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Chapter 1

Introduction

These are notes for a course in Local Class Field theory taught at Caltech
winter term of 2008. There are undoubtably mistakes in these notes, and they
are the author’s alone. If you find a mistake, please feel free to e-mail me at
jimlb@caltech.edu so that the mistakes can be corrected. These notes have
arisen from my attempt to gather what I like from several sources and compile
it into one source for the students enrolled in this course. As such, the theorems
and proofs have been freely lifted from sources listed in the references. The main
references for these notes are [Mi97] and [CF67]. Both are excellent sources and
are most likely much more useful then these notes. Please use these at your own
risk.

My intention is the follow these notes with notes on Global Class Field theory
to be taught next quarter. Those notes will focus on the statements of GCFT
and then applications, omitting many of the proofs. If you find these notes at all
helpful, please stop back to check out the GCFT notes as they are completed.
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Chapter 2

Valuations

2.1 Definitions and basic facts

Valuations will be the basis of everything that is done with local fields. We
will eventually see that for a number field K there are a limited number of
possibilities for valuations. We begin here with some basic definitions and facts.

Definition 2.1. Let K be a field. A valuation on K is a function |-| : K — Rxg
such that

1. || =0if and only if z =0

2. |yl = |yl

3. There exists ¢ € R such that |1 + z| < ¢ whenever |z| < 1. Note that this
is equivalent to the condition that |z + y| < |z| + |y

It is immediate from the definition that |1| =1=|— 1| and | — a| = |a|.

Example 2.2. 1. For any field K one can define the trivial valuation by
|z] =1 for all x € K*.

2. The usual absolute value on R or C gives a valuation. We write | - |g and
| - |c when it is not clear from context.

3. Let K be a number field and ¢ : K — C an embedding. The function
|z|s = |o(z)| defines a valuation on K.

4. Let O be a Dedekind domain and 0 # p C O a prime ideal. Let K be
the field of fractions of O. For z € K*, put ord,(z) to be the power of p
appearing in the factorization of . Then

jaly = (Nm(p))~ @
= #(O/p) @

is a valuation on K. More specifically, if K = Q and p = p a rational prime,
then for z € Q with z = p" ¢ with ged(ab, p) = 1 we have |z[, = p~". In
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8 CHAPTER 2. VALUATIONS

particular, [p|, = p~'. This valuation is generally referred to as the p-adic
absolute value, or p-adic absolute value in the case K = Q.

Definition 2.3. A valuation on K is said to be nonarchimedean if |z + y| <
max(|z|, |y|) for all z,y € K. A valuation that is not nonarchimedean is said to
be archimedean.

Exercise 2.4. Show the valuation given in Part 4 of Example 2.2 is an example
of a nonarchimedean valuation.

Definition 2.5. A valuation is said to be discrete if there exists 6 € R+ such
that if 1 — 6 < |z| <1+ 4 then |z| = 1.

A valuation on K determines a topology on K. A basis for this topology
consists of the sets By, . = {x € K : |x — 29| < €} for zp € K and € > 0.

Exercise 2.6. Let | - | be a valuation on K. The field K is a topological field
with respect to the topology determined by ||, i.e., multiplication, addition, and
inversion are all continuous.

Definition 2.7. Let K be a field with | - | a nonarchimedean valuation on K.
The valuation ring of K with respect to | - | is the set

Ok ={z €K :|z| <1}

Note that the valuation does not appear in the notation for the valuation ring
as it will be clear from context.

Proposition 2.8. Let K be a field and | - | a nonarchimedean valuation on K.

1. The valuation ring Ok s an integrally closed ring. The units of Ok are
given by O% ={z € K : || = 1} and K 1is the field of fractions of Ok.

2. The ideal mi = {x € K : |z| < 1} is the unique mazimal ideal of Ok.

3. If || is discrete, then Ok is a Dedekind domain, in fact, a principal ideal
domain. Hence it is a local ring.

Proof. Let z,y € Ok. Since || = | — 2| we have —z € Ok. Similarly, |zy| =
|z|ly] <1, so zy € Ok and |z + y| < max{|z|,|y|} <1, so x+y € Ok. Thus
Ok is a subring of K. It is clear that
zeOF — gz, 27 € Ok

= |z),|z|7t <1

= |z| =1
To see that K is the field of fractions of Ok, observe that y € K,y ¢ Ok if and
only if |y| > 1 if and only if ﬁ < 1 which implies § € Ok.
Now suppose z is integral over Ok . Then we have a relation of the form

" +a" 4+ ta, =0, a; €0k
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which implies

lz|™ = |aiz" "t .y
< max|a;z" "
K3
< max|z" .
K2

Now since |z|* < |x|7 for some 0 < j < n — 1, we have that |z|*~/ < 1. Thus
|x] <1 and € Ok and hence Ok is integrally closed. This proves part (1).

Let z,y € mg. We have |z + y| < max{|z|,|y|} < 1,0z +y € mg. If
x € mg,y € Ok, then |zy| = |z|ly| < 1, so zy € mg. Suppose I C Ok,
I ¢ my. Then there exists z € I such that |z| = 1. So z € OF, hence I = Ok.
Thus we have that mg is the unique maximal ideal. This finishes the proof of
part (2).

Suppose now that | - | is discrete. Let w € mg be such that |w| is maximal
(which exists by the discreteness of | - |.) Suppose a € mg. Then |2] < 1,
so = € Og. Thus a € wOgk and since o was arbitrary in mgx we obtain
myg = wOgk. Now suppose I C mg is any ideal, I # 0. Let a € I be such that
|a| is maximal. The same argument as above shows that I = aOg. Choose
n € Z such that [ 25| < 1 but || > 1 (which is again possible by the
discreteness of | - |.) Then 1 > | 25| > || since | 5| > 1 and |Z| = 1. Thus
ﬁ € (’)K\mK, i.e.
domain.

For O to be a Dedekind domain we need to check:

(i) integrally closed: done by part (3),

(ii) Noetherian: done because it is a principal ideal domain,

(iii) all non-zero primes are maximal: done because only non-zero prime ideal
is WOK.

Thus, we have that O is a Dedekind domain and since we have a unique
maximal ideal it is in fact a local ring. O

o
)’ omn

€ 0. So I = @w"Ok. Thus Ok is a principal ideal

Definition 2.9. The residue field of K is defined to be k = Ok /mg. If | -| is
discrete, then any w € Ok such that mx = wOp is called a uniformizer of K.

Example 2.10. Consider the field Q and the valuation | - |, for p a rational
prime. The valuation ring Og is the set of rational numbers § with ‘%|p <1,
i.e., the fractions with ged(b,p) = 1. This is precisely the ring Z localized
at the prime p, i.e., Z,). The maximal ideal is pZ,) and the residue field is
k= Zp) [PLp) = (Z/PL) ) = Fp.

More generally, for O a Dedekind domain, K the field of fractions of 9,
p C O a nonzero prime ideal, and k = O /p, we can consider the valuation as in
Example 2.2 part (4) given by

]y = (#k)~ ()

for z € K*. We have O = 9y, the localization of O at p, mg = pO,, and the
residue field is given by O, /pO, = (O/pO), = O/p = k.
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2.2 Completions

Recall from basic real analysis that a sequence {a,} is said to be Cauchy if for
every € > 0 there exists an integer N > 0 so that if m,n > N then |a,, —a,| < €.
The field R is the completion of @ with respect to the normal absolute value,
i.e., R is the field one obtains when adjoining the limit points of all Cauchy
sequences in Q. We extend this notion here.

Definition 2.11. We say K is complete with respect to a valuation |- | if K
is complete with respect to the topology determined by | - |, i.e., if all Cauchy
sequences in K converge to an element in K.

Proposition 2.12. Let K be a field and | - | a valuation on K. There exists a
field K and a valuation |- |z on K such that K is complete with respect to |- |z
and there is an embeddmg K — K such that |z| 7 = |z| for all x € K and the

completion of K in K is K. Moreowver, K is unique up to isomorphism and K
s dense in K.

Proof. Let K be the topological completion of K. Now see [AM69] Chapter 10
for the proof. O

Example 2.13. 1. Let K be a number field, ¢ : K < C an embedding. The
completion of K with respect to | - |, is given by

|-lg) if o(K)CR
|-lc) if o(K)ZR

where | - | is the normal absolute value on C.
2. Let K = k(x) where k is a field and define the absolute value on K by

‘—‘ —(degu—degv) f4; some constant ¢ > 1. In this case the closure is

T

given by K = = k(Z). The absolute value on K is given by |u| % = ¢ " where

u=x""(ug+urr ! +...) with ug # 0.

We now spend some time on completions in the case of discrete nonarchi-
median valuations as these will be of paramount importance. We write | K| for
the possible valuations of elements in K. In light of Theorem 2.8 we see that

K| = {|=|™: m € Z} U {0}

Let 7 € K with z # 0 and {z,} a Cauchy sequence converging to x. Note that
if x € K, then {z} is a Cauchy sequence converging to z and if x ¢ K, then
by definition of K there is a Cauchy sequence converging to . The fact that
| - | is a continuous map implies that |z,| converges to |z|. Thus, we have that
the sequence {|x,|} converges to |z| and so |z| is a limit point for the set |K].
We know that | K| is a discrete set by assumption so it is necessarily closed,
and hence it contains all of its limit points. Thus, |z € |K|. This shows that
|K| = | K| and hence | - | is a discrete valuation on K as well.
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Exercise 2.14. For any positive integer n the natural map
Ok /my — Ok /m%
is an isomorphism.

Proposition 2.15. Let | - | be a discrete nonarchimedean valuation on K and
S a set of representatives for k = O /my. The series

a_mwim+...+a0+a1w+...+a’nwn+...

with a; € S is a Cauchy series, i.e., the sequence defining the series is a Cauchy
sequence. Conversely, every Cauchy series is equivalent to a series of this form.

__ Before we prove this proposition note that it implies that every element of
K can be written uniquely as such a series. This will be useful when working
with the completions as it allows us to get our hands on the elements.

Proof. Let ap = M

r=—m

a;w. We have if M < N that
|zar — xn| < Je M

Thus, {z,} is a Cauchy sequence as claimed.
Let * € K. The fact that |K| = |K| allows us to write + = w™aq for
ap € (’);{. The previous exercise with n = 1 gives that there exists ag € S so

that ag —ag € mg. This implies that “¢=%¢ € O and so there exists a; € S so

that “¢=%¢ —a; € my. Continuing, we get az € S so that *2=*-41= —q, € mp.
Taking the limit of this process we obtain
(67} :a0+a1w+a2w2+~~
and so
z=a@™ +a@" T 4+ agw™ T2 4 -
as desired. To see the uniqueness, note that | > a;w’| = |w|" if 7 is the first
nonzero coefficient. Thus, > a;w® = 0 if and only if a; = 0 for all 4. O

Let @, be the completion of Q with respect to |-|, and Z,, the valuation ring
of @Qp. The previous proposition gives that any element of Q, can be written in
the form

a_mpfm+...+a0+a1p+...+anpn+... .

Similarly, any element in Z, can be written in the form
a0+a1p+...+anpn+... .

Our results show that mg, = pZ,, the residue field is given by k = Z, /pZ, =
Z/pZ =T, and Z/p"Z = Z,,/p"Z, for n a positive integer.

More generally, let O be a Dedekind domain and p C O a prime ideal. Set
k = 9/p and K be the field of fractions of 9. Let w € p with @ ¢ p?. Then
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|| = (#k)~1. Let S be a set of representatives for Ok /pOf. It is clear that
w is a uniformizer of this ring. Set K, to be the completion of K with respect
to | - |p. Our previous proposition gives

KP:{Z apw" :m € Z,a, € S},

n>m

Ok, = {Z anw” :ap, € S},

n>0

mg, = ’WOKp,

P

and k is the residue field (see Example 2.10.) We call such a field K, a p-adic
field.

Exercise 2.16. Is 7 a unit in Zs? If so, what is 7712 Is —1 a square in Qs ?

If so, what is /—17

2.3 Hensel’s Lemma

Hensel’s lemma will be a very important result in our study of local fields. It
gives conditions under which one can lift roots of polynomials from the residue
field to the valuation ring. We will give two forms of Hensel’s lemma.

Throughout this section K is a field complete with respect to a discrete
nonarchimedean valuation | - |.

Lemma 2.17. Let z,y € K with |x| < |y|. Then we have |z + y| = |y|.

Proof. The fact that |z| < |y| implies that

z

< 1 and so % € mg. Thus,

1+ % € OF and so ‘1 + % = 1. This gives the result. O

Theorem 2.18. (Newton’s Lemma) Let f € Ok[x]. Suppose there exists ag €
Ok so that |f(ao)| < |f'(cw0)|?>. Then there exists a unique o € Ok so that

1. fla) =0

f (o)
f'(ao) |~

2. |la—ap| <

Proof. The proof is basically applying Newton’s method to the polynomial f.
Define f; € Ok[z] by the Taylor expansion of f(z):

fla+y)=f@)+ filx)y+ f2(2)y” + - -

Thus, fi(x) = f'(z) for example. Set Gy = —J{,(((z"o)).

Claim: |Bo| < 1.
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Pf: Suppose |f'(ap)] > 1. Then since ag € Ok and f(z) € Og[z], we have
|f(ao0)] < 1 and so the result is clear in this case. Now suppose that |f'(c)] < 1.
Then |f(ao)| < |f'(e)|* < |f(a)|. Thus, we have the result.

We would like to show that |f(co + 5o)| < |f(a)|. Observe that we have

| f(co + Bo)| = | f(co) + f1(cw)Bo + folao) B3 + -+ |
< f§1§3<|fj(040)5g|-

If j=0o0r j =1 is the maximum we are done. Thus, suppose not. Then we
have

|f(co + Bo)| < max | fi(c0) 3]
< max |3} (since f; € Og|z])
j=>2

= |Bo|> (by the claim)

_ [ flao) [
| f(ao)
< |f(ap)| (by assumption.)

We now write

A +y) = fi(@) + g1 (@)y + g2 (2)y® + - .

A similar argument yields

|f1(co) = fi(ao + Bo)| < max l9;(c0) B3|
j>2

< |f(0)
< [ f'(a0).
Set a1 = ag + Bp. This gives:
L [fan)] < e < [f(ao)]
N (e )| = |f1(a1)| < |f'(aw)| by applying Lemma 2.17 to the fact that
[f"(a0) = f' (0 + Bo)| < |/ (o).

3. ‘al_a0| |50 7‘

We can now repeat this entire argument and inductively define a sequence
{an} with a,, € Ok such that

L. ‘f(an)| < |f(an71)‘
2. [f"(an)] < [f'(an-1)] < -+ < |f"(c0)]
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f(anfl)
fan—1)

fla1)
f'(a1)

<

3. |an — an_1] =

Property (1) ensures that f(a,,) — 0 and property (3) implies that a,, converges
to some a € Okg. Thus, f(a,) — f(«) and by the uniqueness of limits we

get that f(a) = 0. We also have that o, — a — 0| < J{,((O;‘z))) implies that
[ (ao)
o — a0l < | 7iagy |
It now remains to show the uniqueness of a. Suppose o and « + (§ are two
distinct zeroes of f close to ayp, i.e., |a+8—ag| < J{,((Z?) and |a—ap| < f,(&oo)) .

Putting « 4+ 8 into f(z + y) yields
> fila)s =0.
Thus, as before we obtain
Bh@)] =D fi()p| < |67
Jj=>2
which implies | f1(«)| < |8]. On the other hand we have

el > | 160

> |la+ 8 — apl.

Now observe that

We can apply Lemma 2.17 to conclude that |o — ap| = |8|. Thus, |f'(ao)| >
|8 = |f'(«)], which is clearly a contradiction. Thus we must have « is unique

f(ao) | O

in the interval | — ao| < | #35

An immediate corollary, and possibly the more familiar form of what is
generally referred to as Hensel’s lemma is the following corollary. The power
lies in the fact that one can look for a root in the residue field and then if the
derivative of f does not vanish at this root we know it lifts to a root in Og.

Corollary 2.19. (Hensel’s Lemma) Let f € Og[x] and ag € Ok such that
flag) = 0(mod mg)

and
f'(ap) # 0(mod mg).

Then there exists a« € Ok so that f(a) =0 and a = ap(mod my).
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We also have another form of Hensel’s lemma.

Lemma 2.20. Let f € Oklz] be a monic polynomial, and let k = Ok /mg.
If W', g € k[z] such that f = ¢'h'(modmg) and ged(g’,h') =1, ie., (¢,1) =
k[x], then there exists h,g € Ok[x] such that f = hg and g = ¢'(modmg),
h = h'(modmg). Moreover, g and h are unique up to scalar multiples.

Proof. As always, let @ be a generator of mg. First we prove existence of g
and h. For n > 0 we will construct, inductively, polynomials g, h, in O]
with unit leading coefficient such that f — g,h, = 0(mod @w"*1), g, = ¢, h,, =
W (modw@), gn = gn—1,hn = hp—1(modw™). Let go, ho be any lift of ¢, i’ to
Ok|z]. One can check that these satisfy the conditions required. Now suppose
n > 0 and we have constructed g,—1,h,—1 with the required properties. Let
[ = f _gn—lhn—l

- € Oklz]. Choose un,v, € Ok[z] such that u,go + v,ho =
I(modw). This is possible since ged(¢’,h') = 1 in k[z]. Put g, = gn-1 +
w" vy, by = hpo1 + @w"uy, € Ok[z]. Then hy, = hy—1, gn = gn—1(mod w™) and

we have

f - gnhn = f - (gn—l + wnvn)(hn—l + wnun)

= f - gn—lhn—l - wn(vnhn—l + ungn—l)(mOdw
n+1>

n+1)

= w"l — w"(something = {(mod w))(mod @
= 0O(modw"™).

Now just take g = limgy,,h = limh,, € Ok|z]| so we have f = gh, g =7,h =
h(mod @).

It remains to prove uniqueness. Observe that (¢’,h’) = k[x] implies that
(9,h) + mg Ok [z] = Ok[z]. Write M = Ok/[z]/(g, h) so that we have mx M =
M. Nakayama’s Lemma then gives M = 0. Suppose f = gh = gh, g =g =
g',h = h = h/(modw). There exists r,s such that rg + sh = 1 since the
argument above shows ged (g, h) = 1. Thus

h= r'gﬁ + shh
=rgh+ shh.

Hence h|ﬁ Similarly, E|h Thus h = h up to multiplication by a unit. The same
argument works for g and so we have uniqueness. O

Example 2.21. Let d be a square-free integer. Let p be a prime so that p { 2d.
We have that v/d € Z, if and only if f(z) = 2% — d has a root in Z,. Applying
Hensel’s lemma we see that v/d € Z,, if and only if there is a root ag of f(z) in
F, and f'(ap) # O(mod p), i.e., 2ag # O(mod p). The polynomial f(x) having a

zero modulo p is equivalent to (%) =1, i.e., d is a quadratic residue modulo p

since p 1 d by assumption. Since p {2, the condition on the derivative is satisfied
if such a root exists. Thus we have that if p is a prime so that pt{2d and d is a

square-free integer, then v/d € Z,, if and only if (%) =1.
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We can also view this in terms of the factorization of the ideal pDQ( Vi) We

Ao
P

know this splits if and only if ( ) = 1 where A is the discriminant of the

field. Since the discriminant is either 4d or d, we see this is equivalent to our
above condition. Thus, we can also phrase the result as V/d € Z,, if and only if

p splits in Q(V/d).

Exercise 2.22. Let p be an odd prime and let j1,_1 denote the p — 1st roots of
unity. Prove that p,—1 C Zy. Use this to construct the Teichmuller character
w: Ly — L, wherew(a) is the unique pth root of unity so that w(a) = a(modp).

2.4 Extensions of valuations

We have seen that given a number field K, there are valuations arising from the
prime ideals in Ok as well as valuations arising from the embeddings of K into
R and C. We will show in this section that up to equivalence these are the only
valuations.

Definition 2.23. Two valuations | - |; and | - |2 on a field K are said to be
equivalent if there exists ¢ € Ry such that |z|; = |z|§ for all z € K.

Exercise 2.24. Prove that two evaluations |- |1 and |- |2 on K are equivalent
if and only if they determine the same topology on K.

The following result of Ostrowski gives our result for the field K = Q.

Proposition 2.25. A non-trivial valuation on Q is equivalent to either the
normal absolute value (which we write as |-|) or |- |, for some rational prime

p.

Proof. Let m,n be integers larger then 1. We can write m = ag+ain+---+a,n"
with the a; € Z, 0 < a; < n, and n” < m. Let N = max{1, |n|}. By the triangle

inequality we have
ml <) lailln <Y JasN".

1
Clearly we have r < logim’ so another application of the triangle inequality
ogn

gives that |a;| = |1 +...1] < a;|1| = a; < n. Combining these we obtain

1
lm| < (1+7r)nN" < (1 + ogm) nNlogm/logn
logn

In this inequality, replacing m with m! and taking t'" roots gives

tlogm e 1/t nrlogm/logn
lm| < |1+ 1 n/tN°8 en,
ogn

Letting ¢t — oo we have
|m| < Nlogm/logn.
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Case 1: For all m > 1, |n| > 1.

In this case, N = |n| and so |m| < |n[l8™/ 198" j e |m|l/ 8™ < |p|/len By
symmetry we must have equality. So there exists a real number ¢ > 1 such
that ¢ = [m[Y/1°8™ = |p|'/1°8" for all integers m,n > 1. Hence, |n| = 8" =
elesclogn — ploge for all n > 1. Letting a = log ¢, we have |n| = |n|%, for n > 1.
Since both |- | and | - |% are homomorphisms from Q* — R.q, the fact that
they agree on a set of generators implies they agree on all of Q*.

Case 2: For some n > 1, |n| < 1.

