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Chapter 1

Introduction

These are notes for a course in Local Class Field theory taught at Caltech
winter term of 2008. There are undoubtably mistakes in these notes, and they
are the author’s alone. If you find a mistake, please feel free to e-mail me at
jimlb@caltech.edu so that the mistakes can be corrected. These notes have
arisen from my attempt to gather what I like from several sources and compile
it into one source for the students enrolled in this course. As such, the theorems
and proofs have been freely lifted from sources listed in the references. The main
references for these notes are [Mi97] and [CF67]. Both are excellent sources and
are most likely much more useful then these notes. Please use these at your own
risk.

My intention is the follow these notes with notes on Global Class Field theory
to be taught next quarter. Those notes will focus on the statements of GCFT
and then applications, omitting many of the proofs. If you find these notes at all
helpful, please stop back to check out the GCFT notes as they are completed.
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Chapter 2

Valuations

2.1 Definitions and basic facts

Valuations will be the basis of everything that is done with local fields. We
will eventually see that for a number field K there are a limited number of
possibilities for valuations. We begin here with some basic definitions and facts.

Definition 2.1. Let K be a field. A valuation on K is a function | · | : K → R≥0

such that
1. |x| = 0 if and only if x = 0
2. |xy| = |x||y|
3. There exists c ∈ R>0 such that |1 + x| ≤ c whenever |x| ≤ 1. Note that this
is equivalent to the condition that |x+ y| ≤ |x|+ |y|

It is immediate from the definition that |1| = 1 = | − 1| and | − a| = |a|.

Example 2.2. 1. For any field K one can define the trivial valuation by
|x| = 1 for all x ∈ K×.

2. The usual absolute value on R or C gives a valuation. We write | · |R and
| · |C when it is not clear from context.

3. Let K be a number field and σ : K ↪→ C an embedding. The function
|x|σ = |σ(x)| defines a valuation on K.

4. Let O be a Dedekind domain and 0 6= p ⊆ O a prime ideal. Let K be
the field of fractions of O. For x ∈ K×, put ordp(x) to be the power of p
appearing in the factorization of xO. Then

|x|p = (Nm(p))− ordp(x)

= #(O/p)− ordp(x)

is a valuation onK. More specifically, ifK = Q and p = p a rational prime,
then for x ∈ Q with x = pr ab with gcd(ab, p) = 1 we have |x|p = p−r. In

7



8 CHAPTER 2. VALUATIONS

particular, |p|p = p−1. This valuation is generally referred to as the p-adic
absolute value, or p-adic absolute value in the case K = Q.

Definition 2.3. A valuation on K is said to be nonarchimedean if |x + y| ≤
max(|x|, |y|) for all x, y ∈ K. A valuation that is not nonarchimedean is said to
be archimedean.

Exercise 2.4. Show the valuation given in Part 4 of Example 2.2 is an example
of a nonarchimedean valuation.

Definition 2.5. A valuation is said to be discrete if there exists δ ∈ R>0 such
that if 1− δ < |x| < 1 + δ then |x| = 1.

A valuation on K determines a topology on K. A basis for this topology
consists of the sets Bx0,ε = {x ∈ K : |x− x0| < ε} for x0 ∈ K and ε > 0.

Exercise 2.6. Let | · | be a valuation on K. The field K is a topological field
with respect to the topology determined by | · |, i.e., multiplication, addition, and
inversion are all continuous.

Definition 2.7. Let K be a field with | · | a nonarchimedean valuation on K.
The valuation ring of K with respect to | · | is the set

OK = {x ∈ K : |x| ≤ 1}.

Note that the valuation does not appear in the notation for the valuation ring
as it will be clear from context.

Proposition 2.8. Let K be a field and | · | a nonarchimedean valuation on K.

1. The valuation ring OK is an integrally closed ring. The units of OK are
given by O×K = {x ∈ K : |x| = 1} and K is the field of fractions of OK .

2. The ideal mK = {x ∈ K : |x| < 1} is the unique maximal ideal of OK .

3. If | · | is discrete, then OK is a Dedekind domain, in fact, a principal ideal
domain. Hence it is a local ring.

Proof. Let x, y ∈ OK . Since |x| = | − x| we have −x ∈ OK . Similarly, |xy| =
|x||y| ≤ 1, so xy ∈ OK and |x + y| ≤ max{|x|, |y|} ≤ 1, so x + y ∈ OK . Thus
OK is a subring of K. It is clear that

x ∈ O×K ⇐⇒ x, x−1 ∈ OK
⇐⇒ |x|, |x|−1 ≤ 1
⇐⇒ |x| = 1.

