,...,0,1,0,...,0) with a 1 in the ith place. Givenanyi,j € {1,...,n1},
the irreducibility of p; gives an element 0;; € &/ so that pz(0i;)é; = €.
Thus, p(f;joi;fi) gives a morphism ¢; j from .21 () to £ (a;). Our choice
of fi’s and o ; give that ¢; j o ¢;; gives an automorphism of . (c;) and so
¢i,; is an isomorphism. This gives the first result where we set .71 = £ (a1)
and % = $2(an1+1).

Fix an isomorphism . ® Z/1 = (71 /I 7)™. Set & = Endg /(71 /1.%)
(a noncommutative Artinian algebra) and 6 : #/I — & the canonical alge-
bra homomorphism. The action of & on 2 ® #Z/I gives a representation
piin My, (&) so that Tr(p)(a)) € 0(Z/I) is defined for all @ € & and we
have Tr(p}(a)) = 6(Tr(pi(a))) for all a € o. A generalization of Theorem
1.1.2 in [C94] then gives the result. See the proof of Lemma 1.5 in [U01] for
the proof of this generalization. O

Proof. (of Theorem 6.1) In light of Proposition 6.9 and Lemma 6.10, it only
remains to prove the last statement of the theorem. Suppose some quotient
of £ is isomorphic to p’ with p'* = p; @ p,. Let £’ be the sublattice
of Z that is stable under the action of & so that .£/.¢’ = p/. From our
decomposition of .Z we inherit a decomposition of ¥’ as &' = L& Ld.Y.

Thus, we have

LIL = L) LS L) LS L) L=
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However, our assumption on 7' gives that 23 = .%5. This, combined with
the fact that . is generated by %3 over & gives . = %', a contradiction.
Thus, no such quotient can exist. It is useful to observe that what this is
saying in terms of the matrices is that A" and A%3 cannot both be 0. [

7. SELMER GROUPS

Let K be a field and write G for Gal(K/K). Let M be a topological
G-module. We write the cohomology group HZ, . (Gx, M) as H* (K, M)
where “cont” refers to continuous cocycles. For a prime ¢, we write D, for
the decomposition group at ¢ and identify it with Gg,.

Let E/Q, be a finite extension. Let O be the ring of integers of E and
w a uniformizer. Let V be a finite dimensional Galois representation over
E. We will also find it convenient to write p : Gg — GL,(E) to denote
the Galois representation V' when dimg (V) = n. We switch interchangably
between these notations depending upon context. Let T" C V be a Galois-
stable O-lattice, i.e., T' is stable under the action of Gg and T'®p E = V.
Set W =V/T.

We write Beyis for the ring of p-adic periods ([Fo82]). Set

D= (V ®Qp Bcris)Dp
and
Cris(V) = HY(Q,,V ®q, Beris)-
We say the representation V' is crystalline if dimg, V' = dimg, Cris(V'). Let

Fil’ D be a decreasing filtration of D. If V is crystalline, we say V is short
if Fil° D = D, Fil’? D = 0, and if whenever V' is a nonzero quotient of V,
then V' ®q, Qp(p — 1) is ramified. Note that Qp(n) is the 1-dimensional
space over Q, on which Gg acts via the nth power of the p-adic cyclotomic
character.

The local Selmer groups are defined as follows. Set

l
3@ V) = { Ko ) = 1@, 1 00, B (21
where
Hy(Qe, M) = ker(H! (Qe, M) — H' (I, M)
for any Dy-module M where Iy is the inertia group at . With W as above
we define H}((@g, W) to be the image of H}(Qg, V) under the natural map

Hl(@fﬂ V) - Hl(@fa W)
Definition 7.1. The Selmer group of W is given by

Sel(W) = ker <H1(@, W) — @ Hfigz ;)

i.e., it is the cocycles ¢ € H(Q, W) that lie in Hf(Qg, W) when restricted
to Dy.
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Before we can define the degree n Selmer groups of interest we must
recall the notion of extensions of modules and the relationship between these
extensions and the first cohomology group. An extension of M by N is a
short exact sequence

where X is a R[G]-module and a and [ are R[G]-homomorphisms. We
sometimes refer to such an extension as the extension X. We say two ex-
tensions X and Y are equivalent if there is a R[G]-isomorphism v making
the following diagram commute

0 N x 2y 0
ile/ 'Yl idMl
0 Ny oy 0

Let Ext}%m (M, N) denote the set of equivalence classes of R[G]-extensions
of M by N which split as extensions of R-modules, i.e., if X is the extension
of M by N, then X 2 M & N as R-modules.