Let n be such that |n| < 1. In this case N = 1, so |m| < 1 for all integers
m. Therefore, we have a nonarchimedean valuation. We know Z C Og by the
definition of Og. Thus mgNZ is a prime in Z and is nonzero since the valuation
is not trivial. Thus mgNZ = (p) for some rational prime p. If a € Z with p{ a,

then a ¢ mg and so necessarily we have |a| = 1. Thus |np”| = |p|" if n = % with

ged(ab,p) = 1. Now if a is such that [p| = p~®, then |z = [z|§ for all z € Q
and so | - | is equivalent to | - |,. O

Before we can prove the result for a general number field, we need the fol-
lowing result on extensions of valuations. This will allow us to use Ostrowski’s
theorem to gain information in the general number field setting.

Theorem 2.26. Let K be a field complete with respect to a discrete nonar-
chimedean valuation | - | and L/K a finite separable extension of K.

1. There exists a unique valuation ||, on L extending |-|, necessarily discrete
and nonarchimedean.

2. For B€ L, |B|p = | Ny g (B)[ deslE/5),
3. L is complete with respect to | - |L.

Proof. Let w be a uniformizer of K. Let O be the integral closure of O in
L. We break the proof into several steps.

Step 1: The integral closure O, is a Dedekind domain and a finite free Og-
module.

Pf: By Lemma 2.8, Ok is a Dedekind domain (even a PID). One now just runs
through the same proof as used in basic algebraic number theory to show that
OF is a Dedekind domain for E a number field to show that Oy, is a Dedekind
domain.

Step 2: The integral closure O, has a unique maximal ideal.

Pf: Let mp be any maximal ideal of 9. Since Ok has a unique maximal
ideal we must have my, N O = 0 or mg. Since Oy /my is a field and a free
Ok /(mp N Og)-module of finite rank, we must have my; N O = mg. In
particular we have that all maximal ideals of O, appear in the factorization of
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mgO, Le, mgOr, = mi'...md for m; the maximal ideals of O;. We then
have

DL/mK(’)L = @DL/mfl
i=1

Suppose r > 2. Let 8 € Oy, be such that 5 € my, § ¢ my. Let f(z) € Ok|x] be
the minimal polynomial of 3 over K, i.e.,

(2.1) Ok [z][8] = Ok [=]/(f).

The fact that f is irreducible combines with Hensel’s lemma to show that f must
be at worst a power of an irreducible polynomial modulo mg. Thus, tensoring
equation (2.1) with Ok /mg we obtain

(Ok [6]/mix Ok [0]) [z] = Ok 2]/ (mx, f) = klz]/(f),

which is a local ring. However, this contradicts the fact that O[0] has two
distinct maximal ideals containing my, namely my N Ok [B] and my N Ok[F].
Thus it must be the case that » = 1 and O, has a unique maximal ideal.

Step 3: The valuation | - | extends to a discrete valuation on L.

Pf: Let my be the unique maximal ideal of Oy. Since any Dedekind domain
with a finite number of prime ideals is a principal ideal domain, my, is principal.
Let wy, be a generator of my. Suppose mgOr = m§, ie, (w) = (wr)® in
Or. Given x € L, define |z|;, = (Jew|)°* @)/ This gives a discrete nonar-
chimedean valuation. Since |w|;, = (|w|)¢/¢ = |w|, the valuation | - |, agrees
with |- | on K.

Step 4: For B € L, |B|L = |NL/K(5)|1/deg(L/K).

Pf: We only need to prove this for § = m,. We have N /g (7) = 7f - u where
f=f(mp/mg) and u € OF. Thus we have fe = deg(L/K) and

INp/k(ro)[MFe =[xl |/ 7e
‘ﬂ_|1/e
_ ‘ﬂdegmL(m)/e

= ‘WL‘L-

Step 5: The field L is complete with respect to | - |r.
Pf: Let {an} be a Cauchy sequence in L. Let ey, ..., e, be an Og-basis of Oy,.
So in particular, a K-basis of L. Write each ay = an 11 + -+ an pe, with

an,; € K for 1 <i <n. For each r > 0, let IV,. be such that

lany —an'| < |wLl|f = |w|”
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for every N,N" > N,. Thus, ay —an' € @w"9Op. So ay; —an; € w" Ok
for every N, N’ > N,. Thus {ay,;} is a Cauchy sequence in K for each i. Let
a; = limy an ;. It is clear that o = aje1 + - - - + apey, is the limit of {an}.

Step 7: Suppose |- |o is some extension of |- | to L. If z € Oy, then |z]|p < 1. In
particular, if z € OF, then |z|o = 1.

Pf: Let O, = Oge;+---+0gke,. If x € O we can write x = aje+---+ane,
with a; € Ok. So there exists r > 0 such that |z|j < (Je1|g + -+ + |enly)- For
example, take r such that ¢ < 2 where c is as in the definition of valuation.
Thus |z|o is bounded for all x € Op. Hence, |z]p < 1 for otherwise taking
powers would contradict the boundedness.

Step 8: Suppose | - | is any extension of | - | to L. Then |- |o = | |L.
Pf: Tt suffices to prove |wp|op = |wp|r. Let # = w. Then x = w§ -u for u € OF

as above. Thus

[wLlo = [@Llo = lw@lo = [@] = |wL7.

Thus |wr|o = |wr|L as desired. O

Corollary 2.27. Let K be a field complete with respect to a discrete nonar-

chimedean valuation | -|. If L/ K is any separable algebraic extension of K, not
necessarily finite, then | - | extends uniquely to a nonarchimedean valuation on
L.

Proof. To see this, just look at L as a union of finite extensions where the
extension of | - | is already known. O

One should note that in Corollary 2.27 that the extended valuation is not
necessarily discrete and L is not necessarily complete with respect to this valu-
ation as we showed was true in the case of finite extensions.

Theorem 2.28. Let K be a finite separable extension of Q and L/K a finite
separable extension. Let |-| be a valuation on K. Then there exist finitely many
extensions |- |1,...,||» of || to L. IfIA( is the completion of K with respect to
| - | and L; the completion of L with respect to | - |;, then

T
Lox K — Iz
i=1
where the map is given by a ® B — (af;) where B; is the image of B in L;.

Proof. The fact that L/K is a finite separable extension gives that there exists
a € L so that L = K(a) 2 K[z]/(f) for f € K[z] the minimal polynomial of «
over K. As our extension is separable, f(z) must have distinct roots.
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Let f(z) = fi(z)--- fr(x) be the factorization of f(z) into irreducibles in
K[z]. Since f(x) has distinct roots the f; must all be distinct. Thus, we have
Lok K = K[z)/(f) @x K

= Klz]/(f)
= | K/ (1)
i=1
Set L, = Klal /(f,). .
Each L; is a finite separable extension of K, so if | - | is a nonarchimedean
valuation then | - | extends uniquely to a nonarchimedean valuation on L; by

Theorem 2.26. If |- | is an archimedean valuation, then K is either R or C. This
is because | - | restricted to Q must be the normal absolute value, and so @ =R
and K O Q = R. Thus, L; must be R or C and it is clear the valuation | - |
extends uniquely in this case as well. Denote the unique extension of |- | to L;
by |- |;- Note that since we can embed L into L;, the valuation | - |; restricts to
a valuation on L which we also denote at | - |,.

It remains to show that if | - |" is any extension of |- | to L then |-|" = |-|; for
some 1 <i<rand|-|;=]||;if¢#j. Let |-|" be any extension of |- | to L and
let L’ be the completion of L with respect to |- |". Recall that L is dense in L’
by Proposition 2.12. Thus, we have L = K(a) C IA((oz) C L' since K C L' and
o € L. We have that K(a) = K[z]/(g) where g is the minimal polynomial of o
over K. This implies that g must be equal to f; for some ¢ and so L C L; C L.
Thus, the restriction of |- |’ to L; is | - |; by the uniqueness of the extension of
| | to L;. However, the completion of L with respect to |- |; is just L; and so
we must have L; = L.

Now suppose that |- |; = | - |; for ¢ # j. This gives that L; = L;. However,
we know that Kz]/(f) 2 Klz]/(g) if f # g. Thus it must be that |- [; #|-|;
for i # j as claimed. O

Corollary 2.29. Let K be a number field and L/K a finite separable extension
of fields. Let || be a valuation on K, K the completion of K with respect to
|- |, and L; defined as in Theorem 2.28. Then for x € L we have

NHlL/K HNIDL /K

TrL/K ZTI‘L /K

Proof. Exercise. O

We are now able to combine Ostrowski’s result with Theorems 2.26 and 2.28
to classify the possible valuations on a number field K.
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Theorem 2.30. Let K be a number field and | - | a valuation on K. The
valuation | - | s equivalent to either:

1. |- |o for some o : K — C or
2. |- |p for some p C Ok a prime.

Proof. Ostrowski’s theorem implies that | - | restricted to Q is equivalent to
either | - |oo or | - |, for some prime p. Since K is a finite seperable extension
of Q, there are only finitely many possibilities for | - | and they are given as in
Theorem 2.28.

Suppose || = |-|oo on Q. Write the number field K as K = Q(«)
Then we have K ®g R = R[z]/(f). Write the factorization of f(x)

Il

Ql/(f)-

Q

S

T S

f@) =] —a) [T(@ 8z = B))

i=1 =1

for a; € R and §; € C. Then we have R[z]/(f) =& R"” @ C® by the map
x +— (a;) @ (B;). Thus, we have

K—R @C°—RorC

by a +— «a; or 8;. Thus, for each ¢ we get an embedding o; : K — R given by
oi(a) = o; and for each j we get an embedding o; : K — C given by 0; () = ;.
This gives that the only extensions of |- |« to K are the ones given by |- |,, for
o; one of the embeddings arising from «; or 3;.

Now suppose that |- | =| - |, when restricted to Q where p is some rational
prime. Again we write K = Q(«) = Q[z]/(f). Let f(x) = fi(x)... fr(x) be the
factorization of f into irreducibles in Q, and write K ®g Q, = [[;_, K; as in
the proof of Theorem 2.28. Let |-|; be the unique extension of |-| to K;. We saw
in Theorem 2.28 that the valuations |- |; are precisely the possible extensions of
|- |p to a valuation on K. Thus it only remains to show they are equivalent to
| - |p for a prime p C O.

Let ¢ € Ok. Then there exists a; € Z so that

"+ ar" e an =0

We have
no_ n=1_4 .. < I < il
I¢li = lai¢ o tani < Ogljngffl |a;¢7]i < OSIJI,?;EI ¢l
where we use that |m|; = |m|, < 1 for m € Z. Thus we must have |(]; < 1.

Thus, Ok C Ok, for 1 <4 < r. This implies that m; N Ok is a prime ideal of
O, call it p; where we write m; to denote the maximal ideal of Ok,. We know
that m; NZ = (p) so we must have p; | pOg. Now for z € K*, we have

ord m; (z)

|z|; = |l
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where ordy,(2) is the minimal m so that z € wi Ok, i.e., the minimal m

so that z € p"O k. Thus we have |z|; = \wﬂ?rd“(z). This gives that | - |; is

equivalent to | - |,, since |z]p, = (Dx/pi)~ 9 (*) and there exists a c so that
@il = (DK /p:) ™" O

Definition 2.31. 1. Let K be a field complete with respect to a valuation
| - | so that the residue field of K is finite. We say the valuation | - | is
normalized if |wy| = (#k)~L.

2. Let L be a finite separable extension of Q. We say a valuation |- | on L is
normalized if either | - | is nonarchimedean and the extension of |- | to L
is normalized or if | - | is archimedean and |- | = ||, for o : L — R if L
embeds into R or |- | =|-|2 for 0 : L = C when L does not embed into
R. We write ||| to denote the valuation is normalized.

Example 2.32. The valuation [|-[|, = |- [, is a normalized valuation as [p[, =
.

Definition 2.33. Let K be a field. An equivalence class of valuations on K is
called a place of K or just a place if K is clear from context. An equivalence
class of archimedean valuations is called an infinite place and an equivalence

class of nonarchimedean valuations is called a finite place. The set of places of
K is denoted M.

We will often denote a place by v and the completion of K with respect to
v by K,. We will denote the valuation ring of K, by O,, the maximal ideal by
m,, and the residue field by k,. If we need to be careful to indicate that | - |
corresponds to v we will write | - |,. The reader should be aware that in some
texts the term “place” is referred to as “prime of K” instead. If L is a finite
separable extension of a field K, then we have seen that v extends uniquely to
a valuation on L. In general we will write v for the extended valuation as well.
The reader should be careful not to confuse this with the situation where we
begin with a number field K and a finite separable extension L/K. In this case
for the valuation v, we have seen that there are finitely many valuations w of L
sitting over v and we write L, for the completion of L with respect to one of
these valuations.

One should note that if K is a number field then Theorem 2.30 gives a
bijection between the places and the set containing

1. p € Ok a nonzero prime,
2. 0: K — R,
3. pairs 0,0 : K — C.

Places will be of paramount importance when we study adeles and ideles
in global class field theory. For now we note the following two results that are
important in their own right. Theorems 2.34 and 2.37 are known as the product
formulas.
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Theorem 2.34. Let x € Q. Then
Izl TT =1, = 1.
P

Proof. Note that the product is actually well-defined as ||z, = 1 for all but
finitely many p. As valuations are multiplicative, it is enough to show the result
when z is a prime. Let = ¢ be a prime. Then we have

lzllo TT 2, = llall llall,
p

=q¢¢ ' =1

O

Definition 2.35. Let L/K be a finite separable extension of number fields. For
w € My, and v € Mg we write w | v if

l.w=pand pNOg =v or
2. w=ocando|g=wv.

Lemma 2.36. Let L/K be a finite separable extension of number fields. For
v € Mg and x € L we have

H ||x||w = ||NmL/K(9C)HU~

Proof. Let w | v. Let |- |, be the extension of ||-||, to L equivalent to |[|-||. Let
K, be the completion of K with respect to |-||, and L, the completion of L
with respect to ||| . For € L Corollary 2.29 gives

[N re@)l], = || [T N, (@)

wlv
v

Since Nmy,_ /i, (z) € K, we have

HNI’DLM/KU(.}?) :H |Nme/Ku(x>‘U'

wlv wlv

We saw in Theorem 2.26 that for z € L we have

_ |x‘ieg(Lw/K'U) .

INmy,_/x, () ’

v
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Now observe that if we set f = deg(¢,,/k,) and e such w, = @, then

|wv|w = ”wUH

I
—
3k

o
S
NI

L

1
= ll=gllde

L
fe
w

= [=]

_ ”wUngg(Li/Ku) )

Thus, we have

HNmL/K(iﬁ)HU = H |33|geg(LW/KU)

wlv

=T ll=ll..

wlv
as desired. O

Theorem 2.37. Let K be a number field and x € K. Then

IT lel, =1

wEMK

Proof. Essentially all of the work for this proof has been carried out in proving
Theorem 2.34 and Lemma 2.36. Let x € K. Then we have

IT l«l, = IT IT l=ll,

wEMg vEMg w|v
= [ [INmgspo@l,
vE Mg
=1.



Chapter 3

Local Fields

3.1 Definitions and basic facts

In this chapter we study local fields. These fields and their abelian extensions
will be the objects of study in local class field theory and so are very important
to our subject.

Definition 3.1. A field K, is a local field if it locally compact with respect to
a valuation v. (Unless otherwise noted all of our local fields have characteristic
0.)

In the case that the valuation v is an archimedean valuation, one can show
that the field K, must be either R or C. As we feel we understand these fields
fairly well, we will focus on the case when v is discrete and nonarchimedean.

Proposition 3.2. Let K, be complete with respect to a discrete nonarchimedean
valuation v.. We have that O, is compact if and only if k, is finite.

Proof. Let S be a set of representatives for k,. Suppose that O, is compact.
As O, is the disjoint union of the sets s + m, for s € S and each of these is
open, it must be that S is finite.

Now suppose that k, is finite. We begin by observing that O, is both
open and closed. It is open because there exists 6 > 0 so that O, = {z €
K, : |z] < 1+ §} since the valuation | - | is discrete. It is closed because
Oy, ={zxeK,:|z|<1}.

Observe that we have

O, 21im 0, /@0, C [[ Ou/miO,.

Each set O, /@O, is a finite set (since k,, is finite) and so is compact. Thus,
the product [] O, /@O, is a compact set since it is a product of compact sets.

We now show that O, is closed in [[ O, /w!O, and since this product is
compact, this will force O,, to be compact as well. Let (z,,) € [[ On/@wO,, be

25
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a point that is not in O,. Since this point is not in O,,, there exists r, s so that
x, Z xs(mod w?) for r < s. Set U to be the set defined by

U=T]0u/mp0s x {xs} x - x {a1}.

n>s

Any point in & must contain z, and x5 and so UNO,, = &. Thus, the point (z,)
has a neighborhood U that does not meet O,. If we show that U is open then
every point in [[ O, /@O, — O,, will have an open neighborhood that does not
meet O,,. This will imply that O, is closed as we will have [[ O, /@O, — O,
is open. Since each O, /w0, is finite, the sets {z;} C O, /=’ O, are open.
Thus, we must have that U is open. Thus, O, is closed in the compact set
[1O,/@2O, and so is compact. O

Corollary 3.3. If K,, is a local field with v a discrete nonarchimedean valuation,
then k., is finite.

Proof. Observe that the open sets @w”O, form a fundamental system of open
neighborhoods of 0. The fact that K, is locally compact implies there exists a m
so that @w™QO,, is compact. Multiplying by @w™"" we see that O,, is compact which
allows us to apply the previous proposition to conclude that k,, is finite. O

We call a field K, a nonarchimedean local field if v is a discrete nonar-
chimedean valuation and K, is a local field with respect to this valuation.

Exercise 3.4. Let K,, be a nonarchimedean local field. The fractional ideals of
K, are all compact as is O} .

Exercise 3.5. Let K, be a nonarchimedean local field (of characteristic 0).
Prove that K, is a finite extension of Q, for some prime p.

We end this section with a useful decomposition of the multiplicative group
of a nonarchimedean local field.

Proposition 3.6. Let K, be a nonarchimedean local field and let q = F#k,,.
Then we have

K} =wlx pg 1 x UM

where w2 = {wk : k € Z}, py—1 is the group of (g — 1)% roots of unity, and
UL =1+4m,.

Proof. Let o € K*. We know that « has a unique representation in the form
a = uw!, for some r € Z and u € OX. Thus, we have that KX = @w% x O so
it only remains to analyze O. Consider the polynomial f(z) = 277! — 1.
This polynomial splits into linear factors in k, and hence splits into linear
factors in O by Hensel’s lemma. Thus, O; must contain py—1. The surjective
homomorphism O — kX given by z + 2(modm,) has kernel U*) and so we
obtain the result. O
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3.2 Krasner’s Lemma

Let K, be a nonarchimedean local field. Given h = a,2"+- - -+a124ag € K,[z],
define ||h|| = max |a;|. Let f,g € K,[z] be monic and irreducible with ||f — g||
small. We will show that the roots of f and g yield the same extensions of
K,. We will conclude the section by showing that Gal(Q,/Q,) injects into

Gal(Q/Q).

Lemma 3.7. Let K, be a nonarchimedean local field, a« € K P and o €
Gal(KP/K,,). Then |a|gse = |o(a)|gser.

Proof. The valuations @ — |z|gsr and = — |o(x)|g=r are both extensions of
|- | to KPeP. Thus the extensions must be equal by the uniqueness statement in
Corollary 2.27. 0

The following lemma is known as Krasner’s lemma and forms a basis for the
rest of the results in this section.

Lemma 3.8. Let K, be a nonarchimedean local field. Suppose there exists
a, B € K;°P so that
la = 8] <|a —o(a)]

for all o € Gal(K5P/K,,) with o(a) # «, i.e., B is closer to « then all of its
nontrivial Galois-conjugates. Then K, (a) C K, (5).

Proof. We know from Corollary 3.7 that for all o € Gal(K:°?/K,) we have

la = 8| = |o(a) —a(B)].
Let o be such that o(8) = 3. This gives
la =8| = |o(a) = 5
for all such ¢. Thus, we have

lo(@) —af = |o(a) =5+ 5 - af

<la—g|

which contradicts our assumption that (3 is closer to « then any of its conjugates
unless o(a) = « for all ¢ fixing 5. Thus it must be the case that if o(8) =
then o(a) = «, i.e., we must have K, (a) C K, (5) by Galois theory. O

One should note that the above lemma is clearly false if one does not require
K, to be a nonarchimedean local field. For example, if one looks at Q with
a = /2 then one can satisfy the hypotheses of the theorem with 8 = 1 but
clearly Q(v/2) is not a subfield of Q.

Definition 3.9. Let K, be a nonarchimedean local field and let o, 8 € K;°P.
We say that 8 belongs to « if o — ] < |o(a) — af for every o € Gal(K¥P/K,,)
with o(a) # .



28 CHAPTER 3. LOCAL FIELDS

Lemma 3.10. Let K, be a nonarchimedean local field, f(x) = 2+ a,_ 1"+
<-4 ap € K,[z] be separable and irreducible, and o € K5 a root of f. There
exists c(f) > 0 such that if g(z) € K,[z] is any monic polynomial such that
llg = fIl < c(f), then g has a root B that belongs to . Moreover, g is irreducible,
deg(g) = deg(f), and K, (a) = K, (3).

Proof. Pick ¢(f) such that

1. ¢(f) < min(1, ||f]D

i e —al® = =]

2. ¢(f) < U(r([)l)lga(cl lo(a) — a|”) where ¢; o DBX IfN==.
0<j<n-—-1

Suppose that g is such that ||g — f|| < e(f). If deg(f) # deg(g), the fact that

f and g are monic would give that ¢(f) > 1. Thus it must be that deg(g) =

deg(f) = n. We also have

lgll = I1f + (g = Nl
< max(|[|f]l, [1f =gl
< [I£1

since [lg — fI| < c(f) and c(f) < [If].
Let g = 2™ + by_12" ' + .- - 4+ by and let By be any root of g. We have

n—1
1851 = |>_ b
i=0
< bil|Bol".
< Jnax [bil|fol
Thus, for some j we have
8ol < lgll
< [If1I-
n—1
If we write (f — g)(z) = Z cma™™, then
m=0

£ (Bo)l = [(f = 9)(Bo)

max lem]|Bol™

0<m

c(f)
(f)

< min |o(a)— al|™.
U(a#al (@) —af

IN

IN

<n
m
0<%, Il
< m/(n—j) . -
<o) max_ (/1) (for some j)
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On the other hand, if we let @ = a1, g, ..., a, be the roots of f, then we have

IT 160 — oul = 1(30)| < _min_jo(@) ~al"

=1

for every o such that o(a) # «. Thus, there exists 1 < i < n so that |Gy — «;| <
|o(a) — af for every o such that o(«) # a. Since f is irreducible, there exists
o; € Gal(K{P/K,) such that o;(o;) = . Put 8; = 0;(8p). Then for every
o € Gal(K$P/K,) such that o(«) # o we have

1Bi —al = |oi(Bo) — (i)l
= WO—OM

|o(@) —al.