To see that K is the field of fractions of OK , observe that y ∈ K, y /∈ OK if and
only if |y| > 1 if and only if 1

|y| < 1 which implies 1
y ∈ OK .

Now suppose x is integral over OK . Then we have a relation of the form

xn + a1x
n−1 + · · ·+ an = 0, ai ∈ OK
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which implies

|x|n = |a1x
n−1 + . . . an|

≤ max
i
|aixn−i|

≤ max
i
|xn−i|.

Now since |x|n ≤ |x|j for some 0 ≤ j ≤ n − 1, we have that |x|n−j ≤ 1. Thus
|x| ≤ 1 and x ∈ OK and hence OK is integrally closed. This proves part (1).

Let x, y ∈ mK . We have |x + y| ≤ max{|x|, |y|} < 1, so x + y ∈ mK . If
x ∈ mK , y ∈ OK , then |xy| = |x||y| < 1, so xy ∈ mK . Suppose I ⊆ OK ,
I * mK . Then there exists z ∈ I such that |z| = 1. So z ∈ O×K , hence I = OK .
Thus we have that mK is the unique maximal ideal. This finishes the proof of
part (2).

Suppose now that | · | is discrete. Let $ ∈ mK be such that |$| is maximal
(which exists by the discreteness of | · |.) Suppose α ∈ mK . Then | α$ | ≤ 1,
so α

$ ∈ OK . Thus α ∈ $OK and since α was arbitrary in mK we obtain
mK = $OK . Now suppose I ⊆ mK is any ideal, I 6= 0. Let α ∈ I be such that
|α| is maximal. The same argument as above shows that I = αOK . Choose
n ∈ Z such that | α$n | ≤ 1 but | α

$n+1 | > 1 (which is again possible by the
discreteness of | · |.) Then 1 ≥ | α$n | > |$| since | α

$n+1 | > 1 and |$$ | = 1. Thus
α
$n ∈ OK\mK , i.e., α

$n ∈ O
×
K . So I = $nOK . Thus OK is a principal ideal

domain.
For OK to be a Dedekind domain we need to check:

(i) integrally closed: done by part (3),
(ii) Noetherian: done because it is a principal ideal domain,
(iii) all non-zero primes are maximal: done because only non-zero prime ideal
is $OK .
Thus, we have that OK is a Dedekind domain and since we have a unique
maximal ideal it is in fact a local ring.

Definition 2.9. The residue field of K is defined to be k = OK/mK . If | · | is
discrete, then any $ ∈ OK such that mK = $OK is called a uniformizer of K.

Example 2.10. Consider the field Q and the valuation | · |p for p a rational
prime. The valuation ring OQ is the set of rational numbers a

b with
∣∣a
b

∣∣
p
≤ 1,

i.e., the fractions with gcd(b, p) = 1. This is precisely the ring Z localized
at the prime p, i.e., Z(p). The maximal ideal is pZ(p) and the residue field is
k = Z(p)/pZ(p)

∼= (Z/pZ)(p)
∼= Fp.

More generally, for O a Dedekind domain, K the field of fractions of O,
p ⊂ O a nonzero prime ideal, and k = O/p, we can consider the valuation as in
Example 2.2 part (4) given by

|x|p = (#k)− ordp(x)

for x ∈ K×. We have OK = Op, the localization of O at p, mK = pOp, and the
residue field is given by Op/pOp

∼= (O/pO)p
∼= O/p ∼= k.
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2.2 Completions

Recall from basic real analysis that a sequence {an} is said to be Cauchy if for
every ε > 0 there exists an integer N > 0 so that if m,n > N then |am−an| < ε.
The field R is the completion of Q with respect to the normal absolute value,
i.e., R is the field one obtains when adjoining the limit points of all Cauchy
sequences in Q. We extend this notion here.

Definition 2.11. We say K is complete with respect to a valuation | · | if K
is complete with respect to the topology determined by | · |, i.e., if all Cauchy
sequences in K converge to an element in K.

Proposition 2.12. Let K be a field and | · | a valuation on K. There exists a
field K̂ and a valuation | · |K̂ on K̂ such that K̂ is complete with respect to | · |K̂
and there is an embedding K ↪→ K̂ such that |x|K̂ = |x| for all x ∈ K and the
completion of K in K̂ is K̂. Moreover, K̂ is unique up to isomorphism and K
is dense in K̂.