The following result will allow us to appropriately define the degree n
Selmer group. The case where M = N is given as Proposition 4 in [Wa95].

Theorem 7.2. (Theorem 9.2, [Br]) Let M and N be R[G]|-modules. There is
a one-one correspondence between the sets H' (G, Homg(M, N)) and Ext}%[G] (M,N).

The map from ExtE[G](M, N) to HY(G, Homg(M, N)) is given as follows.
Let

be an extension with sy a R-section of X. This extension is mapped to the
cohomology class g — ¢, where ¢, : M — N is defined by

¢g(m) = " (p(g)sx (prr(g™H)m) — sx(m))

where p denotes the G-action on X and pjs the G-action on M.
As it will be useful later, we briefly consider the case where N = N1 & N,.
In this case we have that

2
Ext e (M, N) = [ ] Ext(M, N;)
=1
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and
H'(G,Homg(M, N)) = H'(G,Homg(M, N1) @ Homp (M, Ny))
~ HY(G, Homp(M, N1)) @ HY(G, Homp(M, Ny)).

Thus, in this case given an extension X € Ext}%[G](M ,N'), we obtain coho-
mology classes ¢; € HY(G, Homg(M, N1)) and ¢ € H (G, Hompg(M, N2)).
Let Wn] be the O-submodule of W consisting of elements killed by w".
The previous theorem gives a bijection between Ext%o /o) [Dy] (O/w™, W(n])
and H'(D,, W([n]). For £ # p, we define the local degree n Selmer groups by
H}(Qg, Win]) = HL.(Q,W[n]). At the prime p we define the local degree n
Selmer group to be the subset of classes of extensions of Dj,-modules

0—>Wn] —> X —> O/ — >0

where X lies in the essential image of the functor V defined in § 1.1 of
[DFGO04]. The precise definition of V is technical and is not needed here.
We content ourselves with stating that this essential image is stable under
direct sums, subobjects, and quotients ([DFGO04], § 2.1). For our purposes
the following two propositions are what is needed.

Proposition 7.3. ([DFGO04], p. 670) If V is a short crystalline represen-
tation at p, T a Dy-stable lattice, and X a subquotient of T'/w" that gives
an extension of D,-modules as above, then the class of this extension is in

H}(Qpa Win]).
Proposition 7.4. ([DFGO04], Proposition 2.2) The natural isomorphism
lim H' (Qg, Wn]) = HY(Qy, W)

induces isomorphisms
h_H}Hlllr(QE’ W[?’L]) = H}lr(@fa W)

and
h_H,lH}”(@m Win]) = H}”(Qm W).

Let M be a Zy,-module. We denote the Pontryagin dual Homeont (M, Qp/Zy)
of M by M. In particular, we denote the dual of the Selmer group Sel(W)
by S(W) to ease the notation.

We close this section with the following results on S(W).

Lemma 7.5. ([KKO07] Lemma 9.4) S(W) is a finitely generated O-module.

Lemma 7.6. ([KK07] Lemma 9.5) If the modulo w reduction p of p is ab-
solutely irreducible, then the length of S(W') as an O-module is independent
of the choice of the lattice T.



CUSPIDALITY OF PULLBACKS OF SIEGEL EISENSTEIN SERIES 31

8. A LOWER BOUND ON THE SELMER GROUP

Let E/Q, be a finite extension as before large enough so that our results
from § 5 are defined over E. We enlarge E when necessary so that the
appropriate Galois representations in this section are defined over E as well.
Let O be the ring of integers of E, w the uniformizer, p = (w) the prime
ideal over p, and T the residue field.

Let py : Gg — GL(V},,) be the p-adic Galois representation associated to
an eigenform f, Ty, a Gg-stable O-lattice, and Wy, = Vi, /T ,. We denote
twists by the mth power of the cyclotomic character by writing Vy ,(m) and
similarly for Wy ,(m). We drop the subscript f and p except for in the
statement of theorems as they are fixed throughout the section, i.e., we set
W = Wf’p,T = Tf’p and V = Vf’p.

We have the following result giving the existence of 4-dimensional Galois
representations attached to Siegel eigenforms.