A

Thus, 3; belongs to «.

It only remains to show that K,(a) = K,(0;). Once we have shown this
we will know that g must be irreducible. Suppose o € Gal(K®P/K,) with
o(a) # a and o(8) = 8. We have seen that |5; — a| < |o(a) — |, so by Lemma
3.8 we have K, (a) C K,(5;). On the other hand,

deg(f) = deg(K,(a)/Ky)
< deg(K,(8:)/Ky)
= deg(yg).

However, we have already seen that deg(f) = deg(g) and so we must have
Kv(a) = Kv(ﬁz) D

Corollary 3.11. Let f,g and c(f) be as in Lemma 3.10. Then every root of g
belongs to exactly one root of f. So, in particular, the roots of g yield the same
extensions as the roots of f.

Proof. Let a be a root of f. Then by Lemma 3.10 there exists a root 3 of g
belonging to . Let 8 = (1,...,0, be the roots of g. Since g is irreducible
by Lemma 3.10, there exists o € Gal(K3P/K,,) so that 3; = 0;(8). Thus, §;
belongs to o(«;), which is also a root of f. Suppose now that ( is a root of g
belonging to two roots of f, say a and o(«). Then |a — §]| < |7(a) — «f for all
T € Gal(K:P/K,,) so that 7(a) # «, and |o(«) — 8] < |n(o(a)) — o(e)] for all
n € Gal(K3P/K,) so that n(c(a)) # o(«). In particular, if we set 7 = o and
n = o~ ! then we have |o(a) — ] < |o(a) — | and |3 — a| < |o(a) — a|. Thus,

o(a) —al = |(o(a) = B) + (8 — )]
< |o(a) — af.
This is clearly a contradiction and finishes the proof. O

Corollary 3.12. Let K/Q, be a finite separable extension. Fiz @p an algebraic
closure of Q, and an embedding Q, — @p, Then there exists a finite extension
F/Q such that K = F -Q, C @p.
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Proof. Suppose K = Qp(a) with o having f € Qp[z] as its minimal monic
polynomial. Choose g € Q[z] C Q,[x] such that ||f — g|| < ¢(f) where c(f)
is as in Lemma 3.10. Note that this is possible because Q is dense in Q,.
Thus, ¢ has a root 3 € Q such that Q,(8) = Q,(a) by Lemma 3.10. However,
Qp(B) =Q(B) - Q, since B3 € Q. Thus, if we set F = Q(3) we are done. O

Fix algebraic closures Q, @p and compatible embeddings Q — @p, Q —
Q, Q, — @p, and Q — Q,. Any automorphism of @p fixing Q, restricts
to an automorphism of Q fixing Q. In other words, the restriction yields a
homomorphism

Gal(Q,/Q,) — Gal(Q/Q).

We claim that this map is injective. Let o € Gal(Q,/Q,) and let o € @, such
that o(a) # a. Set L = Qp(a). Then by Corollary 3.12 there exists F/Q,
F C Q such that L = F - Q,. Since o acts non-trivially on «, hence on L, o
cannot fix F. So the image of ¢ is non-trivial. The fact that this map is an
injection will be very important in our study of global class field theory and is
very important in general as we will see that Gal(@p /Qp) is isomorphic to the
decomposition group at p.

3.3 Eisenstein Extensions

We begin by recalling the Eisenstein irreducibility criterion from elementary
abstract algebra.

Lemma 3.13. Let R be a ring and f(z) = apa™ + -+ + a1x + ap € R[z]. If
there exists a prime ideal p C R such that a, ¢ p, a; € p fori =1,...,n,
and ag & p?, then f is irreducible. Moreover, if f is monic and R is integrally
closed, then (f) is a prime ideal in R[z].

Definition 3.14. Let K be any field and let p be a prime ideal of Og. If
f(x)=a"+ap, 12"t + - +ap € Oklx], a; € p, and ag ¢ p?, then we call f
an Fisenstein polynomial.

Observe that an Eisenstein polynomial is necessarily an irreducible polyno-
mial by Lemma 3.13.

Definition 3.15. An extension L/K, is Fisenstein if L = K, («) with « a root
of an Eisenstein polynomial.

Lemma 3.16. If K, is a nonarchimedean local field, then there are only finitely
many Fisenstein extensions of K, of fized degree. (If we wanted to include
positive characteristic, one would get finitely many Fisenstein extensions of fixed
degree prime to char(K,).)

Proof. Let A =m, x --- x m, x (m, —m?) where there are n — 1 factors m,,.
If a = (an_1,...,a0) € A, then fa(x) = 2" + a, 12" 1+ +ag € Oyl7] is
irreducible because it is an Eisenstein polynomial. Every Eisenstein extension of
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K, of degree n arises from adjoining a root of some f, with a € A. We can apply
Corollary 3.11 to conclude that for each a € A, there exists a neighborhood
U, C A of a such that if b € Uy, then the roots of f, and f;, yield the same
extensions of K,. We have that m, is compact as it is a closed subset of the
compact set O, by the discreteness of v , m? is both open and closed because
m2 = {z: |z| < |@|?’} = {z : |z| < |=|}. Thus m, — m? is closed in m,, a
compact set and hence is compact itself. The set A is the product of compact

m
sets, so is also compact. Thus there exist ay,...,am € A such that A = U Usy,.

i=1
So every Eisenstein extension of K,, of degree n is of the form K, (o) with a a
root of fa, for some ¢ € {1,...,m}. Thus there can be only finitely many such
extensions. O

Recall that given Dedekind domains 0 C O we say a prime ideal p of O
is totally ramified over over a prime ideal p C 0 if p | p and f(p/p) = [D/p :
o/p] = 1. In the case of an extension of nonarchimedean local fields L/ K, the
extension is said to be totally ramified if my, is totally ramified over m,,.

Let f(x) = 2" 4+ ap_12" 1 + -+ + ag € O,[z] be a separable Eisenstein

polynomial. Let ai,...,a, be the roots of f and let w, be a uniformizer of
K,. By Lemma 3.7 |a;| = |ay| for every 4,j where | - | is the extension of | - |
to K. We have that ap = (—1)" [[a; and so |a;|" = []|au| = |ao| = |wy|

since ap € m, —m2. So in particular we have that |a;| = |, |'/" for each i.

Let L, = K,(;) and let wy, be a uniformizer of Op,. Write w, = wz U
and o; = wy’ - v; for some u;,v; € Of, and some e;,m; > 0. We know that

i

deg(L;/K,) =n and so e; < e;f; = n. We have

@[V = ol

my

= |wLi
= (ol /ey

= |wv|mi/51'

Thus, n = ;; < ¢; and so we must have m; = 1 and e¢; = n . Hence «; is a
i
uniformizer of Oy, since ay; = wy, - v;.

Lemma 3.17. Let K,, be a nonarchimedean local field. Suppose L/ K, is sepa-
rable and Eisenstein. Then

1. L is totally ramified over K, i.e., (w,) is totally ramified in Op.

2. If L = K, () with « a root of an Eisenstein polynomial over K, then «
is a uniformizer of L.

3. If wy, is any uniformizer of L, then O = Ok [wL].

Proof. We have already shown the first two claims above so it only remains to
prove the third claim. Let n = deg(L/K,). Since L/K,, is totally ramified we
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must have f(wp/wy) =1, i.e., Op/(wy) =N Or/(wyr). Thus we have
(31) OL:OU-F’IDLOL:OU[’WL]-F’(ELOL.

Let @ € Op. Write @« = a1 + (1 for some a1 € O,lwr] and 51 € wrOp.
Multiplying equation (3.1) by wy we obtain

(3.2) w0 = wrOy|wr] + w2 Or.

We can now write 1 = wras + @2 (2 with as € O,[wr] and 32 € Op. Con-
tinuing in this fashion we produce «; and [3; so that

—1
OéZOél-FOéQwL‘F""FameL + Bl

with a1 + agwp + -+ + apmp1@w] € Oyfwy] and Fpq1 € Op for all m € N.
Thus, for all m € N we have Or, = O, [wr] + w[*OL.
Observe that the discriminant is given by

A= AOL/OU(LWL,...,WZ_I)
:w{)w U

for some M > 0 and some u € O;F since the discriminant is necessarily in O,,.
However, we know that @, O, = w} O, and so we have AOy, = wﬁ/m(’),;.
Let v € Op and write v = ag + a1 + -+ + an_lw}f_l with a; € L. We
have
ag Trr/k,(7)
(Trpyr, (@pwy)) | 0 | = :
an-1 Trr/x, (@) ')

where we have used that the trace map is linear. We have that Trr, (w’Lw]L) €
O, forall 1 < 4,j < n—1since wy, € Op and Try g, (why) € O, for all
1<i<n—-1laswiy €O foralll <i<n—1. Thus we apply Cramer’s rule
to conclude that AOy, C O,,.

Using this exercise if we choose m so that m > Mn then we have O =
OU[ZUL}—I—W?OLQOU[WL} and thus OL:OU[WL]. O

Theorem 3.18. Let K, be a nonarchimedean local field. A finite separable
extension LK, is totally ramified if and only if L/ K, is Fisenstein.

Proof. We have just shown that Eisenstein extensions are totally ramified, so
it only remains to show that all totally ramified extensions are Eisenstein. Let
L/K, be totally ramified with deg(L/K,) = n. Consider the intermediate field
L, = K,(wyg). Since L/K, is totally ramified, L;/K, must also be totally
ramified. Thus, we have |w,| = |wp|™ since L/K, is totally ramified and
|| = |wL|deg(L1/K“) since L1 /K, is totally ramified and wy € L. Thus, we
must have deg(L,/K,) =n and so Ly = L.

Let f = 2" +an,_12" 1+ +ag € Oy[z] be the minimal polynomial of wy,
over K. Let wy, = w1,...,w, be the roots of f. We have that |w;| = |w,| for
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every 4, j and |w1| < 1 since it is a uniformizer, i.e., my, = w;Or. Thus |a;| < 1
since the a;’s are symmetric polynomials in the w;. Hence we have a; € m,,.
We also have

n
jaol = [ [ Iwil = @[ = |ew|
i=1

again using that L/K,, is totally ramified. Thus ay = uw, for some u € OF.
Hence ag € m, — m? and so f is Eisenstein. O

Corollary 3.19. If K, is a nonarchimedean local field then there are only
finitely many extensions of K., of a fized degree that are totally ramified. (Again,
if one wants to include the case of positive characteristic, one gets extensions
of fized degree prime to char(Ky,).)

Exercise 3.20. (a) Show that there is a totally ramified extension of Q7 of
degree n for any integer n > 1.
(b) Find two nonisomorphic totally ramified extensions of Qs of degree 2. Can
you do the same for degree 37

3.4 Unramified Extensions

Now that we have characterized the totally ramified extensions of nonarchimedean
local fields, the next natural step is to consider unramified extensions. Let 0 C O
be Dedekind domains and p a prime ideal in 0. Let @1,..., o, be prime ideals
of O and ey, ..., e, be positive integers so that pO = ' - ptr. We say p; is
unramified over p if e; = 1. In the case of an extension of nonarchimedean local
fields L/K,, we say the extension is unramified if my, is unramified over m,,.
The following theorem classifies the finite separable unramified extensions of a
nonarchimedean local field in terms of finite extensions of its residue field.

Theorem 3.21. Let K, be a local field with residue field k,,. There is a bijection
{L/K, finite, separable, unramified } «—— {l/k, finite }.

where L — 1 = O /my,.
This satisfies:

1. If Ly and Lo are finite separable unramified extensions of K, with residue
fields 11 and ls respectively, then L1 C Lo if and only if I1 C lo;

2. Gal(L/K,) = Gal(l/ky,) by 0 — clo, -
Proof. Let p = char(k,). We break the proof into several steps.
Step 1: Let m be a positive integer so that ged(p, m) = 1. The irreducible fac-

tors of 2™ — 1 in k,[z] are the reductions modulo m,, of the irreducible factors
of 2™ — 1 in O, x].
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Pf: Write 2™ — 1 = g (x) - - g™ (x) in O,[z]. We need to show that if g,(x) €
ky[z] is the reduction of g;(x) modulo m,, then g,(x) is still irreducible. The
fact that ged(p, m) = 1 gives that 2™ — 1 is separable and hence so are the g;
and g;.

Let f € k,[z] be a monic irreducible factor of g; and let f € O,[z] be a
monic polynomial such that the reduction of f modulo m, is f. Note that f is
necessarily irreducible for otherwise f would be reducible. Let o be any root of
f and put E = K, (a). We have

deg(E/K,) = deg(f) = deg(f) < deg(g;) = deg(g:)-

On the other hand, g; has a root in k. Namely, since f(a) = 0, we have
that f(@) = 0 in k,. Since f | g;, we must have that g;(@) = 0 in k,. The fact
that g, is separable implies that we can apply Hensel’s lemma to conclude that
gi has a root § € Og. This gives K,,(8) C E. In particular,

deg(g;) = deg(K,(8)/K,) < deg(E/K,) < deg(g;)

i.e., deg(g;) = deg(E/K,). Thus we have deg(f) = deg(g;) and so g, is irre-
ducible as claimed.

Step 2: Let l/k, be a separable extension of degree n. Then there exists a
unique unramified extension K, /K, that is separable, finite, and has residue
field 1.

Pf: We have that there exists @ such that | = k, (@). Set m = #l—1. Then @ is
aroot of 2™ —1 € k,[x] as [* is a cyclic group of order m. Let f be the minimal
monic polynomial of @ over k,, i.e., f is some irreducible factor of 2™ — 1 in
k,[z]. By Step 1 there exists an irreducible factor f € O,[z] of 2™ — 1 reducing

to f modulo m,. Let 8 be any root of f. Set K,, = K, (). Then

deg(K,/K,) = deg(f) = deg(f) = deg(l/k,) = n.

We always have that

n > f(K,/K,)=deg, (Ok,/mgk,)

by general results on the residue class degree. Thus
n > f(K,/K,) = degy., Ok, /mE,,) > deg(kv(ﬁ)/ku) =n

as k,(8) C Ok, /mk, . Thus f(K,/K) = n which gives that K, /K, is unram-
ified and | = Ok, /mk, since they are the same degree field extension of the
finite field k,,.

It remains to prove uniqueness. Suppose L/K,, is such that the residue field
of L is I. Since f has a root @ in [ and f is necessarily separable, f has a root
a in Op, by Hensel’s Lemma. Thus we have K, (a) C L and K, («) & K,,. Now
if L is unramified, then n = deg(L/K,) and so L = K, (a) = K,. This gives
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the uniqueness. The same argument also gives part (1) of the theorem.

Step 3: Let 1 /k,, be a finite separable extension of degree n. Then Gal(K,,/K,) =
Gal(l/k,).

Pf: Let f and f be as in Step 2. By Hensel’s Lemma any root of f in [ lifts to
aroot of f in Ok, . Let ay,...,a, be the roots of f and @7g,...,a, be in k&,
such that @; = a;(modmg ). Let o € Gal(K,,/K,) be such that ¢ # 1. Then
there exists ¢, j such that o(a;) = o; with i # j. Set & to be the image of ¢ in
Gal(l/k,). Then o(a;) = 0(a;) = @; # @;. Thus & # 1. Hence the kernel of
the map Gal(K,,/K,) — Gal(l/k,) is {1}. The fact that both Galois groups
are of order n allows us to conclude that this is an isomorphism. O

The following corollary is implicit in the arguments given in the previous
proof. We state and prove it here for clarity as it will be needed in the future.

Corollary 3.22. Let f(x) € O[] be a monic polynomial so that its reduction
f(z) € ky[z] is a monic separable polynomial. Let o € K, be a root of f(x) and
set L = K,(a). Then the extension L/K, is unramified and the residue field ¢
of L is given by £ = k,(@).

Proof. Note that since f is separable, f is necessarily separable as well. Let
f(x) = 11, fi(x) be the irreducible factorization of f in K,[z]. By Gauss’
lemma we know that the f; € O,[z] and so we can consider their reductions
in ky[z]. Without loss of generality we can assume that « is a root of f;. We
have that f, is a monic separable polynomial in k,[z] with root @. Thus, we
can apply Hensel’s lemma to conclude that f; is irreducible and o € Or. We
have that ¢ D k, (&) and so

deg fi(x) = deg(L/Ky)
> f(L/Ky)
= deg(?/k,)
> deg(ky(@)/ky)
= deg?l
= deg f1.

Thus, we must have deg(L/K,) = f(L/K,) and so the extension is unramified.
We also obtain that deg(¢/k,) = deg(k,(@)/k,) and so £ = k,(@). O

Let m be a positive integer and let k be the finite field with ¢ elements. There
exists a unique extension k,, of k of degree m. The field k,, is the splitting field of
the polynomial f(z) = 29" —x. The Galois group Gal(k,,/k) is cyclic of degree
m generated by the Frobenius automorphism x — z?. Thus, given a positive
integer m and a nonarchimedean local field K, there is an unique unramified
extension K, of K, with Gal(K,,/K,) = Gal(k,,/k,) = Z/mZ. There is
a canonical generator Frobg /i, of Gal(K,,/K,); namely, the element that
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maps to the Frobenius automorphism z +— z? in Gal(k,,/k,). The following
corollary is immediate from our discussion and the previous theorem.

Corollary 3.23. Let K,, be a nonarchimedean local field.

1. The compositum of two finite separable unramified extensions is unrami-

fied.

2. If L/K, is any separable algebraic extension, possibly of infinite degree,
then there exists a unique mazimal unramified subextension K,, C Ly, C L.

3. Given any integer m there exists a unique unramified extension K,, of K,
of degree m. Moreover, Gal(K,,/K,) = Z/mZ.

Exercise 3.24. Show that the compositum of two totally ramified extensions
need not be totally ramified.

Corollary 3.25. Let n be a positive integer. If K, is a nonarchimedean local
field (of characteristic 0), then there are finitely many extensions of K,, of degree
n.

Proof. Suppose L/K, is such an extension of degree n. Then by part (2) of
Corollary 3.23 we have K,, C Ly, C L where L/L,, is totally ramified and
Ly, /K, is unramified. The extension Ly, /K is uniquely determined by Theorem
3.21. Thus, by Corollary 3.19 there are finitely many possibilities for L/L,. O

Example 3.26. Let p be a prime. We consider the quadratic extensions of the
field Q,.
Let L/Q, be a quadratic extension given by L = Q,(a) where « is a root

of 22 — a for some a € QF. One can check that Q,(yv/a) = Q, (VD) if and
only if ¢ € (Qg)Q. Thus, the number of quadratic extensions of Q, is equal

# (@; / (Q,f )2) — 1 as the trivial element does not give a quadratic extension.
For 8 € Q) we write 3 = up” wherer € Z and u € Z,;. We have an isomorphism

Qf —=>ZXXZ

given by 8 — (u,r) and

~

(@) — (zy)* x 2z
given by 32 — (u?,2r). Thus we have

QF/ (@) =z} x 2)/(Z))* x 22) = B/ ()" x Z/22.

In order to classify the quadratic extensions of Q, we need to look at
2 /(ZX)?. We know that pZ, is a maximal ideal and so 1 + pZ, C Z*. Note
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that for p # 2 we have (1 + pZ,)*> = 1+ pZ,. Now ZY — (Z/pZ)* with
ker = 1+ pZ,. Thus

23 /(LX) —== (2/p2)* | (Z/pZ)*)} —> L/2Z.

and so for p # 2 we have
QX /(QX)? 2 Z/2Z x Z/2Z.

Thus there are 3 distinct quadratic extensions of Q, when p # 2; namely, the
unique unramified extension of degree 2 and two totally ramified extensions.

We now deal with the case of p = 2. In this case we have ZJ = 1+ 2Z, and
(Z5)* =1+ 8Zy. Thus,

QX /(QF)? 2 Z/2Z x 1./27 x L./2Z

since

(14 2Z5) /(1 + 8Zy) = Z/2Z x 7./ 2.

under the map
1+ a12+ a2? — (a1, a).

We can now use this isomorphism to determine representatives in Q5. Given
(a,b,c) € Z/27 x 7/27 x Z]/2Z, we see that under the isomorphism this maps
to (1 +a-2+b-2%)2¢ Thus, we have that 1,2,3,5,6,7,10,14 € Qo are
representatives. Thus there are 7 extensions of Qg given by Qa(y/a) for a €
{2,3,5,6,7,10,14}. The field Q2(v/5) has discriminant 5, and since 2 5, 2
is unramified in this extension. Thus 5 corresponds to the unique unramified
extension.

Exercise 3.27. Give a similar characterization for the quadratic extensions of
Q5 as was done for Q.

3.5 Ramification and Galois theory

In this section we give a better description of the totally ramified part of an
extension L/K,; namely we split the totally ramified part into tame and wild
ramifiction.

Throughout this section we let K,, be a nonarchimedean local field, k,, the
residue field, p = char(k,), L/K, a finite and separable extension, and w, a
uniformizer of K,,. We write e(L/K,) for the ramification index of @y, over w,,.

Definition 3.28. Wesay L/ K, is tamely ramifiedif pt e(L/K, ) and e(L/K,,) #
1. We say L/K, has wild ramification if ple(L/K,).