Proof. Let K̂ be the topological completion of K. Now see [AM69] Chapter 10
for the proof.

Example 2.13. 1. Let K be a number field, σ : K ↪→ C an embedding. The
completion of K with respect to | · |σ is given by

K̂ =
{

(R, | · |R) if σ(K) ⊆ R
(C, | · |C) if σ(K) * R

where | · | is the normal absolute value on C.
2. Let K = k(x) where k is a field and define the absolute value on K by∣∣∣u
v

∣∣∣
∞

= c−(deg u−deg v) for some constant c > 1. In this case the closure is

given by K̂ = kL 1
x M. The absolute value on K̂ is given by |u|K̂ = c−r where

u = x−r(u0 + u1x
−1 + . . . ) with u0 6= 0.

We now spend some time on completions in the case of discrete nonarchi-
median valuations as these will be of paramount importance. We write |K| for
the possible valuations of elements in K. In light of Theorem 2.8 we see that

|K| = {|$|m : m ∈ Z} ∪ {0}.

Let x ∈ K̂ with x 6= 0 and {xn} a Cauchy sequence converging to x. Note that
if x ∈ K, then {x} is a Cauchy sequence converging to x and if x /∈ K, then
by definition of K̂ there is a Cauchy sequence converging to x. The fact that
| · | is a continuous map implies that |xn| converges to |x|. Thus, we have that
the sequence {|xn|} converges to |x| and so |x| is a limit point for the set |K|.
We know that |K| is a discrete set by assumption so it is necessarily closed,
and hence it contains all of its limit points. Thus, |x| ∈ |K|. This shows that
|K̂| = |K| and hence | · | is a discrete valuation on K̂ as well.
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Exercise 2.14. For any positive integer n the natural map

OK/mn
K −→ OK̂/m

n
K̂

is an isomorphism.

Proposition 2.15. Let | · | be a discrete nonarchimedean valuation on K and
S a set of representatives for k = OK/mK . The series

a−m$
−m + · · ·+ a0 + a1$ + · · ·+ an$

n + · · ·

with ai ∈ S is a Cauchy series, i.e., the sequence defining the series is a Cauchy
sequence. Conversely, every Cauchy series is equivalent to a series of this form.

Before we prove this proposition note that it implies that every element of
K̂ can be written uniquely as such a series. This will be useful when working
with the completions as it allows us to get our hands on the elements.

Proof. Let xM =
∑M
i=−m ai$

i. We have if M < N that

|xM − xN | ≤ |$|M+1.

Thus, {xn} is a Cauchy sequence as claimed.
Let x ∈ K̂. The fact that |K̂| = |K| allows us to write x = $mα0 for

α0 ∈ O×K̂ . The previous exercise with n = 1 gives that there exists a0 ∈ S so
that α0−a0 ∈ mK̂ . This implies that α0−a0

$ ∈ OK̂ and so there exists a1 ∈ S so
that α0−a0

$ −a1 ∈ mK̂ . Continuing, we get a2 ∈ S so that α0−a0−a1$
$ −a2 ∈ mK̂ .

Taking the limit of this process we obtain

α0 = a0 + a1$ + a2$
2 + · · ·

and so
x = a0$

m + a1$
m+1 + a2$

m+2 + · · ·

as desired. To see the uniqueness, note that |
∑
ai$

i| = |$|r if r is the first
nonzero coefficient. Thus,

∑
ai$

i = 0 if and only if ai = 0 for all i.

Let Qp be the completion of Q with respect to | · |p and Zp the valuation ring
of Qp. The previous proposition gives that any element of Qp can be written in
the form

a−mp
−m + · · ·+ a0 + a1p+ · · ·+ anp

n + · · · .

Similarly, any element in Zp can be written in the form

a0 + a1p+ · · ·+ anp
n + · · · .

Our results show that mQp = pZp, the residue field is given by k ∼= Zp/pZp ∼=
Z/pZ ∼= Fp and Z/pnZ ∼= Zp/pnZp for n a positive integer.

More generally, let O be a Dedekind domain and p ⊂ O a prime ideal. Set
k = O/p and K be the field of fractions of O. Let $ ∈ p with $ /∈ p2. Then
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|$| = (#k)−1. Let S be a set of representatives for OK/pOK . It is clear that
$ is a uniformizer of this ring. Set Kp to be the completion of K with respect
to | · |p. Our previous proposition gives

Kp = {
∑
n≥m

an$
n : m ∈ Z, an ∈ S},

OKp = {
∑
n≥0

an$
n : an ∈ S},

mKp = $OKp ,

and k is the residue field (see Example 2.10.) We call such a field Kp a p-adic
field.