Theorem 8.1. ([SU06], Theorem 3.1.3) Let F' € Si(Sps(Z)) be an eigen-
form, Kr the number field generated by the Hecke eigenvalues of F', and @
a prime of Kp over p. There exists a finite extension E of the completion
of Kpy of Kp at p and a continuous semi-simple Galois representation

pre : Gg — GL4(E)
unramified away from p so that for all { # p we have
det(X - 14 — pp(Froby)) = Lyyin (0)(X).
The following result is crucial in producing elements in the Selmer group.
Theorem 8.2. ([F89], [U00]) Let F' be as in Theorem 8.1. The restriction

of pre to the decomposition group D, is crystalline at p. In addition, if
p > 2k — 2 then pg, is short.

Recall that we denoted the image of T%, in Endc(SY™(Sp,(Z))) by THM.
Let M denote the set of maximal ideals of ']I‘(Sf) and MMM denote the set of
maximal ideals of TgM. Write TSM = [Tc vpvm Tgh‘i where the subscript m
denotes localization at m. Again we let ¢ denote the natural projection from
’]I'*g) to TgM. Let M€ denote the set of primes in M that are preimages of

elements of MM under ¢ and M™ = M® — M€, Our factorization of Tg
and TgM allows us to factor the map ¢ as

¢: :l_J:§b111>< H Om

meMe meMne
where Oy, is the zero map and ¢y, : T%m — T% w 1s the projection with
m’ € MM the unique maximal ideal so that ¢~!(m/) = m.

Theorem 8.3. We have
ordy(#5(Q, Wyp(1 = k))) = ordy(#Try: /Sy, (Ann(Fy)))
where for an O-module M, ord,(#M) = [O/w : Fp]lengthy(M).
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Corollary 8.4. Let k > 3 be an integer and p a prime so that p > 2k — 2.
Let f € Sor—2(SLa(Z), O) be a newform with real Fourier coefficients and Fy
the Saito-Kurokawa lift of f. Let f be ordinary at p and p; be irreducible.

If there exists N > 1, a fundamental discriminant D so that (—1)*~1D > 0,
xp(=1) = =1, p { ND[Sp4(Z) : T§(N)], and a Dirichlet character x of
conductor N so that

—M =ord(L(k, f,D,x)) <0
then

ordy(#S(Q, Wyp(1 - k))) = M

where we recall

LZ(S — k? X)Lalg(k B 17 fa XD)Lalg(lv fa X)Lalg(Q, f7 X)

£ k? f’ D?X = °
( ) Lalg(k ) f )
Proof. This corollary is an immediate consequence of Theorem 8.3 and
Corollary 5.6. O

The work in § 6 and in particular Theorem 6.1 is the main input into the
proof of Theorem 8.3. We begin by adapting Theorem 6.1 to our current
situation. First we set up some notation following [KKO07].

Let n = ny +n9 +ng with n; > 1. Let V; be E vector spaces of dimension
n; affording continuous absolutely irreducible representations p; : Gg —
Autg(V;) for 1 < i < 3. Assume the residual representations p; are irre-
ducible and nonisomorphic for 1 < ¢ < 3. Let #1,...,7%,, be n-dimensional
E vector spaces affording absolutely irreducible continuous representations
0i : Gg — Autg(%) for 1 < i < m. Further assume that the modulo w
reductions of g; satisfy

07 =1 D Py D3

for some Gg-stable lattice in #; (and hence for all such lattices.)
For each o € Gg, let

n

> a(0)X7 € O[X]

=0
be the characteristic polynomial of (p1 @ p2 @ ps3)(o) and

n

> ¢ili,0)X7 € O[X]

j=0
be the characteristic polynomial of g;(c). Set
¢j(1,0)
cj(o) = : eo”

cj(m, o)
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for0 < j<n-—1. Let T C O™ be the O-subalgebra generated by the set
{¢j(0) : 0 € Gg,0 < j < n—1}. We can use the continuity of the g; along
with the Chebotarev density theorem to conclude that
T = {c¢j(Froby) : 0 < j <n—1,0# p}.

Observe that T is a finite O-algebra. Let I C T be the ideal generated by
the set {c;(Froby) — a;(Frob) : 0 < j < n —1,¢ # p}. The definition of I
gives that the map O — T/I giving the O-algebra structure is surjective.
Let J be the kernel of this map so that we have O/J = T/I.