Lemma 3.29. Let L/K, be totally ramified. Let By € L* so that |Bo|" = |w.|
for some integer n with p{n. Then there exists B € L and a uniformizer o of
K, such that 0™ = «a.
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Proof. Write 8§ = uw, whereu € Of. Let ug € O} be such that ug(mod m,,) =
u(modmp). This is possible since L/K, is totally ramified so that O, /m, =
Op/my. Set a = ugw,. Then we have

1By — ol = By — wowo| = |wu(u —uo)| < |wy| = |

where we have used that |u — ug| < 1 since u —ug € my. Let fq,...,0, € K5P
be the roots of f(z) = 2™ —a. Observe that |a| > |55 —a| =[] |80 — B:| and so
|Bo — Bi,| < |a|'/™ for some ig. The fact that p{n (and so |n| = 1) implies that

|ﬁio|n_1 = |n||ﬁi0|n_1 = |f/(ﬁi0)| = H ‘ﬁio - ﬁ]'
Jj#io

Thus, |610 _Bj| = |ﬂio| for every j 7& 1¢ since |610 _6j| < max{|ﬂio|7 |ﬂ]|} = |ﬂ’i0|
and there are n — 1 terms that multiply to give |3;,|"~!. Now we can apply
Krasner’s Lemma to conclude that K, (8;,) € K,(6p) € L. Thus §;, € L is a
root of f and so 3] = a. O

Corollary 3.30. The extension L/K, is totally tamely ramified if and only if

there exists uniformizers w, and wy, of K, and L such that wieg(L/K“) =

with p t deg(L/K,).

Wy

Proof. Let L/K, be totally tamely ramified. Lemma 3.29 implies that there
exists such uniformizers. On the other hand, if there are such uniformizers our
study of Eisenstein extensions shows that L/K,, is totally tamely ramified. O

Corollary 3.31. If L, /K, and Ly/K, are tamely ramified, then so is L1Ls.

Proof. We begin by reducing to the case where L; and Lo are totally ramified
over K,. Consider the maximal unramified subextension (LiLs)yy of LjLs.
Then we have the following diagram of fields

LiLs
/ \
Ly(L1La)ur Lo(L1La)ur
\ /
(L1L2)ur
K,

where Ly (L1La)ur/(L1L2)ur and La(L1 Lo )ur/(L1L2)yr are totally ramified since
they are subextensions of LjLo/(L1La)y, which is totally ramified. Thus by
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considering the extensions Lq(L1Lo)uy/(L1Lo)u and Lo(L1Lo)yy/(L1Lo)y we
reduce to the case of considering totally ramified extensions.

The fact that we may assume L; and Lo are totally ramified over K,
gives that there exists uniformizers wy, and wyp, and w; and ws such that

wijg(Li/K”) = w;. Write wy = uw; for v € OF. Lemma 3.17 gives that

L1 C Ky = Ky(Cepy /) and Ly € Ky = Ky(Ce,, ul/2, @1/ %) where e; =
deg(L;/K,) = e(L;/K,) and (., is a e;th root of unity. The fact that p { e;
along with Corollaries 3.22 and 3.23 imply that K; and K5 are unramified over
K,. Thus, K;(w/%)/K; is tamely ramified. Set K3 = KiK>, which is an
unramified extension of K,,. Now LiLo C Ky = K,((e,, Ces, wi/el,w;/m) and
e(K4/K3) | e1ea, and so is relatively prime to p. Then since K3/K,, is unrami-
fied, we have the result. O

Combining what we have done so far we have the following result.

Proposition 3.32. Let L/ K, be a finite separable extension of nonarchimedean
local fields. Then there exists unique subfields K, C Ly, C Ly C L such that

1. Ly/K, is unramified,
2. L/ Ly, is totally tamely ramified,
3. L/Ly is totally wildly ramified.

Proof. The only part that remains to prove is that L/L; has degree a power
of p. Write deg(L/Ly) = e'p” for p { €. Let wy, be a uniformizer of L. Then
|wir|€/ = |wy,|. Now we apply Lemma 3.29 to get 8 and @’ such that 8¢ = @’
The fact that Ly(0) is totally ramified implies ¢’ = 1. O

We now turn our attention to the Galois theory of these extensions. The fact
that the subfields L, and L; are unique implies that if L/K, is Galois, then
so are Ly, /K, and Ly/K,. From now on we assume that L/K, is Galois. The
group Gal(L/L,,) is the inertia group and is denoted by I(L/K,), the group
Gal(L¢/Ly,) is referred to as the tame inertia and denoted 1'(L/K,,) and the
group Gal(L/L") is the wild inertia and is denoted IV (L/K,). One can easily
check we have the following exact sequences:

0 ——I(L/K,) —> Gal(L/K,) —> Gal(Lu:/K,) — 0
and
0 —1"(L/K,) —=I(L/K,) —=T1'(L/K,) —0.

Set K = |J Ly and K = |J Ly, where the unions are over all finite sepa-
rable extensions of K,. We have K C K C K5 where K!'* is the maximal
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unramified subfield of K5 and K} is the maximal tamely ramified subfield of
K, If K, C L C K and L/K, is finite and separable, then L/K, is nec-
essarily unramified. If K C L C K! and L/K"" is finite and separable, then
L/K" is necessarily totally tamely ramified. Note that K /K, and K!/K,
are Galois extensions.

Infinite Galois theory enables us to conclude that

Gal(K)'/K,) = lim Gal(Ly/Ky),
L/K, fin. sep. Galois

I(K,) = Gal(K3P /K%)= lim  Gal(L/Lu).
L/K fin. sep. Galois

and
I'(K,) := Gal(K/K") = lim Gal(Lq/Luy).
L/K fin. sep. Galois

Thus there is a filtration on Gal(K:°P/K,,) given by

0 I(K.,) Gal(K5P /K,) — Gal(K" /K,) —>0

and we have the following exact sequence

0——1Y(Ky,) I(Ky) IY(K,) 0

where

P(K,) = Gal(KSP/KY) = lm  Gal(K3/L,).
L/K fin. sep. Galois

The group IV (K,) is a pro-p group as the degree of L/L; is a power of p
for each L/K, finite, separable and Galois. The tame inertia groups I'(L/K,)
must all have order prime to p as deg(Li/Ly;) is prime to p. Let K,/K, be
the unique unramified extension of K, of degree n. We know from our study
of unramified extensions that Gal(K,/K,) = Z/nZ. Set k, = Ok, /mg,.
We have that k,, is a finite extension of k, of degree n and the Galois group
Gal(k, /k,) is generated by the map oy, /i, : kn — ky given by oy, /5, (2) = 2P.
The fact that Gal(K,,/K,) = Gal(k,/k,) gives that there is a unique element
Frobg,  k, € Gal(K,/K,) generating Gal(K,,/K,) that maps to oy, /i, . This
element Frobg, /r, is called the Frobenius element.

We have

Gal(K,"/K,) = lim Gal(K, /K,)

where the projective limit is given by

Gal(K,/K,) - Gal(K,,/K,) (m | n)
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by restriction. Thus,

Gal(K}'/K,) 2 lim Gal(K,,/K,) = im Z/nZ = Z.

n

Hence Gal(K™/K,) = 7 by Frobg, — 1 where Frobg, is the element of
Gal(K"/K,) that restricts to Froby g, for L/K, any finite unramified ex-

tension of K,,. Using that Z =~ HZP, we have that Gal(K"/K,,) H L.

The importance of the structure of these Galois groups will become apparent
as we begin our study of local class field theory. For those interested in further
study of nonarchimedean local fields, Serre’s book Local Fields ([S79]) provides
much more information and in much greater generality then has been provided
here.
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Chapter 4

Group Cohomology

In proving the main theorems of local class field theory, we will make use of the
theory of group cohomology. The reader who is familiar with group cohomology
is safe to skip this chapter and return to parts of it as needed. There are many
excellent sources for this material. We use Milne ([Mi97]) as our source, which
follows [CF67] very closely for the material of interest to us. We omit many of
the proofs, preferring to let the interested reader look these proofs up on his/her
own.

4.1 Definitions

Throughout this section we will let G be a group and M a G-module, i.e., M is
an abelian group with a map

GxM— M:(g,m)— gm
satisfying
L. g(m1 +ma) = gmi + gma;

2. (g192)m = g1(g2m)

for all g,g1,92 € G and all m,my,my € M. Recall that a homomorphism of
G-modules M and N is a map ¢ : M — N so that

1. ¢ is a homomorphism of abelian groups;
2. o(gm) = gp(m) for all g € G, m € M.

We denote the set of all G-module homomorphisms from M to N by Homg (M, N).
In order to define cohomology groups, we need the notion of an injective
module and an injective resolution of a module.

Definition 4.1. A G-module T is called an injective module if Homeg (-, I) is an
exact functor.

43
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Recall that this means given an exact sequence

0 M, M, M3 0,

one has that the sequence

0 —— Homg (M3, I) —— Homg (Ms, I) —— Homg(M1,I) —— 0

is exact. Note that the sequence

0 —— Homg (M3, 1) — Homg(Ma, I) — Homg (M1, I)

is always exact, so being an injective module is equivalent to saying given an
injection My — My, any homomorphism M; — I lifts to a homomorphism
M2 — 1.

Theorem 4.2. Given a G-module M, there exists an injective module I so that
M — 1.

An injective resolution of a G-module M is an exact sequence

0 M p-Lep Lo &

where I7 are injective modules. It is customary to write this exact sequence as
M —T.

Corollary 4.3. Given a G-module M there exists an injective resolution of M.

We can define a left-exact functor from the category of G-modules to the
category of abelian groups by sending M to M S where we define

MY ={me M:gm=mforall g € G}.

Given an injective resolution M — I of M, we can apply this functor to the
exact sequence to obtain a sequence

dt d?

0 —> (IO)G L (Il)G (12)G

which is no longer necessarily an exact sequence. We define the rth cohomology
group of G with coefficients in M to be

ker(d")

WG, M) = gy
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Proposition 4.4. Let M and N be G-modules. Then we have
1. HY(G, M) = MS;
2. For an injective G-module I, one has H (G,I) =0 for all r > 0;

3. Let M — I' and N — J° be injective resolutions. Then any homomor-
phism ¢ : M — N extends to a map of compleres ¢ : I' — J and the
maps H"(¢) : H' (G, M) — H" (G, N) are independent of the choice of .
In particular, applying this to the identity map M — M shows that the
cohomology groups are well-defined;

4. A short exact sequence

0 M, M, M3 0

gives rise to a long exact sequence of cohomology

50

0 ME M§ MS HY(G, M) —=HY(G, M) —— - -~

The proof of this proposition is not difficult, and in any case can be found
in any standard source.

Exercise 4.5. Let M; be a finite collection of G-modules. Show that [[ M; is
a G-module and that H" (G, [[ M;) 2 [[H" (G, M;) for allr > 0.

This formulation of the cohomology groups is useful for proving general
results, but is not easy to calculate with and so is not useful in many instances.
One can remedy this problem by instead considering a projective resolution
of the module M. For an appropriate projective resolution this leads to the
description of the cohomology groups in terms of cochains, which are more
useful for calculations.

For r > 0, let P, be the free Z-module with basis consisting of r 4+ 1-tuples
(90,91, --,9r) with g; € G. The module P, has a natural G-action given by
9-(90, 915, 9r) = (991,992, - - -, 9gr). Define a homomorphism d, : P, — P,y
by

r
dr(gO7 e 797“) = 2(71)1(903 cee agia cee 7gr)
i=0
where the * indicates that entry is omitted. These maps are referred to as the
boundary maps. Let P. be the sequence

d7»71 (il

d,
—P ——-P_ 41— - —— D
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Viewing Z as a G-module with trivial G-action we can define a map e : Py — Z
given by sending generators to 1, and so we have the sequence

Exercise 4.6. Check that d._, od,. =0 and so this defines a complex. In fact,
show that the sequence is an exact sequence.

The following theorem follows immediately from the fact that P. is a projec-
tive resolution of M. One can see ([Mi97], Appendix to Chapter 4) for a proof
of this fact.

Theorem 4.7. For any G-module M one has
H"(G,M) = H (Homg(P., M))

where H" (Home (P., M)) indicates the cohomology groups arising from the com-
plex

0 —— Homg(Py, M) —— Homg (P, M) —— - --

This theorem shows that we can compute the cohomology groups by working
with this projective resolution rather then the injective resolution. We will now
see how this is advantageous.

An element f € Homg(P,, M) can be identified with a function f : G"™! —
M so that f(gg0,--.,99-) = 9f(g0,--.,9-) forall g, go,...,g- € G. Such a func-
tion is determined by its values on elements of the form (1, g1, g192,...,91 gr)
in G"*1. (Looking at our functions on such elements will make things work out
nicer.) Set

¢(915---,90) = f(1, 91,9192, - - 91+~ gr)-
The boundary maps are then given by

r

d7‘¢(91’ o 7g'r+1> = 91¢(927 v 7g’l"+1) + (_1)J¢(917 s 9595415 - - - 7gr+1)
=1

J
+ (_1)T+1¢(g1a s agT)'

Exercise 4.8. We say a homomorphism ¢ : G — M is a crossed homomor-
phism if $(g192) = g16(g2) + ¢(g1) for all g1, 92 € G.

1. Let m € M. Show that the map g — gm —m is a crossed homomorphism.
These are called the principle crossed homomorphisms.
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2. Show that

HY(G, M) = {crossed homomorphisms G — M}

{principle crossed homomorphisms G — M}’

3. Let G act on M trivially. Prove that H' (G, M) = Homg(G, M).

4.2 Hilbert’s Theorem 90

In this section we will prove one of the most useful results about group cohomol-
ogy, Hilbert’s Theorem 90. Let L/K be a finite Galois extension of fields and let
G = Gal(L/K). We can view L™ as a G-module. When viewed as an additive
group, L is also a G-module. We will calculate the first cohomology groups of
L and L* in this section. First, we begin with some more preliminaries.

Let G be a group and H a subgroup of G. Let M be a H-module. We
now describe how to associate a G-module to M. Let Indfl (M) be the set of
maps ¥ : G — M so that ¥ (hg) = hy(g) for all h € H,g € G. Note that these
maps are not required to be homomorphisms. The set Ind$ (M) is a G-module
with operations (1 + ¢2)(g) = ¥1(g) + ¥2(g9) and g19(g2) = ¥(g2g1) for all
9,91, 92 € G, Y, 1,09 € Indg (M). We call Indg(M) the module induced from
H. The following exercise is an important result and should be worked out in
detail.

Exercise 4.9. Let H be a subgroup of G, M a G-module, and N a H-module.
Prove that
Home (M, Ind$ (N)) = Homp (M, N).

Let M be a G-module and consider Z as a G-module with trivial action.
Observe that

(4.1) Homg(Z, M) = M

as any homomorphism from Z into M is determined by the image of 1 and
conversely, something is the image of 1 if and only if it is fixed by G.

Proposition 4.10. (Shapiro’s Lemma) Let G be a group and H a subgroup.
For any H-module N, there is a canonical isomorphism

H'(G,Ind$(N)) = H"(H, N)
for allr > 0.

Proof. The case of r = 0 follows from equation (4.1) along with the previous
exercise. For r > 0, the result follows from the fact that Ind} is an exact functor
and preserves injectives. O

Corollary 4.11. Let M be an induced G-module, i.e., M = Ind¥ (My) for some
abelian group My. Then H' (G, M) =0 for all r > 0.
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Proof. We have
H"(G,M)=H"({1},My) =0

for all 7 > 0. O
We will also need the Normal Basis Theorem. For a proof of this theorem,
see ([Mi97], pages 50-51.)

Theorem 4.12. (Normal Basis Theorem) Let L/ K be a finite Galois extension
with Galois group G. There exists a € L so that {oa : 0 € G} is a basis for L
as a K-vector space.

Proposition 4.13. Let L/K be a finite Galois extension with Galois group G.
Then H (G, L) =0 for all r > 0.

Proof. As a G-module, we have that L = K[G] by the Normal Basis Theorem
where K[G] is the group algebra. However, we have that Ind{'(K) = K[G]
under the map ¢ — Y o ¢(g97")g and so H'(G, L) = H"({1},K) = 1 for all
r > 0. ' O

We will also need Dedekind’s theorem on the independence of characters.

Theorem 4.14. Let L be a field and H a group. Then any finite set {x;} of
distinct homomorphisms H — L* 1is linearly independent over L.

The next theorem and its corollary are both often referred to as Hilbert’s
Theorem 90.

Theorem 4.15. (Hilbert’s Theorem 90) Let L/K be a finite Galois extension
with Galois group G. Then H'(G,L*) = 0.

Proof. First, note that since L™ is a group under multiplication, our notation
here will reflect this fact. Let ¢ € H'(G, LX), i.e., $(9192) = g26(g1)¢(g2) for
all g1,g92 € G. For any x € L™, set

y=">_ olg)g(x).
geG

Observe that we can apply Theorem 4.14 to this situation with H = L* and
the g’s as our x;’s to obtain that there exists z € L* so that y # 0.
Let g1 € G. Then we have

91y =Y_ 516(9)g19(x)

geG

=Y 6lg1)  dlgr9)gg(x)

geG
= o(g1) 'y
Now we use that y # 0 to conclude that
¢(g1) =y/91(y) = g1y~ ) /vy
Thus we have that ¢ is trivial in H*(G, L*), completing the proof. O
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Corollary 4.16. Let L/K be a finite cyclic Galois extension, i.e., L/K is a
Galois extension with a finite cyclic Galois group G. Let g generate G. If
Nmp, g x = 1, then x is of the form gy/y.

Proof. This follows immediately from the fact that H' (G, L*) = Ker(Nmp x)/(g—
1)L* in this case, which we now prove.

Consider the map ® : H'(G, L*) — Ker(Nmy,g)/(gL*/L*) given by ¢ +—
#(g). (One should note that often this is written as Ker(Nmy, x)/(g — 1)L,
mixing the multiplicative and additive notation in one equation!) Let ¢ €
H' (G, L*). Note that ¢(1) = (1 -1) = 1¢(1)p(1) and so ¢(1) = 1. Thus, we
have

1= o(g™)
= (g™ 'g)
= g8(g™ "o(g)
= g°6(9™ ) 9(9)?

= Nmp, x(¢(g)).

Thus, ¢(g) € Ker(Nmy,, ). Finally, we note that ¢ is trivial in HY(G, L*) if and
only if ¢(g) = g(x)/x for some x € L*, i.e., if and only if ¢(g) € (¢L*/L*). O

Before returning to more general results, we give an application of Hilbert’s
Theorem 90 to Kummer Theory, i.e., classifying the finite abelian extensions
of a field K of degree dividing n when u, C K*. First we need the following
result.

Exercise 4.17. Show that given an exact sequence of G-modules

0 M,y My Ms; 0,

one has that the connecting homomorphism & : MS — H'(G, M) given in
the long exact sequence of cohomology is given is follows: for mgz € MBG, let
mo € Ms be an element mapping to ms and define do(ms) to be the class in
HY(G, M) defined by sending g — gmy — mso.

Let n be a positive integer and let K be a field containing p,,, the nth roots
of unity. Let G = Gal(K/K). One has that the following sequence is exact:

1 fin & i 1

where the n denotes the nth power map. The long exact sequence of cohomology
gives
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1 ——p$ — (K¢ —— (K )¢ —=H"(G,p,) —>=H' (G, K ) —

The fact that p, C K gives that u& = p,, and (?X)G = K* by Galois
theory. We have that Hl(G,FX) = 0 by using Hilbert’s Theorem 90 to get the

result for all finite extensions of K and then using that H' (G, FX) is the inverse
limit of trivial groups. Thus, the sequence becomes

n

1 [in K* KX HY(G, i) — 0,

i.e., we have an isomorphism
HY(G, pn) = KX /(K*)".

The previous exercise (keeping in mind we are using multiplicative notation

here!) gives that for every x € K* and g € G, the element {/x in K" maps to
x in the long exact sequence and

o(g) = g(Vx)/Vx

defines an element in H'(G, p1,,). The kernel of this homomophism is K (/).

Observe that since p, C K we have that G acts trivially on u, and so
H'(G, 1) = Homg(G,py,). Since the action is trivial, as a G-module pu,, =
Z./n7Z and so HY (G, uy,) = Homg (G, Z/nZ). Given a G-module homomorphism
¢ € Homg(G,Z/nZ), we have that ker¢ C G is a closed normal subgroup
and so corresponds via Galois theory to a finite extension Ly of K. Moreover,
Gal(Ly/K) = Im(¢) C Z/nZ and so is necessarily a cyclic group of order
dividing n. Conversely, every such cyclic extension of K of over dividing n gives
a G-module homomorphism in Homg(G,Z/nZ). Thus, we have a bijection
between H' (G, p,,) and cyclic extensions of K of degree dividing n. Combining
with what we showed above gives that the Kummer extensions (finite cyclic of
order dividing n) are given by L = K({/x) for some x € K*. Moreover, the
class of z € K* /(K*)™ is unique.

4.3 Changing the group

It is often valuable to have a way to compare the cohomology of different groups
as it may be easier to calculate for one of the groups. We have already seen this
applied several times in the context of Exercise 4.9. We will describe three more
comparison maps in this section: the restriction, corestriction, and inflation
maps.

Let G and H be a groups and let M be a G-module. Let f : H — G be a
homomorphism of groups. We can view M as a H-module via the map f. Let
P, and Py be the standard projective resolutions we used above to define the
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cohomology groups in terms of cocycles. The map f induces a homomorphism
of complexes P;; — P, which in turn gives a homomorphism H"(G, M) —
H"(H,M). (Note that the order of G and H is reversed here, be sure you
understand why!)

If we set H to be a subgroup of G and f to be the inclusion map, then the
induced map on cohomology is known as the restriction map:

Res : H' (G, M) — H"(H, M).

Another natural map to consider is the projection map G — G/H. In this case,
given a G-module M, we have that M is a G/H-module. Thus, we have a map
on cohomology H"(G/H, M) — H"(G, MH). We obtain the inflation map by
composing this map with the one induced by the natural map M7 — M:

Inf: H"(G/H, M¥) — H" (G, M).