Exercise 2.16. Is 7 a unit in Z5? If so, what is 7−1? Is −1 a square in Q5?
If so, what is

√
−1?

2.3 Hensel’s Lemma

Hensel’s lemma will be a very important result in our study of local fields. It
gives conditions under which one can lift roots of polynomials from the residue
field to the valuation ring. We will give two forms of Hensel’s lemma.

Throughout this section K is a field complete with respect to a discrete
nonarchimedean valuation | · |.

Lemma 2.17. Let x, y ∈ K with |x| < |y|. Then we have |x+ y| = |y|.

Proof. The fact that |x| < |y| implies that
∣∣∣xy ∣∣∣ < 1 and so x

y ∈ mK . Thus,

1 + x
y ∈ O

×
K and so

∣∣∣1 + x
y

∣∣∣ = 1. This gives the result.

Theorem 2.18. (Newton’s Lemma) Let f ∈ OK [x]. Suppose there exists α0 ∈
OK so that |f(α0)| < |f ′(α0)|2. Then there exists a unique α ∈ OK so that

1. f(α) = 0

2. |α− α0| ≤
∣∣∣ f(α0)
f ′(α0)

∣∣∣ .
Proof. The proof is basically applying Newton’s method to the polynomial f .
Define fj ∈ OK [x] by the Taylor expansion of f(x):

f(x+ y) = f(x) + f1(x)y + f2(x)y2 + · · · .

Thus, f1(x) = f ′(x) for example. Set β0 = − f(α0)
f ′(α0) .

Claim: |β0| < 1.



2.3. HENSEL’S LEMMA 13

Pf: Suppose |f ′(α0)| > 1. Then since α0 ∈ OK and f(x) ∈ OK [x], we have
|f(α0)| < 1 and so the result is clear in this case. Now suppose that |f ′(α0)| ≤ 1.
Then |f(α0)| < |f ′(α0)|2 ≤ |f ′(α0)|. Thus, we have the result.

We would like to show that |f(α0 + β0)| < |f(α0)|. Observe that we have

|f(α0 + β0)| = |f(α0) + f1(α0)β0 + f2(α0)β2
0 + · · · |

≤ max
j≥0
|fj(α0)βj0|.

If j = 0 or j = 1 is the maximum we are done. Thus, suppose not. Then we
have

|f(α0 + β0)| ≤ max
g≥2
|fj(α0)βj0|

≤ max
j≥2
|βj0| (since fj ∈ OK [x])

= |β0|2 (by the claim)

=
∣∣∣∣ f(α0)
f ′(α0)

∣∣∣∣2
< |f(α0)| (by assumption.)

We now write

f1(x+ y) = f1(x) + g1(x)y + g2(x)y2 + · · · .

A similar argument yields

|f1(α0)− f1(α0 + β0)| ≤ max
j≥2
|gj(α0)βj0|

< |f(α0)|
< |f ′(α0)|.

Set α1 = α0 + β0. This gives:

1. |f(α1)| ≤
∣∣∣ f(α0)
f ′(α0)

∣∣∣2 < |f(α0)|

2. |f ′(α1)| = |f1(α1)| < |f ′(α0)| by applying Lemma 2.17 to the fact that
|f ′(α0)− f ′(α0 + β0)| < |f ′(α0)|.

3. |α1 − α0| = |β0| =
∣∣∣ f(α0)
f ′(α0)

∣∣∣.
We can now repeat this entire argument and inductively define a sequence

{αn} with αn ∈ OK such that

1. |f(αn)| < |f(αn−1)|

2. |f ′(αn)| < |f ′(αn−1)| < · · · < |f ′(α0)|
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3. |αn − αn−1| =
∣∣∣ f(αn−1)
f ′(αn−1)

∣∣∣ < ∣∣∣ f(α1)
f ′(α1)

∣∣∣.
Property (1) ensures that f(αn)→ 0 and property (3) implies that αn converges
to some α ∈ OK . Thus, f(αn) → f(α) and by the uniqueness of limits we
get that f(α) = 0. We also have that |αn − α − 0| <

∣∣∣ f(α0)
f ′(α0)

∣∣∣ implies that

|α− α0| <
∣∣∣ f(α0)
f ′(α0)

∣∣∣.
It now remains to show the uniqueness of α. Suppose α and α + β are two

distinct zeroes of f close to α0, i.e., |α+β−α0| <
∣∣∣ f(α0)
f ′(α0)

∣∣∣ and |α−α0| <
∣∣∣ f(α0)
f ′(α0)

∣∣∣.
Putting α+ β into f(x+ y) yields∑

fi(α)βi = 0.