Corollary 8.5. Suppose F* contains at least n distinct elements. Then
there exists a Gg-stable T-submodule £ C @;", ¥;, T-submodules £1, %>
and £ contained in £ and finitely generated T-modules 7, T3 such that

(1) as T-modules we have £ = LB Lo®DLs and L = T™ forl <i < 3;

(2) £ has no T[Gg|-quotient isomorphic to p' where o' = p; @ Dy;

(3) (L18L)/I(L16.2s) is Gg-stable and there exists a T[|Ggl-isomorphism

LNL+I1(AH L) = Mz@o T/I

for any Gg-stable O-lattice M3 C V3;

(4) one has either Homy, (M1 ®0 S /15, Ms ®0 F2/1F) = 0 or
Homy /(M2 @0 Fa/1T2, M1 @0 S1/171) =0 for any Gg-stable O-
lattices M; C V; fori=1,2;

(5) Fittr(F) =0 for i =1,2 and there exists a T[Ggl-isomorphism

L)L = M; 90 Fi/19;
for any Gq-stable O-lattice M; C V; fori=1,2.

Proof. Everything in this corollary follows immediately from Theorem 6.1.
Though Fitting ideals are not mentioned there, the proof that Fitty(.7;) = 0
follows immediately from our work in § 6. See Lemma 9.13 of [KKO07] for
the details. O

We now specialize to our situation.
eny=n3=1ny =2
e p=c b pp= pre el=% p3 = id. Note what we are doing here is
looking at the components of the pp, ® gl=*,
o T = TNM .

mp
e Gy,...,Gy, for the elements in an orthogonal eigenbasis of SS™M (Sp4(Z))
such that ¢~ (mgM) = mp,.
e [ = the ideal of T generated by qﬁme (Ann Fy);
e (7, 0;) = the representation pg, for 1 <i < m.

Let M; be a Gg-stable O-lattice inside V; for 1 < ¢ < 3. We will
continue to use the matrix notation as was used in § 6 when it is con-
venient for our purposes. We now break into two cases depending on
whether HomT/I(Ml ®o AT, My ®0 Fa/1F) = 0 or Homy,(Mz ®0
F3/1 %0, My @0 F[1.75) = 0.
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We begin with the case where HomT/I(Ml QKo AR, My Fo)1T) =
0. Consider the exact sequence

P

0—> MO N —= LTI —— p3 @ T/I —0,

where we have A, = M;®0 J;/1.7; for i = 1,2 (see Theorem 6.1 or Theorem
8.5 (3) and (5).) As we saw in § 7, this gives rise to a cocycle
¢z € H'(Gg, Homy[ (M3 ®0 T/I, My ®0 T /1.%)).
Observe that we have
Homry/; (M3 @0 T/I, M2 ®0 Fa/1%) = Home (M3, Ma) @0 T2/1%
and so ¢y can be regarded as a cocycle in H (Gg, Homp (M3, Ma)®0 %/ 1.%).
Define a map
ta : Homp (% /1%, E/O) — H'(Gg, Home(Ms, My) @0 E/O)
fe (1@ f)(e)
Our assumption that HomT/I(Ml ®o AJITA, My @0 F2/1F) =0 and the
fact the that modulo @ reduction of py ® el is absolutely irreducible give

that we can choose T' = Homp (M3, My) and we have W = Homep (M3, M2)®0
E/O.

Lemma 8.6. Im(s3) C Sel(W).

Proof. As our representations are unramified away from p, the only thing
remaining to prove is that the condition at p is satisfied. Observe that
since % /1% is a finitely generated T-module and T/I = O/J, it is also a
finitely generated O-module. Thus, there exists a positive integer n so that
Homp (% /1%, E/O) = Homp (% /1%, (E/O)[n]). Thus, we have
Im(i2) € HY(Gg, Home (M3, Ms) @0 (E/O)n]) = H (G, Wn)).
Proposition 7.4 gives that
hLQH}(Qp? Win]) = H}‘(Qp» W).

n

Thus, it is enough to show that Im(i2) C H}(QP,W[TL]). However, this
follows from the fact that each (p;, %) is short and crystalline at p. O

Lemma 8.7. (keriz)¥ = 0.
Proof. Let f € ker vy, By = (F/1F)/ker f, and S = (E/O)/Im f. Con-
sider the short exact sequence

OH%fLE/OHff—)().

We tensor this sequence with 7" and consider the long exact sequence of
cohomology that results as well as the natural map ¢:
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HY(Gg, T ®0 F/1%)
id) H'(1®f)

H'(1®f)

H(Gg, T ®o 44) H' (G, T ®o %) H'(Gg, T ®0 E/O).

The fact that Gg acts on M3z and Ms in such a way as to give rise to
irreducible non-isomorphic representations gives that HO(G@, T®o Is)=0.
Thus, we must have H'(1 ® f) is an injective map. Since f € keriy by
assumption, we have H' (1 ® f) o ¢(ca) = 0. Thus, the fact that H (1 ® f) is
injective shows that co maps to 0 under the map ¢.