The importance of these two maps follows from the following important
theorem.

Theorem 4.18. (Inflation-Restriction Sequence) Let H be a normal subgroup
of G and let M be a G-module. The sequence

0 — HY(G/H, M7y > 1l (G, M) 2= 0l (7, M)

18 exact.

Proof. Our first step is to show that the inflation map is an injection. Let
¢ € HY(G/H, M™) so that Inf(¢) = 0 in H'(G, M), i.e., there exists m € M
so that Inf(¢)(g) = gm — m for all g € G. Recall that Inf(¢) is in the map
induced from ¢ : G/H — M* via G — G/H — M — M. Thus, we have that
Inf(¢) is constant on the cosets of H in G and so ghm — m = gm — m for all
g € G,h € H. Taking g to be the identity we see that hm = m for all h € H.
Thus, m € M and so ¢ must be trivial in H*(G/H, M) as claimed.

The next step is to show that ResoInf = 0. Let ¢ € H'(G/H, M™). This is
clear. If ¢y € H' (G, M), then Res(v) = 9|5 If ¢ € H'(G/H, M*), then Inf(¢)
is trivial on H and so Res(Inf(¢)) = 0.

Finally, we need to show that the image of Inf is the kernel of Res. We have
just seen that the image is contained in the kernel, so it remains to show that
in fact that kernel is contained in the image. Let v € H'(G, M) be such that
Res(v) = 0, i.e., there exists m € M so that Res(v)(h) = hm—m for all h € H.
Our goal is to show that there exists ¢ € H'(G/H, M) so that Inf(¢) = 1.
Recall that the map 6 € H'(G, M) given by d(g) = gm —m for all g € G is
trivial in H'(G, M). Thus, by looking at 1) — §, we can assume that 9|z = 0.
We know that for all g1, g2 € G we have

Y(g192) = ¥(g1) + 910(g2).
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If we take g € G and h € H, then we have
P(gh) = ¥(g) + g9 (h) = ¥(g)-

Thus, we have that ¢ gives a map G/H — M. On the other hand, we also have
P(hg) = ¢ (h) + hip(g) = hy(g).

We have that H is a normal subgroup of G, so for any g € G, h € H there exists
an hy € H so that g~ 'hg = h,. Using this we have

hip(g) = 1 (hg)
= (ghy)
=(9).
Thus, we have that ¢ : G/H — M and so 1 is in the image of the inflation
map, as desired. O

One should note that even though we have only shown the result for r =
1, the sequence is also exact for the rth cohomology groups if one adds the
assumption that Hy(H, M) = 0 for all 1 < i < 7 — 1. We will use the more
general result later. The general case follows from the case r = 1 by induction.

The last functorial map of cohomology groups we will need is the corestric-
tion map. Let H be a finite index subgroup of G and let {g1,...,9,} be a set
of left coset representatives. Let M be a G-module and for any m € M define
the norm from G to H of m by

n
Nmg,gm = Zgim.
i=1

This is independent of the coset representatives chosen and is easily seen to be
fixed by G. Thus, the map Nmg, is a homomorphism M " M%. We now
see how this map can be extended to a map H"(H, M) — H"(G, M) for all r.

Exercise 4.19. Show that the map 1 — > g;¥(g; ") is a homomorphism
from Tnd$ (M) to M.

Using this homomorphism, we have an induced map on the cohomology
H"(G,Ind% (M)) — H"(G, M).

Combining this map with the isomorphism H" (H, M) = H"(G, Indg (M)) given
by Shapiro’s lemma gives the corestriction map

Cor : H"(H, M) — H' (G, M).

Proposition 4.20. Let H be a subgroup of G of finite index with coset represen-
tatives {g1,...,gn}. The composite map Cor o Res is multiplication by [G : H|.
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Proof. There is a natural map m — 1, from M to Ind% (M) where 1, (g) =
gm. The map Cor o Res is the map induced from the maps M — Indg(M) — M
given by

M Py = > githm (g7 ).

i=1

It is easy to see that

Zgiwm(gfl) = Zm

Exercise 4.21. If #G =n, then nH" (G, M) =0 for r > 0.

Corollary 4.22. If G is a finite group and M is finitely generated as an abelian
group, then H" (G, M) is finite.

Proof. From the definition of H" (G, M) is it clear that it is finitely generated.
We now use the fact that it is killed by the order of G to conclude that it must
be finite. O

For any abelian group G, the p-primary component of G is the set of elements
of G killed by some power of p. This group is denoted by G[p*].

Corollary 4.23. Let G be a finite group and let G, be the p-Sylow subgroup of
G. For any G-module M, the restriction map

Res : H'(G,M) — H"(G,, M)
is injective on H" (G, M) [p>°].

Proof. By definition we have that [G : G,] is relatively prime to p. Since the
composite

CoroRes: H'(G,M) — H"(Gp, M) — H"(G,M)
is multiplication by [G : G,], it is necessarily injective on H"(G, M)[p>] by

definition of the p-primary component. Thus, Res must also be injective on
H"(G, M)[p*>] as well. O

4.4 Cup Products

Let M and N be G-modules. We write M ® N for M ®z N considered as a
G-module with action given by g(m ® n) = gm ® gn for g € G, m € M and
neN.
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Theorem 4.24. There exists a unique family of bi-additive pairings
(¢,9) — ¢ Uy : H' (G, M) x H*(G,N) — H"**(G,M ® N)

defined for all G-modules M and N and all integers r,s > 0 satisfying the
following conditions:

1. these maps become morphisms of functors when the two sides are regarded
as covariant bifunctors on (M, N);

2. forr =s =0, the pairing is

(m,n) —»men: M@ NE — (M ® N)“;

0 M,y Mo Ms 0

s an exact sequence of G-modules so that

00— M i QN — Mo QN ——= M3 N ——=0

is exact, then
(6¢3) Uy = 6(p3 U )

for ¢3 € H'(G, M3) and ¢ € H*(G,N) where & denotes the appropriate
connecting homomorphism;

4. 1f

0 Ny No N3 0

is an exact sequence of G-modules so that

00— MIN, —= M Ny ——= M Q N3 ——= ()

s exact, then
U dps = (—1)"6(¢ Us)

for & € H' (G, M) and ¢35 € H*(G, N3) where § denotes the appropriate
connecting homomorphism.

Proof. See Theorem 4 in the Cohomology of Groups section of [CF67]. O
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Proposition 4.25. We have the following formulas:
1. (pU)Ux =¢U (Y Ux);
2. 9UY = (-1)"YUg;
3. Res(¢ U ) = Res(¢) URes(¢));
4. Cor(¢ URes(¢)) = Cor(¢) Uv.

Proof. Again, one can see [CF67] for a complete proof. O

4.5 Profinite Groups

Let G be a profinite group, i.e., G is a compact topological group for which the
open normal subgroups form a fundamental system of open neighborhoods of
1. For example, let L/K be a Galois extension of fields (not necessarily finite),
then G = Gal(L/K) is a profinite group. In this case the open subgroups are
precisely those that fix a finite extension of K sitting in L. A finite group given
the discrete topology is also a profinite group. In this section we give a brief
account of how our notions of cohomology can be adapted to handle profinite
groups as well. This will be important so that we can extend the results we
obtain about finite Galois groups to those of infinite Galois groups.

When given a profinite group, we consider only the G-modules for which the
action of G on M is a continuous map when M is given the discrete topology.
Such a G-module is referred to as a discrete module. The category of discrete
modules is an abelian category with enough injectives, so we can define coho-
mology groups just as before, writing H[, (G, M). Note that if G is finite the
continuous cohomology groups coincide with the cohomology groups we have
been using up to this point. The continuous cohomology groups behave much
the same as the cohomology groups we have been dealing with. For example,
one still has the Res, Cor, and Inf maps. The following propositions will be
particularly important for us.

Proposition 4.26. The maps

Inf: H"(G/H, M*¥) — H

cts

(G, M)

realize the continuous cohomology group as the direct limit of the groups H" (G /H, M)
where the H run over the open normal subgroups of G, i.e., we have

lim H"(G/H, M™) = Hi, (G, M).

Proposition 4.27. Let G be a profinite group and M a discrete G-module. If
M = li_n}Mi where M; C M, then

H'(G, M) = lim H' (G, M,).
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We omit the proofs of these facts, but they follow readily from the fact that
direct limits commute with the formation of cohomology groups. From now on
we deal strictly with continuous cohomology. As such, we drop the cts from the
notation. As there is no difference for finite groups, the fact that we are using
continuous cohomology will not become important until the next chapter.

4.6 Homology Groups

Though cohomology is our main tool for proving the results of local class field
theory, it will be necessary to use homology groups to define the “Tate Groups”,
which will be very important in our proofs. The notion of homology groups is
dual to that of cohomology groups, and since we studied those in some detail
the study of homology will very cursory at best.

Let G be a group and M a G-module. Let I ={g—1:g € G}, i.e., I fits
into the exact sequence

0 Ig Z|G] Z 0

where the map Z[G] — Z is given by > ngg — Y ng, and consider the sub-
module Mg = M/IgM of M. This is the largest quotient of M on which G
acts trivially, the dual notion to that of M“. The functor sending M to Mg
is a right exact functor. To define the homology groups, we take a projective
resolution

d dq
PP Py M 0

of M. The complex

da di

(P1)c

- —(P2)c (Po)a Mg 0

is no longer exact, and so we define the homology groups as
H,.(G,M) = Ker(d,)/Im(dy41).

These groups have the same properties as the cohomology groups, just dualized.
For example, given a short exact sequence of G-modules

0 M, My M3 0,

one obtains a long exact sequence of homology groups
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s H (G, My) — H,(G, My) = H,_y (G, My) —> -+ ——> Ho(G, M) —— 0.

In some instances it may be easiest to use the resolution P° we used to
give the description of the cohomology groups in terms of cocycles to define the
homology as well. This can be done as follows. Recall that P was the exact
sequence

P, - P Py zZ 0

defined as in section 4.1. We can tensor this sequence with M and it remains
exact giving

—P M — - ——PLOM — Py M — M —— 0.

Now we can apply the above construction to this resolution of M to define the
homology groups.

As in the case of cohomology groups, one can show that H (G, M) = 0 for
r > 0 if M is an induced module. This shows that H" (G, Z[G]) = 0 for r > 0
with Z having a trivial G-action since we saw before that Z[G] = Ind{ Z. Using
the long exact sequence defining I, we have the following long exact sequence
of homology

The map Ig/I% — Z[G]/IcZ|G] is induced from the inclusion map I — Z[G],
and so has image 0. Thus, we obtain that Hy (G, Z) 2 I/I% and Z|G]/IcZ]|G] =
Z.

Exercise 4.28. Let G be the largest abelian quotient of G, i.e., it is G/[G, G].
Show that the map g — (g — 1) + I3 induces an isomorphism

G = Ig/ 1.
Corollary 4.29. There is a canonical isomorphism

H,(G,Z) = G*P.

4.7 The Tate Groups

Throughout this section we let G be a finite group. Recall that for any G-module
M, we defined the norm map Nmg : M — M by

mHng.

geG
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Given g1 € G, it is clear that as G runs through all elements of G, so does ¢1 9.
Thus, we have

Nmg(gm) = Nmg(m) = g(Nmeg(m)).

In particular, this shows that Im(Nmg) € MY. We also see that (9—1) Nmg = 0
and so IgM C Ker(Nmg). Combining these two facts shows that the norm map
defines a homomorphism

Nmg : Ho(G, M) — H' (G, M).

Let

0 M, Mo, M; 0

be a short exact sequence of G-modules. We then obtain a diagram

M3) — Ho(G, M) — Ho(G, M) — Hy(G, Ms3)

l/ ch leG l/ NmG

Applying the Snake lemma to the middle of this diagram gives the long exact
sequence of Tate cohomology groups

r r r . r
- ——Hp (G, My) — Hy(G, Mp) — Hy (G, M3) ——H (G, My) —— -+

for all —oo < r < oo where the Tate cohomology groups are defined by

H"(G, M) r>0
M%/Nmg(M) r=0
Ker(Nmg)/IgM r= -1
Hfrfl(G,M) r<—1.

HA(G, M) =

It turns out that most of the results we have talked about for the groups
H" (G, M) apply to H.(G, M) as well. (Of course, all of them for r > 0 apply!)
For instance, we still have restriction, corestriction, and inflation maps and
CoroRes is still multiplication by [G : H|. Cup products also extend in a
natural way to the Tate cohomology groups, see [CF67] for example.

We now consider Z,Q, and Q/Z as G-modules with a trivial G-action and
compute the relevant Tate groups that we will need for the proofs of the local
class field theory results in Chapter 5.

Lemma 4.30. Let G be a finite group.

H(G, M) — H°(G, M) — H°(G, M3) — H*(G, M;) —— - - - .
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1. Hp(G,Q) =0 for all r;
2. HY(G,Z) = Z)|G : 1]Z and HL(G,Z) = 0;
3. there is a canonical isomorphism

Homg (G, Q/Z) — HA(G, Z).

Proof. Note that for any positive integer m the multiplication by m map m :
Q — Q is an isomorphism. Thus, for any integer r we have that H"(m) :
HT (G, Q) — H3(G, Q) is also an isomorphism (it is also just multiplication by
m.) Since G is assumed to be finite, we can set m = #G. However, this gives
that multiplication by m is an isomorphism and also the zero map. This implies
that we must have H.(G, Q) = 0.

We now consider the case of M = Z. Observe that since Z% = Z, the norm
map on Z is just multiplication by m = #G. Thus, H}.(G,Z) = Z%/ Nmg(Z) =
7/mZ, as claimed. We have seen before that H'(G,Z) = Homg(G,Z). Let
¢ € Homg(G,Z). Let g € G be an element other then the identity. We have
that ¢™ = e, and so 0 = ¢(e) = ¢(g™) = mo(g). However, Z is torsion free so
it must be that ¢(g) = 0.

Finally, consider the short exact sequence

0 7 Q Q/Z 0.

If we look at the associated long exact sequence of cohomology we get

Hy(G,Q) — H1(G,Q/Z) — Hi(G, Z) — H3(G, Q).
Using that H}(G, Q) = 0 and HY(G, Q/Z) = Homg (G, Q/Z), we get the final
claim. O

Proposition 4.31. Let G be a finite cyclic group and M a G-module. Then
for all r there exists an isomorphism

H (G, M) = H™(G, M)
depending only on the choice of generator of G.

Proof. Let g generate G with #G =m. Let N=14+¢g+g¢>+---+¢g™ L. The
fact that G is cyclic of order m gives that N(g —1) = (¢ —1)N =¢™ -1 =0.
Thus, we obtain a particularly simply resolution
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From this it is clear that

H?" (G, M) = M /N M,
H* (G, M) = Ker(N)/IgM,

for r > 0 where Ker(N) is the kernel of the map N : M — M.
To calculate the homology groups, we use the above projective resolution
and tensor up first with M obtaining

2L ziGle M N ziGl e M - Z[G] ® M — M — 0.

We now apply the functor used to define homology

g—1 g—1

2 26 @ M)e > (Z[G] @ M)g (Z|G] ® M)g — 0.

Observe that (Z[G] @ M)g =2 Z|G] ®c M = M, and so we obtain the complex
used to define the cohomology. Thus, we have

HY' (G, M) = M©/NM,
H2 (G, M) = Ker(N)/IgM

for all r # 0, —1. The following exercise then completes the proof. O

Exercise 4.32. Show that the result holds true for r = 0,—1 by using the
connecting homomorphism Nmg.

In fact, we can specify the map between cohomology groups. Recall that
H?*(G,Z) = Homg(G,Q/Z). Let v € H*(G,Z) be the element that maps to
the map sending ¢ (the generator of G) to 1/m. Then the map H(G, M) —
HP2(G M) is ¢ — ¢ Uy,

For G a finite cyclic group and M a G-module, if H}.(G, M) and HL.(G, M)
are both finite, we define the Herbrand quotient to be

_ #HL(G,M)

AA) = #Hp (G, M)
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Proposition 4.33. Let

0 A B C 0

be an exact sequence of G-modules with G a finite cyclic group. If two of the
three Herbrand quotients h(A), h(B), h(C) are defined, then so is the third and

h(B) = h(A)h(C).

Proof. We apply the previous proposition to turn the long exact sequence of
Tate cohomology groups into the following exact hexagon:

7 S

HY(G,C) H}(G,C)

™S 7

Hy (G, B) =— Hy (G, A)

Suppose for example that H; (G, A) and HL.(G, B) are finite for i = 0, 1. Let M,
be the image of H}.(G, A) in H}.(G, B), and so on around the hexagon. We have
that My and M3 are finite groups, My because it is the homomorphic image of
a finite group and M3 because it sits in a finite group. We have that sequence

04>M24>H%(G7C)4>M3HO

is exact. Thus, we have that H}%(G,C) is finite. Similarly we obtain that
HY(G,C) is finite. If we set m; to be the order of M;, then we have that
the orders of the group HOT(G,A) = mgmq, etc. This gives the claim that
h(B) = h(A)h(C). O

Proposition 4.34. Let G be as above and let M be a finite G-module, i.e., it
is a finitely generated G-module. Then h(M) = 1.

Proof. Recall that we saw for a finite group and a finitely generated module that
all the cohomology groups are finite, so this statement makes sense. Consider
the exact sequences
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Nmg

0 —= H1(G, M) Mg ME H.(G, A) —= 0.

The first shows that MS and Mg have the same order and the second shows
that H.(G, M) and HYL.(G, M) have the same order. O

Exercise 4.35. Let My and Ms be G-modules, f : My — My a G-module
homomorphism with finite kernel and cokernel. If either h(My) or h(Ms) is
defined, then so is the other and they are equal.

Our reason for introducing the Tate cohomology groups is Tate’s theorem.

In order to prove Tate’s theorem we will need the following exact sequence. Let

M be a G-module and let My be M considered only as an abelian group, i.e., we

ignore the G-action. We can then consider the induced module M, = Ind§ (Mp).

Exercise 4.36. 1. Show that M, = Z[G]®z Mo via the map ¢ — > 9 ®
elg™h).

2. Show that M. surjects onto M via the map ¢ — > ¢ gp(g™1).

Let M’ be the kernel of the surjective homomorphism M, onto M, i.e., we
have the exact sequence

0 M’ M, M 0.

We will use this exact sequence in the proof of the following theorem.

Theorem 4.37. Let G be a finite group and M a G-module. If
Hy(H, M) = H3.(H, M) = 0
for all subgroups H of G, then H.(G, M) =0 for allr € Z.

Proof. The result follows from the assumption and Proposition 4.31 if G is a
cyclic group. We now consider the case when G is a solvable group and proceed
by induction on the order of G. The base case is true. Thus, assume the result is
true for all groups of order less then G. Since G is a solvable group by definition
there exists a proper normal subgroup H so that G/H is cyclic. The fact that H
has order less then G gives that we can apply the induction hypothesis to (H, M)
and so Hp(H, M) = 0 for all 7 € Z. We have that Hy.(G, M) = HL.(G, M) = 0
by assumption. We can now consider the Inflation-Restriction exact sequence:

0 — Hy(G/H, M") > Hi (G, M) %> Hy.(H, M)

for all » > 1. This shows that HL(G/H, M") = H3L(G/H,M") = 0. Now
we use Proposition 4.31 and the fact that G/H is cyclic to conclude that
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H . (G/H,M™) = 0 for all > 1. We again use the Inflation-Restriction se-
quence to conclude that H.(G, M) = 0 for all » > 1.

We now show that H} (G, M) = M/ Nmg(M) = 0. Let z € M. We know
that H}.(G/H, M*) = 0 and so there exists a y € M so that Nmg,p(y) = =
by the definition of H.(G/H, M™). Similarly, since H}(H, M) = 0 we know
that there exists a z € M so that Nmy(z) = z. We now just use the fact that

Nmg(z) = (Nmg g oNmg)(z) =
to see that HY(G, M) = 0.

It remains to deal with the case of negative r. Consider the exact sequence
discussed above:

0 M’ M, M 0.

The fact that M, is an induced module we know that Hp.(G, M) = 0 for all r
and all subgroups H of G. Thus, we obtain

HL(H,M') = HiH(H, M)

for all r and all subgroups H of G. We can now apply what we have shown above,
i.e., that H.(G,M) = 0 for all » > 0 to conclude that Hp(G, M’) = 0 for all
r > 1. In particular, this shows that the pair (G, M) satisfies the hypotheses of
the theorem and so by what we have shown above, H.(G, M') = 0 for all » > 0.
We now use that HY(G, M’) = H;'(G, M) to obtain that Hy' (G, M) = 0.
Thus, our induction now shows that for (G, M) satisfying the hypotheses of the
theorem that H.(G, M) = 0 for » > —1. Apply this result again to (G, M’) to
obtain Hy?(G, M) = 0. Continuing like this we obtain H;(G, M) = 0 for all
r e Z.

It now remains to deal with the general case. Let G be an arbitrary finite
group. Let p be a prime and G}, the p-Sylow subgroup of G. If (G, M) satisfies
the hypotheses of the theorem, then so does (G, M). The fact that G, is a
p-group gives that it is a solvable group, and so we can apply what we have just
shown to conclude that H.(Gp, M) = 0 for all » € Z. We now apply Corollary
4.23 (in the case of Tate cohomology, it generalizes easily) to conclude that for
every r € Z and every prime p, H.(G, M)[p>] = 0. Thus, for each prime p the
p-part of the group H.(G, M) = 0 and so necessarily we have H.(G, M) = 0
for all r € Z. O

Theorem 4.38. (Tate’s Theorem) Let G be a finite group and M a G-module.
Suppose that for all subgroups H of G we have

1. HL(H, M) =0 and

2. H%(H, M) is cyclic of order [H : 1].
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Then for every r € 7 there is an isomorphism
HY (G, Z) — HE2(G, M)
depending only on the choice of a generator for H%(G, M).