Thus, as before we obtain

|βf1(α)| =

∣∣∣∣∣∣
∑
j≥2

fj(α)βj

∣∣∣∣∣∣ ≤ |β|2
which implies |f1(α)| ≤ |β|. On the other hand we have

|f ′(α0)| >
∣∣∣∣ f(α0)
f ′(α0)

∣∣∣∣
> |α+ β − α0|.

Now observe that

|α− α0| <
∣∣∣∣ f(α0)
f ′(α0)

∣∣∣∣
< |f ′(α0)|
≤ |β|.

We can apply Lemma 2.17 to conclude that |α − α0| = |β|. Thus, |f ′(α0)| >
|β| ≥ |f ′(α)|, which is clearly a contradiction. Thus we must have α is unique
in the interval |α− α0| <

∣∣∣ f(α0)
f ′(α0)

∣∣∣.
An immediate corollary, and possibly the more familiar form of what is

generally referred to as Hensel’s lemma is the following corollary. The power
lies in the fact that one can look for a root in the residue field and then if the
derivative of f does not vanish at this root we know it lifts to a root in OK .

Corollary 2.19. (Hensel’s Lemma) Let f ∈ OK [x] and α0 ∈ OK such that

f(α0) ≡ 0(mod mK)

and
f ′(α0) 6≡ 0(mod mK).

Then there exists α ∈ OK so that f(α) = 0 and α ≡ α0(mod mK).
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We also have another form of Hensel’s lemma.

Lemma 2.20. Let f ∈ OK [x] be a monic polynomial, and let k = OK/mK .
If h′, g′ ∈ k[x] such that f ≡ g′h′(mod mK) and gcd(g′, h′) = 1, i.e., (g′, h′) =
k[x], then there exists h, g ∈ OK [x] such that f = hg and g ≡ g′(mod mK),
h ≡ h′(mod mK). Moreover, g and h are unique up to scalar multiples.

Proof. As always, let $ be a generator of mK . First we prove existence of g
and h. For n ≥ 0 we will construct, inductively, polynomials gn, hn in OK [x]
with unit leading coefficient such that f − gnhn ≡ 0(mod$n+1), gn ≡ g′, hn ≡
h′(mod$), gn ≡ gn−1, hn ≡ hn−1(mod$n). Let g0, h0 be any lift of g′, h′ to
OK [x]. One can check that these satisfy the conditions required. Now suppose
n > 0 and we have constructed gn−1, hn−1 with the required properties. Let

l =
f − gn−1hn−1

$n
∈ OK [x]. Choose un, vn ∈ OK [x] such that ung0 + vnh0 ≡

l(mod$). This is possible since gcd(g′, h′) = 1 in k[x]. Put gn = gn−1 +
$nvn, hn = hn−1 + $nun ∈ OK [x]. Then hn ≡ hn−1, gn ≡ gn−1(mod$n) and
we have

f − gnhn = f − (gn−1 +$nvn)(hn−1 +$nun)
= f − gn−1hn−1 −$n(vnhn−1 + ungn−1)(mod$n+1)
= $nl −$n(something ≡ l(mod$))(mod$n+1)
≡ 0(mod$n+1).

Now just take g = lim←− gn, h = lim←−hn ∈ OK [x] so we have f = gh, g ≡ g, h ≡
h(mod$).

It remains to prove uniqueness. Observe that (g′, h′) = k[x] implies that
(g, h) + mKOK [x] = OK [x]. Write M = OK [x]/(g, h) so that we have mKM =
M . Nakayama’s Lemma then gives M = 0. Suppose f = gh = g̃h̃, g ≡ g̃ ≡
g′, h ≡ h̃ ≡ h′(mod$). There exists r, s such that rg̃ + sh = 1 since the
argument above shows gcd(g̃, h) = 1. Thus

h̃ = rg̃h̃+ shh̃

= rgh+ shh̃.

Hence h|h̃. Similarly, h̃|h. Thus h = h̃ up to multiplication by a unit. The same
argument works for g and so we have uniqueness.