Given any g € Homp(.%/1.%, E/O), one has that ker g has finite index
in % /17,. So in particular, we have that there exists an O-module A with
ker f C A C S/1% such that (%/I.%)/A = O/w = F. Thus we have
that the image of ¢ in Hl(GQ, T ®o F) is zero under the composite

H(Gg, T®0.%5/1.%) % H(Gg, Too((F/17) ket f)) — H'(Gg, TE ).

We now consider ¢; € Hl(GQ,HOInT/[(Mg ®o T/I,My @0 A/IR)).
Let T = Homp(Ms, M;). Choose an O-module B C 2, /19 so that
(A /171)/B = F. The fact that co vanishes in Hl(GQ, T ®o ) gives that
T' ®o F = F(—1) where we write F(—1) to indicate the finite field F with
a Gg-action given by w™!. Thus, if ¢; is nonzero in H(Gg, T’ @0 F), i.e.,
is nonzero in H!'(Gg,F(—1)), we obtain, reasoning as above, an element in
Sel(F(—1)). However, such an element gives a non-trivial finite unramified
abelian p-extension K /Q(u,) with the action of Gal(K/Q) on Gal(K/Q(up))
given by w™!. Thus, we obtain a non-trivial subgroup of the w™!-isotypical
piece of the p-part of the class group of Q(u,). However, Herbrand’s the-
orem says that this implies p | By = %, clearly a contradiction. Thus, it
must be that c3 is zero in H'(Gg, T ®0 F). (See [Br07] pages 316-317 for
the details of the argument showing co must be zero.) However, this gives
that the exact sequence

0— (My @0 F) @ (M @0 F) = (Z/1.%)).L — M3 @0 F — 0

splits as a sequence of T[Gg|-modules where . = w2 + (M) ®0 B) +
(M3 ®o B)). This contradicts Corollary 8.5 (2). Thus, we have the result
that (kertz)Y = 0. O

We are now able to finish the proof of Theorem 8.3 in the case where
Homy (M ®0 J1 /19, Ma ®0 F2/1%) = 0.

Proof. (of Theorem 8.3) Lemma 8.6 immediately implies that we have the
bound
ord, (#S(W)) > ord, (#(Im t2)").

Similarly, we use Lemma 8.7 to conclude that
ord, (#(Im12)") = ord,(# Home (% /1%, E/O)).
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Applying ([HO00], page 98) to our situation we obtain
Homp (% /1%, E/O)Y = (F/15)"Y = /1.
This allows us to conclude that
ord, (#(m12)Y) = ord,(#%/1%).

Corollary 8.5 gives that Fittp(%) = 0 and so Fitty(% @1 T/I) C I. Thus
we have

ordy, (#(% @1 T/I)) > ord,(#T/I).
However, as ordy,(# .7 /1.%) = ord,(#(Z% @1 T/I)), we are able to combine
these results to obtain

ord, (#S(W)) > ord,(#T/I)
as desired. O

It now only remains to deal with the case where Homy/;(Ma®0 %2 /1 %5, M1®0
T /1) = 0. We will see this argument goes much as before so we will be
able to reference the first case for most of the work. Again consider the
cocycle

¢1 € H'(Gg, Homy, (M3 ®o T/I, My ®0 F1/1.%).
As before, we have
Homry, (M3 @0 T/I, M1 ®0 Z1/151) = Home(Ms, My) ®0 J1 /15

and so ¢; can be regarded as a cocycle in H! (Gg, Homp (M3, M1)®0 % /I.%).
Define a map

v : Homp (A /1, E/O) — H(Gg, Home(Ms, M) @0 E/O)
fr= Q0@ f)(a)

Our assumption that Homp/ (M2 ®0 Z/1%, M1 @0 J1/15) = 0 give
that we can choose 7" = Homo(Ms, M;) = O(—1) and we have W' =
Homo (M3, My) o E/O = (E/O)(—1). As above in Lemma 8.6 we ob-
tain that Im(:;) C Sel((E/O)(—1)). However, as was used in the proof
of Lemma 8.7, Sel((E/O)(—1)) = 0. Thus, the image of ¢; must be zero.
This puts us back into the situation where 7' = Homp (M3, Ma) and W =
Homp(Ms, Ma) @0 E/O. We now are exactly in the situation we were in
before and so the same arguments apply and give us the proof of Theorem
8.3.
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