Before we prove this theorem, we see how it will be useful for us in proving
the results of local class field theory. Let K., be a local field, L a finite extension
of K,, and G = Gal(L/K,). In the next chapter we will show that H2.(G, L*)
is cyclic of order [L : K| with a canonical generator uy . Hilbert’s theorem 90
gives that H-(G, L*) = 0, so Tate’s theorem gives that the cup product with
ur/K gives an isomorphism between H,:%(G,Z) — HY(G, L*). In particular,
combining this with what we’ve already shown will give

G*™ =~ H,(G,2) = H;*(G,Z) — HL(G, LX) = K/ Nm(L*).

In particular, if Gal(L/K,) is abelian, then this shows that K /Nm(L*) =
Gal(L/K,).

Proof. (of Tate’s Theorem) Let v € HA(G, M) be a generator. For any subgroup
H of G, we have that Res(7) is a generator of Ha(H, M). This follows from the
fact that CoroRes = [G : H] and the assumption that H:(H, M) is cyclic of
order [H : 1] for all subgroups H.

Let ¢ be a cocycle representing . Let Z be the free abelian group having
the symbols z, as a basis where 0 € G, 0 # 1. Set M (¢) = M & Z and extend
the action of G to an action on M (¢) by setting

U(mv x‘r) = (Jm + ¢(Ua T)7 Lor — xa)

and then extending linearly. One can check this is an action by first observing
that
UT(m7 xp) = (UTm + ¢(UT7 p)7 xG'Tp - xor)

and

(tm+ ¢(7,p), Trp — 1)

(rm+ ¢(7,p),27p) — (0, ;)

otm + od(T,p) + ¢(0,7p), Torp — To) — ((0,T), Tor — To)
orm+od(r,p) + ¢(o,7p) — &(0,T), Torp — Tor)-

o(r(m,x,)) =

g
=0

(
(

Thus, we have
or(m,z,) — o(r(m,z,)) = (¢(o7, p) — 0¢(7, p) — ¢(0,7p) + ¢(0,7),0).
We now just use that ¢ € Hx(G, M) = H?(G, M) to see that
¢(o7,p) —0(T,p) — ¢(0,7p) + ¢(0,7) =0

(this is the cocycle condition for the second cohomology group!)
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Recall the exact sequence

We know that H.(H, Z[G]) = 0 for all r € Z as Z[G] is an induced module, and
so the long exact sequence of Tate cohomology groups gives

HY(H,Ig) = Hy(H,Z) =0

where we use that H%(H,Z) = 0 for all finite groups H. Set f : M(¢) — Z[G]
to be the linear extension of the map given by f((m,z,)) =7—1for all m € M,
x, € Z. This map gives an exact sequence of G-modules:

0—> M —> M(¢) — Ig —0.

We can use the associated long exact sequence of Tate cohomology groups to
show that
Hy (H, M (¢)) = Hy.(H, M(¢)) = 0.

The long exact sequence is given by

0 —Hy(H,M(¢)) — Hy(H, Ig) — HY.(H, M) — H3.(H, M (¢)) —>0

where we obtain the zeroes on the end by virtue of the fact that HL.(H, M) = 0
by assumption and H%(H,I¢) = 0 by what we have shown above. We claim
that the map H2(H, M) — HA(H, M(¢)) is the zero map. Consider the map
P G — M(¢) given by (o) = (0,2,). One has that

d' (o, 7) = op(1) = P(oT) + ¥ (o)
= ((Z)(U’ T)70)'

This shows that ¢ is in the image of the boundary map d' used to define the
cohomology groups H" (G, M(¢)). In particular, this shows that ¢ is trivial in
H2.(G, M()). However, we know that H*(H, M) is generated by Res(v), which
maps to the restriction of v in HA(H, M(¢)), which is zero. Thus, we must have
that H-(H,I) — H2(H, M) is an onto map. Since each of these groups has
order [H : 1], it must be that this map is an isomorphism and so the kernel and
cokernel must both be 0, namely, HL.(H, M (¢)) and H3(H, M(¢)). This fact,
combined with Theorem 4.37 gives that H.(G, M (¢)) = 0 for all r € Z.

To finish the proof, we combine the two short exact sequences used above to
conclude that H;(G,Z) = HY (G, I¢) and HEM (G, 1) = HEP(G, M). Thus,
we have

HL(G,Z) = (G, M)
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for all r € Z. O



Chapter 5

Main Results of Local Class
Field Theory

5.1 Statements of the theorems

We briefly state here the main results of local class field theory. In the next
section we will use the group cohomology theory developed in the previous
chapter to give proofs of these results. The notation here is that of Chapter 3.

For K, a nonarchimedean local field, let K2’ be the maximal abelian ex-
tension of K, i.e., the union of all finite abelian extensions of K, contained in
K. The first theorem is generally referred to as the “Local Reciprocity Law”.

Theorem 5.1. Let K,, be a nonarchimedean local field. There is a unique group
homomorphism

Ox, + K — Gal(K("/Koy)
satisfying the following properties:
1. for w, a uniformizer of K., ¢k, (ww,) acts on K** as Frobg, ;

2. for any finite abelian extension L of K,, the kernel of x — ¢x, (2)|L
contains Nmy, /i (L*) and ¢r, induces an isomorphism

¢k, : K /Nm(L*) — Gal(L/K,).

Given L/K, a finite abelian extension, the Local Reciprocity Law gives that
é1/K, (@) = Frobp i for any uniformizer w, of K. In fact, one could phrase
part (1) in terms of the restriction of ¢k, (ww,) to L if one wished. The map ¢k,
is known as the local Artin map, the local reciprocity map, or the norm residue
symbol.

Let u € O). The fact that uw, is still a uniformizer for any uniformizer
w, combines with part (1) of the Local Reciprocity Law to show that O
lies in the kernel of & — ¢, (x)|xu. In particular, this shows that the map
ok, : K — Gal(K/K,) factors through the maps

67
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n
ordg,, n»—»FroquU

KX z Gal(K™/K,).

Theorem 5.2. Let N be a subgroup of K. The subgroup N is of the form
Nmyp, g, (L*) for some finite abelian extension L/K,, if and only if N is of finite
index and open.

Exercise 5.3. Prove that if K,, has characteristic 0, then every subgroup of K
that is of finite index is necessarily open. (This is not the case if char(K,) =

p>0.)

Exercise 5.4. The map L — Nmy g (L*) gives a bijection between the set of
finite abelian extensions of K, and the set of open subgroups of finite index in
K. Moreover, one has

1. Ly C Ly if and only if Nmy /i (L) D Nmy, k(L3 );
2. Nmp,r,/xk,(L1L2) = Nmy, /i, (L{) "Nmp, ke, (L3 );

8. Nmz,nr,)/k, (L1 N L) = Nmp, /i, (L1) Nmyp, i, (L ).

(Hint: First consider a finite abelian extension E/K, and subfields of E. One
can use the Local Reciprocity Law to phrase this exercise in terms of Galois
theory. From there, just let E grow to get the final result.)

The following theorem shows that while local class field theory classifies the
abelian extensions of a local field in terms of norm groups, this approach cannot
be extended to obtain results about nonabelian extensions.

Theorem 5.5. (Norm Limitation Theorem) Let E be a finite Galois extension
of K,, and let L be the largest abelian extension of K, contained in E. Then

NHIE/KU(EX) = NmL/KU(LX).

Proof. We know that Nmp,x, = Nmpg,,oNmp g, and so Nmg/ g (E*) C
Nmy,k, (L*). However, we also have that Gal(E/K,)* = Gal(L/K,) and so
we have

K} /Nmp g, (L) = Gal(L/K,) = Gal(E/K,)* = K /Nmp,x, (E*).

Since we have Nmp,/x (E*) C Nmp g, (L) and both of the norm groups have
the same index in K, we must have equality. O

5.2 The fundamental class

Our first goal in this section is to prove the following theorem.

Theorem 5.6. Let L/K,, be a finite Galois extension of degree n with Galois
group G. Then H3(L/K,) is cyclic of order n.
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We begin by showing that the cohomology of the units is trivial. To prove
this we need several lemmas.

Lemma 5.7. Let L/K, be a finite unramified extension and let m > 0. Then
we have

OF /(1 +my) =5 1"

(1+mP)/(1+mith)y =
as G-modules where 1 is the residue field of L.

Proof. Note that since L/K, is unramified, w, is also a uniformizer of L and
SO we can write
14+mP)={1+aw]' :a€ O}
The isomorphisms then follow readily from the maps
of = 1"
wr— u( mod mp)

and

(L4mp) -1

(14+aw)) — a( mod myp).
O

Lemma 5.8. Let L/K, be a finite unramified extension. For all r € Z,
HL(G,1*) =0.

Proof. We know that HL.(G,1*) = 0 by Hilbert’s Theorem 90. The fact that
[* is finite, so in particular it is a finite G-module implies that the Herbrand
quotient h(I*) = 1 (see Proposition 4.34.) Thus, by the definition of the Her-
brand quotient we see that H}(G,1%) = 0. However, since L/K,, is unramified,

it is necessarily cyclic and so we can apply Proposition 4.31 to conclude that
HT(G,1*)=0for all r € Z. O

Note that the previous lemma implies that the norm map from I* — £ is
surjective. To see this, recall that since L/ K, is unramified we have Gal(L/K,,) =
Gal(l/k,). Thus, the norm map Nmg : Ho(G,1*) — H%(G,1%) is precisely the
usual norm map. We have that HOT(G ,1*) = 0 from the previous lemma, but we
also know that HW(G,1%) = (1*)¢/Nmg(1*) = kX /Nmg(1*). Thus, we must
have k) = Nmg(1*) as claimed.

Lemma 5.9. Let L/ K, be a finite unramified extension. The groups Hp(G,1) =
0 for all r € Z.

Proof. We begin by observing again that since L/K,, is unramified, we have G &
Gal(l/k,). This allows us to use Proposition 4.13 to conclude that HT(G,1) = 0
for all » > 0. Now we just use that G is cyclic along with Proposition 4.31 to
finish the proof. O
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Exercise 5.10. For L/K,, finite and unramified, show that the trace map | —
k., 1s surjective.

Proposition 5.11. Let L/K,, be a finite unramified extension. The norm map
Nmy g, : OF — OF is surjective.

Proof. Let u € OF. We have shown that the norm map from [* — k) is
surjective. We also have that [* = Of /(1 + my) and similarly for k. This
allows us to find vg € OF so that Nm(vp)(1 + m,) = u(mod1 + m,), ie.,
u/Nm(vg) € (1 +m,). We also showed that [ = (1 4+m%)/(1 +mit) for all
¢ > 1 and similarly for k,,. Combining this with the surjectivity of the trace map
gives that the norm map (1+mz)/(1+m2) — (1 +m,)/(1 +m2) is surjective.
As such, we can find v; € (1+mp) so that Nm(v;)(1+m2) = u/ Nm(vg)(1+m2),
i.e., u/ Nm(vov1) € (14+m2). We now continue in this pattern to form a sequence

V0, V1,5 -,V € (1 +m?) so that u/Nm(vg---v,) € (1 +m?F1). Now just set
v = [];2,vi and observe that v/ Nm(v) € ;2 (1 +m’) = {1}. Thus, the norm
map is surjective. O

Corollary 5.12. Let L/K, be an arbitrary unramified extension with Galois
group G (we no longer require finite!) We have

H1(G,07) =0
for all v € Z when G is finite and for all r > 0 when G is infinite.

Proof. First suppose that L/K, is a finite unramified extension. Recall that

L* = OF x o’
where we use that w, is a uniformizer of L since L/K,, is unramified. Thus,
we have H (G, L*) = H (G, O ) @ H1. (G, w?). However, Hilbert’s theorem 90
gives that HL-(G,L*) = 0 and so HL.(G,0F) = 0. We now use the previous
proposition that the norm map from OF to O is surjective to obtain that
HY.(G, OF) = 0. The fact that G is necessarily cyclic combines with Proposition
4.31 to give the result for finite unramified extensions.

Suppose now that L/K,, is unramified and possibly infinite. We no longer
have well-defined Tate cohomology groups for » < 0, but we can work with
continuous cohomology groups for r > 0. In this case we have that

H'(G,0F) = lim Hy (Gal(K'/K), 0F.)
K(

where the limit is over finite unramified extensions of K contained in L. Since
each term of the limit is 0, we have the result. O

Note that the previous result shows that H"(Gal(K}'/K,), Opuw) = 0 for
K" the maximal unramified extension of K. )

The decomposition L* 2 Of x w’ can be rewritten as an exact sequence
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0 o5 L Z 0.

The long exact sequence of cohomology along with Corollary 5.12 gives that
H2(G, LX) ~ H2 (G, Z).
Recall we also have an isomorphism
H}(G,Q/2) —~ H3(G.2)
given in Lemma 4.30. Since the G-action on Q/Z is the trivial one, we have
Hy (G, Q/Z) = Homs(G, Q/Z).

Let L/K, have degree n < oco. Recall that G is then a finite cyclic group of
order n generated by Froby, k. One can then see that the map

[ f(Froby k) : Hom(G,Q/Z) — Q/Z

is an isomorphism from Hom(G,Q/Z) onto the unique cyclic subgroup 1Z/Z
of order n of Q/Z.

Now suppose that L/K, has infinite degree. In this case we have that G is
the closure of the group {Frob% /K, 1 € Z} and the map

(5.1) f = f(Froby k) : Homes(G,Q/Z) — Q/Z
is an isomorphism from Homes(G, Q/Z) onto an infinite subgroup of Q/Z.

Exercise 5.13. Let L = K'*. Show that the map given in equation (5.1) gives
an isomorphism between Homes (G, Q/Z) and Q/Z.

Set HA(L/K,) = HA(Gal(L/K,), L*) for any extension of fields L/K,. We
can now define the invariant map invy ., : H%(G,L*) — Q/Z by

YL/ K,

HA(L/K,) > H3(G.Z) *— HY(G, Q/Z) = Homew(G.Q/2) "% /2

where v7,/k, is the map given by v/, : f — f(Froby,k ). Note that for
L = K}, the invariant map invg, := invgw /g, is a canonical isomorphism
between H7(K™/K,) and Q/Z so such that if E/K, is a finite unramified
extension of degree n, then invg induces an isomorphism H3(E/K,) = 17/7.

Exercise 5.14. Let K, C E C F be a tower of fields with both E and F
contained in K. Prove that the diagram

commutes.

Proposition 5.15. Let L/K, be a finite extension of degree n. (We are not
assuming unramified here!) The following diagram commutes:
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invE/KU

HY(B/K,) ———>Q/Z

Infl l

H(F/Ky) Q/z

inve, g,

B3 (K K,) —— = H}(L"/L)

invg,, i iinVL

Q/Z = Q/Z.

VK,

ord v 51
HZ (K /K,) — % H2(Tk,, Z) ——= Homey (T, , Q/Z) —> Q/Z

Resi e»Resi e-Resl nl
1

ordyp,

H2(LY /L) —> HA (D', Z) ——> Homes (T, Q/Z) — 2> Q/Z.

Proof. Set 'k, = Gal(K!'/K,) and similarly for I'y,. Let f = [l : k] and e
the ramification index. Set vk, := Vxur K, and similarly for ;. Consider the
following diagram

Call the leftmost square (1), the middle one (2), and the third one (3). We claim
that each of these squares commutes. Square (1) commutes because of the fact
that ordy, is equal to e - ordg, on K. The fact that square (2) commutes is
clear. Square (3) commutes because of the fact that Froby, = Frobf(u. The
result is now clear from the definition of invg, and invy,. O

Corollary 5.16. Let L/ K, be a finite extension of degree n and set H2(L/ K, )ur
HA(L/K,) NHA(K"™/K,). Then H3(L/K,)u: is cyclic of order n and is gen-
erated by the element ur, k., € HZ(K¥/K,) such that invy, (up/r,) = L.

n

Proof. Observe that we have an exact sequence

Res

0 — HA(L/ K)o — HR (K} /K,) —= HR(L"/L).

We can combine this with the previous proposition to obtain the following com-
muting diagram

We now use the fact that invg, is an isomorphism to obtain that Hx(L/K, ) &
17.)7Z and the corollary follows. O

Exercise 5.17. Let L/ K, be a finite extension of degree n. Show that n divides
the order of H%(L/K,).
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0 —> H2(L/K,)uw —> HA(KY/K,) —> HA(L" /L)
ianUl inle
0 17/Z Q/Z —2——Q/Z.

We have shown that for L/K, a finite unramified extension with Galois
group G that we have Hp(G,0f) = 0 for all r € Z. Now let L/K, be an
arbitrary finite Galois extension with Galois group G. We do not get such a
strong result in this case, but we do have the following results which are enough
for what is needed.

Lemma 5.18. Let L/K, be a finite Galois extension with Galois group G.
There exists an open subgroup U of Of stable under the action of G so that
HT(G,U) =0 for allr € Z.

Proof. Let {x, : 0 € G} be a basis of L over K, as given in the Normal
Basis Theorem. Since G is finite, the x, have a common denominator d in O,,.
We can replace each z, with dz, to obtain a basis with elements in Op. Set
U=> 0Orz,. Then we have

U=0L[G] =Idf Oy
From this it is clear that H.(G,U) = 0 for all r € Z. O

Proposition 5.19. Let L/ K, be a finite Galois extension with Galois group G.
There exists an open subgroup U C OF stable under the action of G so that

H(G,U)=0
forallr e Z.
Before we can prove this proposition we need the following exercise.

Exercise 5.20. Let K, be a nonarchimedean local field with residue character-
istic p. The power series

2 3

1 X
giU@S an isomorphism

n €Xp n
m, — 1+my

Jor n> 2&5 where e = e(K,, /Qp) with inverse map

z? a3
1 1 e _— —_—— e,
og(l+zx)== 2—|—3



74  CHAPTER 5. MAIN RESULTS OF LOCAL CLASS FIELD THEORY

Proof. (of Proposition 5.19) From the previous exercise we have that the map
exp defines an isomorphism between an open neighborhood of 0 in L onto an
open neighborhood of 1 in L* with inverse given by log. It is also clear that
both of these maps commute with the G-action. Let V' be an open neighborhood
of 0 as in the previous proposition. Then we can take wV as an open and it
will also be an open neighborhood of 0 with H(G, @M V) = 0 for all r > 0.
Now just take U = wMV with M chosen sufficiently large so that exp is a local
isomorphism. The result then follows. O

Corollary 5.21. Let L/K, be a cyclic extension of degree n with Galois group
G. Then we have h(O}) =1 and h(L*) = n.

Proof. Let U be an open subgroup of Of so that H(G,U) = 0 for all r. We
have seen that the Herbrand quotient is multiplicative, so we have h(O)) =
h(U)R(OF /U). We know that OF is compact, and so Of /U is a finite set.
Thus, h(Of/U) = 1. We have that h(U) = 1 by the choice of U and so
h(Of) =1.

We have that L*/O; = Z and so h(L*) = h(Z)h(O}) = h(Z). However,
we have already seen that # H}(G,Z) = n and H%(G,Z) is trivial, so we have
h(Z) = n and thus h(L*) = n as claimed. O

Corollary 5.22. Let L/K, be a cyclic extension of degree n with Galois group
G. Then HA(L/K,) is of order n.

Proof. We have that h(L*) =n and so
W #HOT(G,LX).
#Hr(G, L)

However, we know by Hilbert theorem 90 that H%.(G, L*) is trivial. Applying
the periodicity we obtain from the fact that L/K, is cyclic gives the result. [

In order to finish proving Theorem 5.6, we need the following messy lemma.

Lemma 5.23. Let G be a finite group and M a G-module. Let q,r € Z>g.
Assume that:

1. H’T(H7 M) =0 for all0 <i <7 and all subgroups H of G;

2. if HC K C G, with H normal in K and K/H cyclic of prime order, then
the order of H.(H, M) divides [K : H]?.

Then the same is true of G, i.e., H.(G, M) is of order dividing [G : 1]9.

Proof. For a prime p, let G}, denote the p-Sylow subgroup of G. We have
seen that the restriction map Res : Hp(G, M) — Hp(Gp, M) is injective on
H'(G, M)[p™]. Since we are interested in the order of Hp(G, M), this allows us
to restrict to studying Hp.(Gp, M). Thus, we assume that G is a p-group and
proceed by induction on the order of G.
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We may assume that G has order greater then 1. Choose a normal subgroup
H of G of index p. We can apply the induction hypothesis to the p-group G/H
giving that the order of Hy(G/H, M) divides [G : H]? = p? for all r > 0. We
also obtain from the induction hypothesis that the order of H.(H, M) divides
[H : 1]9. The first assumption in the hypotheses gives an exact sequence

0 — H(G/H, MT) 25 Hy (G, M) 2> Hy (H, M).

This gives that H3.(G, M) has order dividing # H.(G/H, M™)# H.(H, M) =
[G: HJ9H : 1]7 = [G : 1]7 as claimed. This gives the result for all » > 0. The
r = 0 case is handled by the following exercise. O

Exercise 5.24. Complete the r = 0 case of the preceding proof. The following
exact sequence may be helpful

Nmg,/ g i
MH ) Nmy (M) —2 M€/ Nmg(M) —3> (MH)S/H | Nmg, g (MH).

We restate Theorem 5.6 with a little more detail.

Theorem 5.25. Let L/K, be a finite Galois extension of degree n with Galois
group G. We have that H:(L/K,) is cyclic of degree n. Furthermore, there
exists a canonical element ur i, € H3 Ly /K,) generating H(L/K,,) so that

invg, (up/k,) = %

Proof. We apply Lemma 5.23 to the situation with M = L*, ¢ =1, and r = 2.
Note that the first hypothesis is given by Hilbert’s theorem 90. The second
hypothesis is given by Corollary 5.22. Thus, we have that HA(L/K,) has or-
der dividing n. However, we already know that H2(L/K,) contains a cyclic
subgroup of order n generated by ur/k, such that invg, (ur, / K,) = %, namely,
we saw that H}(L/K,)u = 1Z/Z. Thus we must have H7.(L/K,) is cyclic of
order n generated by ur /., as claimed. O

The generator ur /g, is generally referred to as the fundamental class. It
will be used to define the local reciprocity map in the next section.