Example 2.21. Let d be a square-free integer. Let p be a prime so that p - 2d.
We have that

√
d ∈ Zp if and only if f(x) = x2 − d has a root in Zp. Applying

Hensel’s lemma we see that
√
d ∈ Zp if and only if there is a root α0 of f(x) in

Fp and f ′(α0) 6≡ 0(mod p), i.e., 2α0 6≡ 0(mod p). The polynomial f(x) having a

zero modulo p is equivalent to
(
d
p

)
= 1, i.e., d is a quadratic residue modulo p

since p - d by assumption. Since p - 2, the condition on the derivative is satisfied
if such a root exists. Thus we have that if p is a prime so that p - 2d and d is a
square-free integer, then

√
d ∈ Zp if and only if

(
d
p

)
= 1.
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We can also view this in terms of the factorization of the ideal pOQ(
√
d). We

know this splits if and only if
(

∆Q(
√
d)

p

)
= 1 where ∆K is the discriminant of the

field. Since the discriminant is either 4d or d, we see this is equivalent to our
above condition. Thus, we can also phrase the result as

√
d ∈ Zp if and only if

p splits in Q(
√
d).

Exercise 2.22. Let p be an odd prime and let µp−1 denote the p− 1st roots of
unity. Prove that µp−1 ⊂ Zp. Use this to construct the Teichmuller character
ω : Z×p → Z×p where ω(a) is the unique pth root of unity so that ω(a) ≡ a(mod p).

2.4 Extensions of valuations

We have seen that given a number field K, there are valuations arising from the
prime ideals in OK as well as valuations arising from the embeddings of K into
R and C. We will show in this section that up to equivalence these are the only
valuations.

Definition 2.23. Two valuations | · |1 and | · |2 on a field K are said to be
equivalent if there exists c ∈ R>0 such that |x|1 = |x|c2 for all x ∈ K.

Exercise 2.24. Prove that two evaluations | · |1 and | · |2 on K are equivalent
if and only if they determine the same topology on K.

The following result of Ostrowski gives our result for the field K = Q.

Proposition 2.25. A non-trivial valuation on Q is equivalent to either the
normal absolute value (which we write as | · |∞) or | · |p for some rational prime
p.

Proof. Let m,n be integers larger then 1. We can write m = a0+a1n+· · ·+arnr
with the ai ∈ Z, 0 ≤ ai < n, and nr ≤ m. Let N = max{1, |n|}. By the triangle
inequality we have

|m| ≤
∑
|ai||n|i ≤

∑
|ai|Nr.

Clearly we have r ≤ logm
log n

, so another application of the triangle inequality

gives that |ai| = |1 + . . . 1| ≤ ai|1| = ai ≤ n. Combining these we obtain

|m| ≤ (1 + r)nNr ≤
(

1 +
logm
log n

)
nN logm/ logn.

In this inequality, replacing m with mt and taking tth roots gives

|m| ≤
(

1 +
t logm
log n

)1/t

n1/tN logm/ logn.

Letting t→∞ we have
|m| ≤ N logm/ logn.
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Case 1: For all n > 1, |n| > 1.
In this case, N = |n| and so |m| ≤ |n|logm/ logn i.e., |m|1/ logm ≤ |n|1/ logn. By
symmetry we must have equality. So there exists a real number c > 1 such
that c = |m|1/ logm = |n|1/ logn for all integers m,n > 1. Hence, |n| = clogn =
elog c logn = nlog c for all n > 1. Letting a = log c, we have |n| = |n|a∞ for n > 1.
Since both | · | and | · |a∞ are homomorphisms from Q× → R>0, the fact that
they agree on a set of generators implies they agree on all of Q×.
Case 2: For some n > 1, |n| ≤ 1.
Let n be such that |n| ≤ 1. In this case N = 1, so |m| ≤ 1 for all integers
m. Therefore, we have a nonarchimedean valuation. We know Z ⊂ OQ by the
definition of OQ. Thus mQ∩Z is a prime in Z and is nonzero since the valuation
is not trivial. Thus mQ ∩Z = (p) for some rational prime p. If a ∈ Z with p - a,
then a /∈ mQ and so necessarily we have |a| = 1. Thus |npr| = |p|r if n =

a

b
with

gcd(ab, p) = 1. Now if α is such that |p| = p−α, then |x| = |x|αp for all x ∈ Q
and so | · | is equivalent to | · |p.

Before we can prove the result for a general number field, we need the fol-
lowing result on extensions of valuations. This will allow us to use Ostrowski’s
theorem to gain information in the general number field setting.

Theorem 2.26. Let K be a field complete with respect to a discrete nonar-
chimedean valuation | · | and L/K a finite separable extension of K.

1. There exists a unique valuation |·|L on L extending |·|, necessarily discrete
and nonarchimedean.

2. For β ∈ L, |β|L = |NL/K(β)|1/ deg(L/K).

3. L is complete with respect to | · |L.

Proof. Let $ be a uniformizer of K. Let OL be the integral closure of OK in
L. We break the proof into several steps.

Step 1: The integral closure OL is a Dedekind domain and a finite free OK-
module.

Pf: By Lemma 2.8, OK is a Dedekind domain (even a PID). One now just runs
through the same proof as used in basic algebraic number theory to show that
OE is a Dedekind domain for E a number field to show that OL is a Dedekind
domain.

Step 2: The integral closure OL has a unique maximal ideal.

Pf: Let mL be any maximal ideal of OL. Since OK has a unique maximal
ideal we must have mL ∩ OK = 0 or mK . Since OL/mL is a field and a free
OK/(mL ∩ OK)-module of finite rank, we must have mL ∩ OK = mK . In
particular we have that all maximal ideals of OL appear in the factorization of
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mKOL, i.e., mKOL = ms1
1 . . .msr

r for mi the maximal ideals of OL. We then
have

OL/mKOL ∼=
r⊕
i=1

OL/m
si
i .

Suppose r ≥ 2. Let β ∈ OL be such that β ∈ m1, β /∈ m2. Let f(x) ∈ OK [x] be
the minimal polynomial of β over K, i.e.,

(2.1) OK [x][β] ∼= OK [x]/(f).

The fact that f is irreducible combines with Hensel’s lemma to show that f must
be at worst a power of an irreducible polynomial modulo mK . Thus, tensoring
equation (2.1) with OK/mK we obtain

(OK [β]/mKOK [β]) [x] ∼= OK [x]/(mK , f) ∼= k[x]/(f),

which is a local ring. However, this contradicts the fact that OK [β] has two
distinct maximal ideals containing mK , namely m1 ∩ OK [β] and m2 ∩ OK [β].
Thus it must be the case that r = 1 and OL has a unique maximal ideal.

Step 3: The valuation | · | extends to a discrete valuation on L.

Pf: Let mL be the unique maximal ideal of OL. Since any Dedekind domain
with a finite number of prime ideals is a principal ideal domain, mL is principal.
Let $L be a generator of mL. Suppose mKOL = me

L, i.e., ($) = ($L)e in
OL. Given x ∈ L, define |x|L = (|$|)ordmL

(x)/e. This gives a discrete nonar-
chimedean valuation. Since |$|L = (|$|)e/e = |$|, the valuation | · |L agrees
with | · | on K.

Step 4: For β ∈ L, |β|L = |NL/K(β)|1/ deg(L/K).

Pf: We only need to prove this for β = πL. We have NL/K(πL) = πf · u where
f = f(mL/mK) and u ∈ O×K . Thus we have fe = deg(L/K) and

|NL/K(πL)|1/fe = |πf |1/fe

= |π|1/e

= |π|degmL
(πL)/e

= |πL|L.

Step 5: The field L is complete with respect to | · |L.

Pf: Let {αN} be a Cauchy sequence in L. Let e1, . . . , en be an OK-basis of OL.
So in particular, a K-basis of L. Write each αN = αN,1e1 + · · · + αN,nen with
αN,i ∈ K for 1 ≤ i ≤ n. For each r > 0, let Nr be such that

|αN − αN ′ | < |$L|erL = |$|r
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for every N,N ′ ≥ Nr. Thus, αN − αN ′ ∈ $rOL. So αN,i − αN ′,i ∈ $rOK
for every N,N ′ ≥ Nr. Thus {αN,i} is a Cauchy sequence in K for each i. Let
αi = limN αN,i. It is clear that α = α1e1 + · · ·+ αnen is the limit of {αN}.

Step 7: Suppose | · |0 is some extension of | · | to L. If x ∈ OL, then |x|0 ≤ 1. In
particular, if x ∈ O×L , then |x|0 = 1.

Pf: Let OL = OKe1 + · · ·+OKen. If x ∈ OL we can write x = α1e1 + · · ·+αnen
with αi ∈ OK . So there exists r > 0 such that |x|r0 ≤ (|e1|r0 + · · · + |en|r0). For
example, take r such that cr ≤ 2 where c is as in the definition of valuation.
Thus |x|0 is bounded for all x ∈ OL. Hence, |x|0 ≤ 1 for otherwise taking
powers would contradict the boundedness.

Step 8: Suppose | · |0 is any extension of | · | to L. Then | · |0 = | · |L.