Corollary 5.26. We have
H%‘(FU/KU) = H?F(KEY/KU)

Proof. Observe that since K C K,, we have that HA(K™/K,) is a sub-
group of H3(K,/K,). Thus, we just need to show containment in the other
direction. The previous theorem shows that give any Galois extension L/K,,
H2(L/K,) is a cyclic group of order n. This shows that H2.(L/K,) is contained
in H3.(K"/K,). Since H%(K,/K,) is the union of all such H7(L/K,), we have
the result. O
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The previous corollary will be important when we study Brauer groups, but
now we use it to give the following theorem, which will be used in the next
section when defining the local reciprocity map.

Theorem 5.27. There exists a canonical isomorphism
invg, : H4W(K,/K,) — Q/Z.

Moreover, if L/ K, is a finite Galois extension of degree n with Galois group G,
we have that the diagram

0 — H(L/K,) — HA(K,/K,) —=>H.(K,/L)

linvxv linvL

0 2Z/Z Q/Z - Q/z

commutes. Thus, we recover the invariant map invy, g, : H3.(L/K,) — %Z/Z,

5.3 The local reciprocity map

In this section we define the local reciprocity map ¢k, and prove several of its
basic properties.

Theorem 5.28. Let L/ K, be a finite Galois extension with Galois group G.
The cup product by ur, k. defines an isomorphism of G onto KX /Nm(L*).
We write the inverse of this map as ¢/, -

Given x € K,,, we will write ¢, /5, (x) for the value ¢/, (Z) where Z is the
class of z in K¢/ Nm(L*). This should cause no confusion to the reader. It is
customary in other sources to write (z, L/K,) to denote ¢,/ x, (T).

This theorem follows immediately from the following more general result
upon substituting r = —2 into the result.

Theorem 5.29. Let L/K, be a finite Galois extension. Then the cup product
a— aUur/k, defines an isomorphism between Hr(G,Z) and HTT“(G7 L*).

Proof. This is an immediate consequence of the results of the last section com-
bined with Tate’s theorem 4.38. O

We would like some functoriality of this isomorphism in terms of the fields
involved, which the following proposition provides. It relies heavily on properties
of the cup product which were not proven. We first prove the following lemma.

Lemma 5.30. Let K, C E C L be a tower of finite Galois extensions. Then

RGS(UL/KU) :uL/E
Inf(uE/KU) = [L . E]UL/KU-
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H2(K,/K,) —== H2(K,/E) —== (K, /L)
(@/Z [E: 1,] (@/Z [L:E] (@/Z

Proof. Consider the following diagram

Note that the vertical maps are all isomorphisms. Recall that the Kernel-

Cokernel lemma says given homomorphisms A J.p2 C' of abelian groups,
one obtains an exact sequence

Ker f Kergo f Kerg Coker f —— Coker g o f —— Coker g —— 0.

We can apply this to the rows of the above diagram to obtain the following
commutative diagram

0— HA(E/K,) == HA(L/K,) == HA(L/E)

J{invE/K,U \LinvL/K,U iinvL/E

i [L:K,
0—> i Z/Z —4s Z/Z*l T Z/Z.

The fact that each square in the diagram is commutative gives the desired
result. O

Proposition 5.31. Let K, C E C L be finite Galois extensions with G =
Gal(L/K,) and H = Gal(L/E). The following diagrams commute

HY (G, Z) — "2 Hi2(G, LX) HA (R, Z) /% 0@, LX)
lRes lRes CorT CorT
HY (H, Z) —5 Wi2(H, L7) HY (H, Z) — W2 (H, L7)

Proof. From the previous lemma we obtain the following identities, which give
the result:

Res(ur,k,) URes(a) = Res(ur/x, Ua)
=ur/p URes(a)
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and

Cor(ur g U B) = Cor(Res(ur,/k,) U B)
=UuL/K, U COI‘(ﬂ)

These are standard results on cup products and can be found in most any book
on cohomology. O

Exercise 5.32. Let K, C E C L be a tower of finite abelian extensions. Show
that

¢k, (2)|E = /K, (T)
for all x € K.

The previous exercise allows us to define a homomorphism ¢r, : K —
Gal(K?"/K,) so that for any finite abelian extension L/K,, one has ¢, (z)|r =
ér/k, (x) for all z € KX. Thus, in order to finish the proof of Theorem 5.1 it
remains to investigate ¢, ()| xur-

Let L/K, be a finite unramified extension with Galois group G. Let w, be
a uniformizer of K,. The fact that L is unramified over K, allows us to write
any element « € L as ¢ = uw]' for u € Of and m € Z. As we have seen before,
this gives an isomorphism

L* =2 O x L.

Note that for any ¢ € G, we have o(z) = o(u)w]’ since w, is fixed by G.

Thus, we have that the decomposition of L* into O x Z is a decomposition as
G-modules where the action of G on Z is trivial. Thus, we have

H7(G, L) = Hy (G, Of) & Hp (G, Z)

by Exercise 4.5. We have already seen that H.(G, O] ) = 0, so it remains to
study Hp (G, Z).
First we determine a cocycle representing uy k. Let f € Hom(G,Q/Z)

be the map that sends F‘rob‘i/K to % for all j € Z. The fact that Froby g,
generates G gives that f is a generator of Hom(G,Q/Z). Recall we have an
isomorphism

§:HY(G,Q/Z) — HA(G,Z).

Thus, to determine the generator uy, /g, of H3.(G, L*) = H3(G, Z) it is enough
to determine f. In order to construct ¢ f, we first choose a 1-cochain f: G —
Q/Z. We choose the cochain f to be the map given by FrobJL/Kv — < for
0 < j <n—1. Using the formulas for the connecting homomorphism & we
obtain

6f(Fr0biL/KU,FrobjL/Ku) = FrobiL/Kv(f(FrobjL/Ku)) - f(FrObi;/JkU) + f(FrobiL/Kv)
0 ifi+ij<n—-1
11 i+ j>n—1.
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Recalling that we can identify Z with @’ C L*, we see that ur,/x, € H3(L/K,)
is represented by the cocycle ¢ given by

' 4 1 ifitj<n—1
i 7 _ S
$(Frobr i, Froby e, ) —{ @, ifitj>n—1.

Observe that since H(G,O0F) = 0, we have that Ok, C Nm(L*) and so
the class of the uniformizer w, in K/ Nm(L*) is well-defined.

Proposition 5.33. Let L/K, be a finite unramified extension and set G =
Gal(L/K,). The element Froby . is mapped to the class of w, under the map

G — K /Nm(L¥),

)

i.e., ¢r/k, () = Frob(zr/dg: (@ for all x € K.

Proof. Recall from the proof of Tate’s theorem the splitting module M (¢) of a
G-module M. This was defined as the direct sum M @& Z where Z was the free
abelian group having the symbols z, as a basis where o € G,0 # 1. The action
of G on M(¢) was given by

U(m7 {E.,-) = (Um + d)(aa 7_), Tor — xa)~

We now consider the case where M = L* and ¢ is the ¢ given above representing
ur/K,- We had exact sequences

0 Ig Z|G] Z 0

0——[X —— L*(¢) —= Ig — 0.

The fact that Z[G] and L*(¢) both have trivial cohomology led us to the bound-
ary maps

H”;Q(G7 L) — Hl_“l(G’ Ic)
Hy' (G, 1) — HY(G, LX)

both being isomorphisms. Recall that H;Q(G,Z) = H;(G,Z) by definition.
We saw before that H;(G,Z) = G via the fact that H,(G,Z) = Ig/1%
and Ig/I% ~ G2b Thus, we have that Froby, g, maps to Frobr gk, —1 in
HEl(G,Ic;). It remains to determine the image of Froby g, —1 under the
boundary map H;' (G, I¢) — HYL(G, L*).

The boundary map H}l(G, Ig) — HYL(G, L*) is given by the Snake lemma
from the diagram
For ease of notation we set 0 = Froby gk, . We need to follow the element
(0 — 1) + IZ through the diagram (recalling that (Ig)g = Ig/I%.) Recall that
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H: (G, Ig)

|

(L*)g —=L*(9)c (Ig)a 0

\LNII]G iNmG iNmG

0 —— (L)% —— (L*(¢)" — (Ie)“

|

HY.(G, L¥)

the map from L*(¢) to Ig is given by (m,x,;) — 7 — 1. This shows that
(0 — 1) + I% is the image of (1,2,) + IgL*(¢) in L*(¢)e. The norm of this
element is given as the sum (1,2,) +o(1,25) +---+ 0" (1, 2,) where we have
used that G is generated by o. We have

(L) =(1,2,)
0(1’$0) = (¢(Uv 0‘),37(,2 - 370)

0—2(1,1'0) (¢(U702)7x03 71‘0)

Un_l(l’mff) = (¢(0-7 Un_l)a 1- xa”*l)

where we have used that z,» = x; = 1. Using this, we see that the norm is
given by

n—1
NmG((lva) + IGLX(¢)) = (H ¢(U7 Ui)» 1)
i=1
= (wva 1)

using our calculations of ¢ on the powers of Frobenius above. This gives that
¢1/k, (wy) = Froby, /i, . We know that HY.(G, Of ) = 0 from our previous work,
so we must have O C Nm(L*) and so ¢, (uw,) = Froby, /x, forallu € OF.
Finally, to finish the proof one just notes that ¢k, is a homomorphism. [

Since the previous result is true for any finite unramified extension L/K,,
we can combine the facts that K" is built from such extensions along with
the fact that the local reciprocity map commutes with restrictions to obtain
that ¢k, (w,)|kw = Frobg,, as claimed. Thus, we have completed the proof of
Theorem 5.1.

Corollary 5.34. Let L/K,, be a finite abelian extension. The local reciprocity
map sends O onto the inertia subgroup Gal(L/Ly,) of Gal(L/K,).



5.4. LUBIN-TATE FORMAL GROUP LAWS 81

Proof. We know that ¢/, (u) is trivial when restricted to L, for any u € O

by the previous theorem. Thus, we must have O maps into Gal(L/L,;).
Conversely, let 7 € Gal(L/Ly,) and write f = [Ly : K,]. There exists

r € K so that ¢p,k, (z) = 7. The fact that 7 € Gal(L/Ly,) means that

T|L,. = 1. Using the previous theorem we know that 7|r,, = Frobzrjj}’(im).
Since the restriction is trivial, we must have f | ordy, (z). Using the fact that

w{ = w,, we see that there must be ay € L* so that Nm(y) = z. In particular,

if we set z =  Nm(y) ™! we have that z € O and ¢, (2) = ¢ /K, (x) = 7.
Thus, we have the result.

5.4 Lubin-Tate formal group laws

In this section we will use formal group laws and Lubin-Tate theory to prove
Theorem 5.2.

Let K, be a nonarchimedean local field with char(k,) = p. Set F, to be
the set of formal powers series f € O, [z] so that

1. f(X) = w,X(mod X?);
2. f(X)=X%modw,)

where ¢ = #ky,. For example, if we look at the case of K, = Q,, then
f(X)=pX + () X?+--- +pXP~! + XP is an example of such a power series.
We begin with the following very useful proposition.

Proposition 5.35. Let f,g € Fu,, let n € Z, and let ¢1(Xq,...,X,) be
a linear form in Xip,..., X, with coefficients in O,. Then there exists ¢ €
Oy X1, ..., X,] so that

1. ¢ = ¢1(mod deg 2);
2. f(o(Xy, ., X)) = d(9(X1), -+, 9(Xn))-

Proof. We construct such a ¢ by constructing a sequence {¢;} with ¢; €
Ou[X1,. .., X,] of degree j with ¢; unique modulo degree j+1, ¢; = ¢1(mod deg 2),
and f(p(X1,...,Xpn)) = o(9(X1), - ,9(Xp))(moddegj+1) . We then set ¢ =
lim ¢;. As our first step we take ¢1, which satisfies the conditions by assump-
tion. Now suppose we have constructed ¢; for some positive integer j. Observe
that since ¢; is unique modulo degree j+1, we must have ¢; = ¢;(mod deg j+1)
for all 7 > j. This shows that ¢;11 — ¢; contains only terms of degree equal to
J+ 1
By assumption we have

F(¢j(Xa,. . Xn)) = 0(9(X1), -+, 9(Xn)) (mod deg j +1).

Let

Ejp1 = f(9;(X1,..., Xn)) = ¢j(9(X1), .., g(Xn))(mod deg j +2)
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Set 5
e it S
Oi41 = w, (1 — @)
Our first step is to show that ¢;41 € O, [X1,..., X,]. To see this, it is enough
to show that w, | Ej;1. Recall that for any ¢ € F,[Xy,...,X,] one has
v(X{,..., X3) = (X1,...,X,)?. We combine this with the fact that since

f,9 € Fw, we have f(X) = g(X) = X?%(mod w,) to obtain

f(éj(Xla s ’Xn)) - (bj(g(Xl)a s ’g(Xn)) = d)j(Xl’ s 7X7l)q - ¢j(va s ng)(mOdwv)
= 0(mod ).

Thus, @, | Ej+1 as claimed.
Since we have that ¢; = ¢1(moddeg?2) and E;; has pure degree j + 1, we
see that
¢j+1 = ¢_] = ¢1(H10d deg 2)

Observe that we have

E-
L@),(moddeg Ji+2)
(1 — @)

(5:2)  f(@j41) — @j+1(9) = f(djr1) — ¢5(9) +

where we drop the X;’s from the notation and write ¢;(g) to mean ¢,(g(X1), ..., 9(X,))
and similarly for Ej;1(g). We can now compute the Taylor expansions of these
terms. For instance, we know that f(X) = w, X + (deg > 2) and similarly for

9(X). Thus we can write

F(@j1) = f(d5) + f1(dj)(bjr1 — ¢5) + f”;(!bj) (dje1 — B5)° + -+

= () + @ <_EJ“> +

w, (1 — @)

= f(¢;) — @ <EJ+1> (mod deg j + 2)

w, (1 — @)

where we have used that the terms of higher degree vanish modulo degree j + 2
since Ej11 must only contain terms of degree equal to j 4 1. Similarly, if we
consider E;11(g9(X1),...,9(X,)) we see that modulo degree j + 2, we have
Ej+1(g(X1)a vee ’g(XTL)) = Ej+1(w’UX17 o 7w’UXTL)(mOd deg] + 2)
= wqjﬁLlEj_,_l(Xl, R 7)(n)(HlOd degj + 2)

Plugging this information into equation (5.2) we obtain

F(85401) = b41(9) = f(85) — 0 (Eﬂ“j) — ¢;(9) + =it <EJ“J> (mod deg j +2)
wv(l—wv) wv(l_wU)
= Ljy1 — Ej+1(mod deg] + 2)

= 0(mod degj + 2).
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It only remains to check the uniqueness of ¢;41. Write ¢j41 = ¢; + @It
and suppose

f(¢j+1) — ¢j+1(g) = 0(mod deg j + 2).

We show that ¢/t = —% As above, we use Taylor expansions along

with the fact that ¢! has pure degree j + 1. We have
f(di11) = f(95) + @ud’ T (mod deg j + 2)
and
$j+1(9(X1), .-, 9(Xn)) = @@ (X0, .. X)) (mod deg j +2).

Plugging this into the equation f(¢;+1)—®;+1(g) = 0(mod deg j+2) and solving
for ¢+ gives the result. Thus, by induction we are done. O

Definition 5.36. Let R be a commutative ring with identity and let F' €
R[X,Y]. We say F' is a commutative formal group law if:

1. F(X,F(Y,2)) = F(F(X,Y), Z);

2. F(0,Y)=Y and F(X,0) = X;

3. there exists a unique G(X) so that F(X,G(X)) = 0;
4. F(X,Y)=F(Y,X);

5. F(X,Y) =X + Y (mod deg2).

Exercise 5.37. Show that the conditions F(0,Y) =Y and F(X,0) = X follow
from the other conditions given in the definition.

Let R = O, and let F(X,Y) be a commutative formal group law defined
over O,. Let 2,y € m,. Then one has that F(z,y) converges to something
in m,. Under this composition m, becomes a group and we write F(m,) to
denote this group. For example, if we set F(X,Y) = X +Y then F(m,) is m,
with the usual addition. If we set F(X,Y) =X +Y + XY, then we obtain the
multiplicative group structure on 1 + m,,.

Definition 5.38. Let FI(X,Y) and G(X,Y) be formal group laws. A homo-
morphism F — G is a power series h € TR[T] such that

hF(X,Y)) =G(h(X),h(Y)).

When there exists A’ : G — F such that hoh' =T = h’ o h we say h is an
isomorphism.

Example 5.39. The map a — 1+ a from m, to 1 4+ m, gives an isomorphism
between the additive group (m,,+) and the multiplicative group (1 +m,, ).
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Proposition 5.40. Let f € F, . There exists a commutative formal group Fy
with coefficients in O, so that

fFp(X,Y)) = Fp(f(X), f(Y)),
i.e., f is an endomorphism of the formal group.

Proof. Let Fy be the unique solution to Fy(X,Y) = X +Y( mod deg2) and
f(Fp(X,)Y)) = Fr(f(X), f(Y)) given by Proposition 5.35. One just needs to
check that Fy is indeed a commutative formal group law. This amounts to
checking each part of the definition, which can be done using the uniqueness
in Proposition 5.35. For instance, to show that F;(0,Y) =Y, we first observe
that F¢(0,Y) and Y are both solutions to

H(X,Y)=Y(moddeg2).

We also have that Y (f(X), f(Y)) = f(Y) and F(0, f(Y)) = f(Ff(0,Y)) and
so the uniqueness in Proposition 5.35 gives that F(0,Y) = Y. As another
example, one sees that Fy(X, Fy(Y,Z)) = Fp(Fr(X,Y),Z) by observing that
each side is a solution to

H(X,Y,Z) =X +Y + Z(mod deg 2)

and
H(f(X), f(Y), f(2)) = f(H(X,Y, Z)).

We leave the rest of the conditions to the following exercise. O

Exercise 5.41. Finish checking the rest of the conditions in the previous proof
to show that Fy is a commutative formal group law.

Proposition 5.42. Let f € F, and Fy the commutative formal group law
given in Proposition 5.40. Then for every a € O, there exists [a]; € O,[X]
such that

1. [a]f commutes with f;
2. [a]f = aX(moddeg?2).
Moreover, [a]f is an endomorphism of the group law Fy.

Proof. For every o € O, and every f,g € Fg,, let [a]f4(T) be the unique
solution to
[a]fq(T) =aT( mod deg2)

and
f([alf,q(T)) = [alf,4(9(T))

whose existence is guaranteed by Proposition 5.35. We see that

Fy([a],g(X), [al5,4(Y)) = [l 1,4(X) + [a] 5,4(Y)(mod deg 2)
= aX + oY (moddeg 2)
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and
[alf.g(Fy(X,Y)) = aFy(X,Y)(mod deg 2)
= aX + aY (mod deg 2).
Thus, each of Fy([a]f,4(X),[a]f,4(Y)) and [ 5, 4(Fy(X,Y)) is a solution of
H(X,Y) = aX + oY (moddeg?2).

We now observe that

[l 6 (F7 (£(X), F(Y))) = ([e] .9 © £)(Ff (X, Y))

= (
= g([a]y,¢(Fr(X,Y)))

and

Fy([ad g (f(X)); [l (F(V))) = Fy(g([a]f.e(X)), 9([0].6(Y)))
= 9(Fy([aly,4(X), [al14(Y)))

and so we can apply Proposition 5.35 to conclude that

Fy([ody.g(X), [a]£,4(Y)) = [0]5,4(Fy(X,Y)).
Substituting f = g, we achieve the desired result. O

Proposition 5.43. The map o — [af = [a]y f is an injective homomorphism
of O, to End(FY).

Exercise 5.44. Prove Proposition 5.43.
Proposition 5.45. Let f,g € Fs, . Then Fy =2 F,.

Proof. Let aw € Of. Then [a]y 4 is invertible and provides the desired isomor-
phism. O

Note that Proposition 5.45 shows that we can choose any f € F, 6 when
defining the formal group Fy. This allows us to pick convenient f’s depending
on the situation of interest. It is also important to note that [w,|; = f. This
follows from the uniqueness of [w, ] and the fact that f satisfies both conditions
defining [w,) .

5.5 Norm subgroups

We now have enough background to prove Theorem 5.2 and thus finish the proofs
of the main results of local class field theory. Let K, be a nonarchimedean local
field and K, an algebraic closure. Given any f € Fy,, we write Fy to denote
the corresponding formal group law as given in Proposition 5.40. We write My
for the group of points in mz = equipped with the group law defined by Fy, i.e.,
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My = Fy(mg ). For any o € O,, we saw in Proposition 5.43 that the map
a — [a]y gives an Op-module structure on My. Set E7 to be the kernel of
the map [wy]; and Ef = J,,5; £}. It is clear that this is precisely the torsion
submodule of M. Define K} , = K,(E}) and set Ky w, = U, > K o, - Let

U7w’U :

Gy = Gal(K] , /K,). Then we have Gal(Ky o, /Ky) = lim G, .

Proposition 5.46. The O,-module Ef is isomorphic to the divisible module
K,/O,.

Proof. Recall that Proposition 5.45 showed that we can choose f € F, as we
please because the resulting group structures are isomorphic for different choices
of f. As such, we choose f(X) = w, X + X? where ¢ = #k,. Let x € mz . We
have that f(X) — 2 = 0 has a solution in K, and in fact the solution belongs
to my . (One can see that the solution belongs to mg by looking at the
Newton polygon for instance. See [Mi98], Chapter 7 for a discussion of Newton
polygons.) Using the fact that [ww,]; = f, we see that this gives the map [w, ]/
is a surjective map. This implies that My is in fact a divisible module and so a
direct sum of copies of K, /O,,.

Observe now that since E} is the set of elements killed by [w, ] and [w,]¢(T) =
f(1), E} is actually the roots of f(T'). Again we can use Newton polygons to
show the roots of f(T) must lie in mz and so E} has precisely ¢q elements. This
gives that it is isomorphic to O, /(w,) since it is an O,-module with ¢ elements.
One now uses the fact that [w,]; is surjective to deduce that the sequence

]

n [0 n—
0 Ej B} =% Ej™ ——0

is exact. From this it follows that E% is cyclic of order ¢™, and so is isomorphic
to O, /(w!). From this the result follows. O

Corollary 5.47. One has Endo, (E}) = O, /(wy) and Auto, (E}) = (O, /(7))

Proof. This follows immediately from the previous proof using that E% = O, /(=)
and the fact that the action of O, on E} induces an isomorphism O, /(wy) —
Endo, (E}). O

Exercise 5.48. Let L/K, be a finite Galois extension. For any f € O,[X]
and x € my,, one has

flox) = o f(x)
for all o € Gal(L/K,).

Theorem 5.49. 1. For eachn > 1, K} . /K, is totally ramified of degree
(¢—1g" .

2. The action of O, on EY defines an isomorphism

(Ou/(@})) — Gal(K] ,, /Ky).
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3. For eachn > 1, w, is a norm from K, ., .

Proof. Let x1 be a root of f(T). Define z,, inductively by choosing z,, to be a
root of f(T) — x,—1. We obtain a tower of Eisenstein extensions:

K, C Kylz1] C Kylze] C -+ C Kylz,] C K}

U,y

where [K,[z1] : K] = ¢ —1 and [Ky[z,] : Ky[zn-1]] = g for all n > 2. This
shows that K, [z,] is totally ramified over K, of degree (¢ — 1)¢"~!.

We know that E7 is set of elements killed by [wwy]y, i.e., the set of roots of
fo---of= f™_ This shows that K3 ., is precisely the splitting field of f
and so we can view Gal(K}, ., /K,) as a subgroup of the set of permutations of
E%. However, the previous exercise shows that each element of the Galois group
acts on B} as a O,-module isomorphism. Thus, the image of Gal(Ky . /Ky)
in Sym(E7) is contained in Auto, (E}) = (Oy/(w;;))*. Thus we have

(q_l)thl < [Kylzn] : Ky] < [Kg,w,, t Ky = #Gal(Kﬁwv/Kv) < (q_l)qnil'

This gives the first two claims of the theorem.

Define g(T') = @, + T% ! and set h,(T) = go fo---o f where there are n
total terms. One can check that h,(x,) = hp—1(xp—1) = --- = f(x1) = 0. For
instance, ho(T) = @, + (w,T + 1)~ and so

hg(l’g) = Wy —+ (WULEQ —+ ZL‘g)qil
=, + 297!
=0.

We have that h,,(T) is monic of degree (g —1)g"~! and so must be the minimal
polynomial of x,, over K,,. Thus,

_1)g"—2
Nmpy  /k, Tn = (=)@ D"
= w’U

unless ¢ = 2 and n = 1, in which case Kg’wv = K, and the result is clear. Thus,
we have that w, is a norm from K, _ for each n > 1. O

Observe that we have constructed a tower of fields

K, C K}, =Kyu1] CK}, =Kywa] C--- C K}, =Kylwn C-- C Ky = K] o,

with each K7 = totally ramified over K., [K} . : K,] = ¢—1, [K}_
Ky tl=qforalln>2, f(x,) =2, 1, and mgn = (z,). We have that the
action of O, on E} induces an isomorphism '

O/ (@) — Gal(Ky o, /Ky).

U,y

We can take the inverse limit of this isomorphism to obtain an isomorphism

OX = Gal(Kyw, /Ky).
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The fact that K, -, is the union of totally ramified extension of K, and
K" is the union of unramified extensions of K, gives that K, o, (K" = K,.
We define a homomorphism

G, K — Gal(Ky,w, K" /Ky)

v

by defining ¢, (a)|k,, ., and ¢x, |kw for each a € K. Eventually we will
show that K, o K% = K2 and ¢, = ¢x,. Let a = uw™ € KX. Set
b, |kwe = Frob® and ¢, |k, . = [u"']y. We use u™! instead of u so that
Ky, K" and ¢, are both independent of the choice of uniformizer w,. Before
we can prove that fact we need some more work with formal groups.

Recall that even though K, is complete and L/K,, is complete for any finite

extension, the field K" is not complete. We write @ for the completion of
K* with respect to the unique extension of the valuation of K, to K"

Lemma 5.50. The homomorphisms

x + Frobg, (z) —7: O — O

and

x +— Frobg, (x)/x : O%T — O%T

are surjective with kernels O, and O respectively.
Proof. We prove the result for the first homomorphism as the argument for the

second is analogous. We begin by using induction to show that the sequence

Frobg,, —1
n v n
00— Oy/m] —— OK,‘Jf/mKSr _— (’)K‘vxr/mK\v,r —0

is exact. The n = 1 case claims that the sequence

O kv k’u kv O

is exact. However, this is clear as k, is the algebraic closure of k,. Now assume
that we have exactness for n — 1. Consider the diagram

0—— OK‘Sr/mer —_ OKSK'/mner E—— OKEr/mnKTvlrl —(

| | |

0—— Oer/ngr —_— OK}Jr/m?(xr e OKSr/m"KT,} —(

where all the of vertical arrows arise from the map Frobx, K —1. We apply
the Snake Lemma to study this diagram. Using our induction hypothesis for
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n — 1 and the case n = 1, we have that the map Frobg, —1 : Ogw /mpuw. —
Oxkur /Ml is surjective. Moreover, we have that the kernel of this map has
order ¢". Since O, /m? is contained in the kernel and has ¢" elements, we must

have that this is precisely the kernel and so we get the exactness.
To finish the proof we observe the following. The valuation ring O is a
discrete valuation ring with maximal ideal mgur. In particular, this gives that

i n o —
h&lOKsr/mexr - OKgT'

Now we just take the inverse limits of the exact sequence to get the result. O

Given a power series f in one variable, we write f~! for the inverse with
respect to composition, i.e., the power series such that fo f 1 =T = f~1o f.

Proposition 5.51. Let w, and w be two different uniformizers of K, and
Fy and Fy the formal group laws defined by f € Fr, g € Fw,. If we write
w, = um, then there exists € € (’)%77‘ such that Frobg, (€) = eu and a power

series h(T') € (’)@,. [T] so that
1. h(T) = eT'(mod deg 2);

2. Frobg, h = ho [u]y;

5. h(FY(X,Y)) = Fy(h(X),h(Y):

4. holaly =lalgoh for every a € O,.

In other words, h is an isomorphism between Fy and Fy over Oﬁ,. that com-

mutes with the action of O,,.
Proof. We begin by showing there is an h € O, [T] that satisfies the first two
conditions above. We construct h inductively. Let € € (’)%T so that Frobg, (€) =

eu. Such an element exists by Lemma 5.50. Set hy(T) = €T. We now construct
h.(T) a polynomial of degree r so that

he(T) = hp1(T) + 2T
Frobg, (hy) = hy o [u] f(mod degr + 1)
for some x € O ... As hi(T) = €T, both of the conditions are clear for hy(T').
Now suppose that we have constructed h,(T) satisfying the conditions. Let
a € O, be such that Frobg, (a) — a = c(ew) "' where ¢ is the coefficient
of T™! in h, o [u]; — Frobg, (h,). Such an element can be found by Lemma
5.50. We claim that h,1(T) = h,(T) + bT"*! satisfies the conditions where
b = ae"t!'. The first condition is automatic, so it only remains to check the
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second condition. However, for this we check

Frobg, (hy11(T)) = Frobg, (h.(T)) + Frobg, (ae" T 1)
= Frobg, (h,(T)) + Frobg, (a) Frobg, (eT)"**

= Frobg, (h(T)) + <a + ) (Frobg, (€)M T (mod deg r + 2)

c
(eu)+1
(h(T)) + aFrobg, ()" 1T + T (mod deg r + 2)

[u ] (T) — T 4 aFrobg, ()" T 4 T (mod deg r + 2)
= hy o [u]§(T) + aFrobg, (€)" ™' 7" (mod deg r + 2)
= h, o [u]f(T) + a(ew) T (mod deg 7 + 2)
[u] £(T)
[u] #(T)

= Frobg

#(T) + a7 o [u] 4 (T) (mod deg 7 + 2)
= hy o [u]f(T) +bT™ o [u] ;(mod deg 7 + 2)
= hpy1 o [uly.

Thus, taking the limit of these h, we have the h we desire.
We now show that we can take h so that g = Frobg, ho foh™l. Set
j = Frobk, ho foh™1l. Observe that we have

j=holulfofoh™!
=hofolulfoh™t
The fact that h o [u]f = Frobg, h gives h o [u]f o (Frobg, h)~* = T. Thus, we

have
[u] f o (Frobg, h)~' = h~".

We combine this with the fact that f and [u]; both have coefficients in O,, to
conclude

Frobg, j = Frobg, ho f o [u]; o Frobg, h™*
= Frobg, ho foh™!
= j.
Thus, we must have j € O,[T7] since it is fixed by Frobg,. We have that
§(T) = Frobg, eme *T(mod T?)
= eume T (mod T?)
= ewye T (mod T?)
= w,T(mod T?).
We also calculate
§(T) = Frobg, ho (h~)%(modm,)
= Frobg, h(Frobh™*(T?))(mod m,,)
= T9(mod m,,).
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Thus, we have j € F, . Now set j' = [1]4,; o h. Now j’ still satisfies the first
two conditions and

Frobg, j o fo(j)7 ! = [lgjojo [1];;
= g,

The last two claims now are just applications of Proposition 5.35, which we
leave as an exercise. O

Lemma 5.52. Let L/K, be an algebraic extension and let x € L. If x is
separable and algebraic over L, then x € L.

Proof. Let L' = fﬂfv Let 0 € Gal(K,/L). We know that o is continuous
and it is the identity on L. For any x € L', we have that z is the limit of elements

in z and so o is necessarily trivial on z as well. Thus we have Gal(K,/L) =
Gal(K,/L"). Galois theory now gives that L’ = L as desired. O

Theorem 5.53. The field K, o K, is independent of the choice of w,, as is
the map ¢, -

Proof. Let w, and @/, = uw, be two different uniformizers of K,,. Let f € F,
and g € Fyy and define h as in Proposition 5.51. Then we have

Frobg, oh o [wy]y = (ho[uly) o [wu]y

i.e., we have Frobg, h(f(T)) = g(h(T)). Thus, if f(«a) =0, then g(h(a)) =0 as
well. If g(8) = 0, then f(h~"(8)) = 0. Thus, h defines a bijection between E}
and E;. Thus we have

Thus, we have @"[Egl] = @”[E}] We combine this fact with Lemma 5.52
to conclude that KJ'[E]] = KJ'[E]. A similar argument gives K'[E}] =
KJ'[E}] for all n > 1 and so Ky, &, K" = Ky o K" as claimed.

We now need to show that ¢, does not depend on the choice of w,,. Observe
that on K", ¢, (w,) and ¢ (w,) both give Frobg,. Thus, they agree on
K}*. Again, let h be as in Proposition 5.51. By definition we have that ¢, (w,)
is the identity map on K, o, . We wish to show that ¢ (w,) is also the identity
map on K »,. To show this, first observe that K, is generated over K, by
the elements h(z) for z € E% since h gives a bijection between EY and E7.
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Thus, to show that ¢/ (@, ) is the identity on K, ,, it is enough to show that
foralln >1 and all x € E}’ we have

Peor, (@) (h(2)) = h(z).

As w, = u'w],, we have ¢ (Wy) = ¢oor (1) oy (w),) = 0109 Where
| Frobg, on K"
7171 id on E7}
and

_Jid on K"
271 § on E}.

We now use the fact that h has coefficients in I/{;‘JTT along with Proposition 5.51
to conclude that

ber, (@) (h(2)) = 109(h(2))
= 01(h(o22))
= o1(h([u]¢(2)))
= h(x).

Thus, ¢, (wy) =id on K, , as well. Now since w,, is an arbitrary uniformizer
of K, and the uniformizers generate KX (For z € K, write x = uw]". Then

v
r = (uw,)w™ ! and uw, is another uniformizer!) we have the result. O

—~

Exercise 5.54. Prove that for all m,n one has

b, ()| Ky K, =1d

forallx € (1+m})(wy).

v

Lemma 5.55. For all x € K}, ¢k, (7)|k, . K= = ¢, (7).

Proof. Recall that we showed for any n, w, is a norm from K _ and so
we know that ¢, (w,) acts trivially on K3 . Namely, since ¢g, |xn_ =
Oxp . Kk, and Oxn _ rc, is trivial on Nm K o, we get that ¢k, (w,) acts
trivially on K7}, . We also know that ¢, acts trivially on K7 = by the
previous exercise with m = 1. We know that ¢, and ¢, both act as Frobg,
on K", and so the two maps agree on Ky K3 for all n, and so on the

union |J K7, K,". However, we know that K is generated by the different
uniformizers. Thus, we have the result. O

Lemma 5.56. Form,n >0 set K)™ = K _ K,,. We have Nm((K}"™)*) =
(14 m3) (")
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Proof. We know that ¢, (2)|xnm =1id for all € (1+m})(w]") and so by the
previous theorem we know that ¢g, (z)|xrm = id for all z € (1 + m})(w]").

Thus we have (1 +m?)(w?) C Nm((K»™)*). On the other hand, we have

(K= (T my) (@) = (07« 1+ my][(wo) : (@)")]

v v

(¢ —1)¢"m
= [Kﬁw“  Ky)|[Kp - K
= [K1T£u s K.

We know that ¢g, induces an isomorphism
K/ Nm((K7™)") — Gal(K[}™/Ky)
and so we must have Nm((K"™)*) = (1 + m?)(w]"). O

Lemma 5.57. Let L/K,, be a finite extension and assume Nm(L*) is of finite
index in K. Then Nm(L*) is open in K.

Proof. We have seen before that Of is compact and so Nm(Oj') is necessarily
closed in K;¥. The only elements that have a unit norm are units, so we have

O)/Nm(0}) — KJ/Nm(L*).

Thus, Nm(Oj) is closed of finite index in O} and so is open in O (recall our
valuation is discrete.) This also gives Nm(O;) is also open in K. This shows
that Nm(L*) contains an open subgroup of K¢ and so is itself open in KX. O

Theorem 5.58. We have that ¢, = ¢, and K2° = K, o K.

Proof. Let L/K, be a finite abelian extension. We know that K¢/ Nm(L*) &
Gal(L/K,) and so we must have Nm(L*) is of finite index. Thus, the previous
lemma implies that Nm(L*) is open in K. Any open subgroup of finite index
in KX must contain (1 + m})(w)’) for some m,n > 0. We know that the map
ok, K — Gal(LK}'™ /K,)
is an onto map. We also have that for x € KX, ¢k, (x) fixes the elements of L
if and only if x € Nm(L*) and ¢k, (x) fixes the elements of K" if and only
if x € (14 ml){w]). However, we have that (1 4+ m?)(w)") C Nm(L*) and
so we must have L C K;»™. Now if we take the union over all finite abelian
extensions we see that K2° = K, K% and 80 ¢k, = ¢, - O

Finally, we complete the proof of Theorem 5.2, which we restate here for
convenience.

Theorem 5.59. Let N be a subgroup of K. The subgroup N is of the form
Nmyp, /g, (L*) for some finite abelian extension L/K, if and only if N is of finite
index and open.
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Proof. We already know that for any finite abelian extension L/K,,, Nm(L*) is
necessarily of finite index. This combined with Lemma 5.57 gives one direction
of the theorem. Now suppose that N is of finite index and open in K. Then
as we observed above, there exists n,m > 0 so that (1 + m){(wl’) C N. We
also observed that Nm((K»™)*) = (1 + m?)(w*). Let L be the subfield of

K7 fixed by ¢gmn g, (N). Then we have that N is the kernel of the map
oK, : KX — Gal(L/K,) and so equals Nm(L*) by Theorem 5.1. O

This concludes the proofs of the main results of local class field theory. We
conclude this section with the very explicit example of studying finite abelian
extensions of K;, = Q, and the local reciprocity map in this case. Recall that we
have seen that for p { n, the extension Q,(¢,) is an unramified extension of Q,,.

In fact, we have that Q" = U Qp(Cn). We also saw before that Gal(Q}"/Q,) =
) i

Z. It remains to determine the field K, -, = (Qp)p. Let f(T) = (T'+1)? — L.
It is not difficult to see that f € 7.

Exercise 5.60. Show that Fy(X,Y)=X+Y + XY. For a € Z, show that
(a) ala—1)---(a—m—+1)

m) m(m—1)---1

lies in Z,. Show that for a € Z, we have [a]y = (14+T)* — 1.
We have
B = {weT,: @+ 1" = 1)
= ppn

where E¥ has the group structure given by Fy and ppn is the group of p"th
roots of unity with normal multiplication. The action of Z;, on E7} transfers to
the action of Zj;, on p,» given by

a"C:Caa

which makes sense since ( is a p"th root of unity. Thus, EY = Z/p"Z as Z,-
modules. This shows that our fields K[ = Qp(up»). Thus, we have that
(Qp)p = Qp(Cpee) where we write (p to indicate we have attached all p-power
roots of unity. The Galois group is given by

Gal((Qy)p/Qp) = lim Gal(Q, (upn ) /Qp)
= lim(Z/p"Z)*
o Z;.

Note that this shows that ng = Q;yd, i.e., we have the local Kronecker-Weber
theorem that all finite abelian extensions of @, are contained in some cyclotomic

extension Q, (¢, ).
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We now describe the local reciprocity map for Q,. Let L = Q,((,). First
suppose that p f n. Then we have that L/Q, is an unramified extension with
degree equal to the degree of the residue field extension. The residue field is
given by Fpm where m is the largest power of p so that n | (p™ — 1). The local
reciprocity map in this case sends z = up® € Q, to Frobg. We have that the
kernel of the map is Nm(L*) = Z; (p™).

Now suppose that n is a power of p, say n = p”. In this case we have that
L is totally ramified over Q, of degree (p — 1)p"~*, in fact, L = (Qp),. For

zr € Q, write z = up® as above. Then we have $q, (a) sends ¢, to C}L‘_l. The
kernel of the local reciprocity map is Nm(L*) = {up® : w = 1(mod p"), s € Z}.

Finally, write n = ap”. We can write Q,((n) = Qp(¢a)Qp(¢pr). The local
reciprocity map is then given by the action on each piece separately as given
above.

5.6 Final Remarks

In the previous sections we constructed the local reciprocity map ¢g, : K5 —
Gal(K2"/K,) and showed that it gives for any finite abelian extension L/K, an
isomorphism K/ Nm(L*) = Gal(L/K,). This of course fails to tell us what
exactly KX is isomorphic to and it also fails to give us a satisfactory description
of Gal(K2P/K,). We use this section to remedy this situation.

We begin with the isomorphism K/ Nm(L*) = Gal(L/K,) for L/K, an
abelian extension. We know that K2P is formed by taking the union over finite
abelian extensions of K, and Gal(K**/K,) = lim Gal(L/K,) where the limit is

L
over finite abelian extensions ordered with respect to inclusion. Applying this
inverse limit to our isomorphism above we obtain

K,” =1lmK)/Nm(L*) = lim Gal(L/K,) = Gal(K&"/K,)
L L

—~ X
where K, is the profinite completion of K with respect to the subgroups
Nm(L*) where we have used the results of local class field theory to conclude
that the norm subgroups are a sufficient set of subgroups to take this limit.

It now remains to give a satisfactory description of I/(\UX and then to de-
scribe the image of KX inside Gal(K2P/K,). One can apply Kummer theory
to conclude that the subgroups (K;)™ form a cofinal subset of the subgroups
of finite index of K* and so

—~ X
K, ~1

n

B

(B (B5)™)-

M

~

We now use that KX = w? x O and that O, is a profinite group to obtain

o~

% _
~ Z X
K, =Z2wm,x0],

which gives our explicit description of the Galois group Gal(K2P/K,).
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Exercise 5.61. Note that ¢x, : K — Gal(K2/K,) is an injective homomor-
phism. (Do not confuse this with the fact that when one restricts to Gal(L/K,,)
there is a kernell) Thus, K is isomorphic to its image in Gal(K2P/K,).
Given g € Gal(K2/K,,), write g to denote the image of g in Gal(k,/k,) =
Gal(K'/K,). Show that the image of KX is precisely the subgroup

Wi ={g € Gal(K2"/K,) : g = Frob!} for some n € Z}.

This group is often referred to as the local Weil group.



Bibliography

[AM69)

[CF67)

[FT94]

[J96]

[L86]

[Mat94]

[Mi98]

[Mi97]

[N99]

579]

M. F. Atiyah and I.G. MacDonald, Introduction to Commutative
Algebra, Perseus Books, ISBN: 0-201-40751-5.

J.W.S Cassels and A. Frohlich, Algebraic Number Theory, Thompson
Book Company, ISBN: 0-121-63251-2.

A. Frohlich and M.J. Taylor, Algebraic Number Theory, Cambridge
studies in advanced mathematics Vol. 27, ISBN: 0-521-43834-9.

G. Janusz, Algebraic Number Fields, AMS Graduate Studies in
Mathematics Vol. 7, ISBN: 0-8218-0429-4.

S. Lang, Algebraic Number Theory, Springer Graduate Texts in
Mathematics 110, ISBN: 0-387-96375-8.

H. Matsumura, Commutative Ring Theory, Cambridge studies in
advanced mathematics Vol. 8, ISBN: 0-521-36764-6.

J. Milne, Algebraic Number Theory, http://www.jmilne.org/math,
1-138 (1998).

J. Milne, Class Field Theory, http://www.jmilne.org/math, 1-222
(1997).

J. Neukirch, Algebraic Number Theory, Springer: A Series of Com-
prehensive Studies in Mathematics Vol. 322, ISBN: 3-540-65399-6.

J-P. Serre, Local Fields, Springer Graduate Texts in Mathematics 67,
ISBN: 0-387-90424-7.

97