Pf: It suffices to prove |$L|0 = |$L|L. Let x = $. Then x = $e
L ·u for u ∈ O×K

as above. Thus
|$L|e0 = |$e

L|0 = |$|0 = |$| = |$L|eL.

Thus |$L|0 = |$L|L as desired.

Corollary 2.27. Let K be a field complete with respect to a discrete nonar-
chimedean valuation | · |. If L/K is any separable algebraic extension of K, not
necessarily finite, then | · | extends uniquely to a nonarchimedean valuation on
L.

Proof. To see this, just look at L as a union of finite extensions where the
extension of | · | is already known.

One should note that in Corollary 2.27 that the extended valuation is not
necessarily discrete and L is not necessarily complete with respect to this valu-
ation as we showed was true in the case of finite extensions.

Theorem 2.28. Let K be a finite separable extension of Q and L/K a finite
separable extension. Let | · | be a valuation on K. Then there exist finitely many
extensions | · |1, . . . , | · |r of | · | to L. If K̂ is the completion of K with respect to
| · | and Li the completion of L with respect to | · |i, then

L⊗K K̂
∼=−→

r∏
i=1

Li

where the map is given by α⊗ β 7→ (αβi) where βi is the image of β in Li.

Proof. The fact that L/K is a finite separable extension gives that there exists
α ∈ L so that L = K(α) ∼= K[x]/(f) for f ∈ K[x] the minimal polynomial of α
over K. As our extension is separable, f(x) must have distinct roots.
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Let f(x) = f1(x) · · · fr(x) be the factorization of f(x) into irreducibles in
K̂[x]. Since f(x) has distinct roots the fi must all be distinct. Thus, we have

L⊗K K̂ ∼= K[x]/(f)⊗K K̂

∼= K̂[x]/(f)

∼=
r∏
i=1

K̂[x]/(fi).

Set Li = K̂[x]/(fi).
Each Li is a finite separable extension of K̂, so if | · | is a nonarchimedean

valuation then | · | extends uniquely to a nonarchimedean valuation on Li by
Theorem 2.26. If | · | is an archimedean valuation, then K̂ is either R or C. This
is because | · | restricted to Q must be the normal absolute value, and so Q̂ = R
and K̂ ⊇ Q̂ = R. Thus, Li must be R or C and it is clear the valuation | · |
extends uniquely in this case as well. Denote the unique extension of | · | to Li
by | · |i. Note that since we can embed L into Li, the valuation | · |i restricts to
a valuation on L which we also denote at | · |i.

It remains to show that if | · |′ is any extension of | · | to L then | · |′ = | · |i for
some 1 ≤ i ≤ r and | · |i = | · |j if i 6= j. Let | · |′ be any extension of | · | to L and
let L′ be the completion of L with respect to | · |′. Recall that L is dense in L′

by Proposition 2.12. Thus, we have L = K(α) ⊆ K̂(α) ⊆ L′ since K̂ ⊆ L′ and
α ∈ L′. We have that K̂(α) ∼= K̂[x]/(g) where g is the minimal polynomial of α
over K̂. This implies that g must be equal to fi for some i and so L ⊆ Li ⊆ L′.
Thus, the restriction of | · |′ to Li is | · |i by the uniqueness of the extension of
| · | to Li. However, the completion of L with respect to | · |i is just Li and so
we must have Li = L′.

Now suppose that | · |i = | · |j for i 6= j. This gives that Li ∼= Lj . However,
we know that K[x]/(f) 6∼= K[x]/(g) if f 6= g. Thus it must be that | · |i 6= | · |j
for i 6= j as claimed.

Corollary 2.29. Let K be a number field and L/K a finite separable extension
of fields. Let | · | be a valuation on K, K̂ the completion of K with respect to
| · |, and Li defined as in Theorem 2.28. Then for x ∈ L we have

NmL/K(x) =
r∏
i=1

NmLi/K̂
(x)

TrL/K(x) =
r∑
i=1

TrLi/K̂(x).

Proof. Exercise.

We are now able to combine Ostrowski’s result with Theorems 2.26 and 2.28
to classify the possible valuations on a number field K.
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Theorem 2.30. Let K be a number field and | · | a valuation on K. The
valuation | · | is equivalent to either:

1. | · |σ for some σ : K ↪→ C or

2. | · |p for some p ⊆ OK a prime.

Proof. Ostrowski’s theorem implies that | · | restricted to Q is equivalent to
either | · |∞ or | · |p for some prime p. Since K is a finite seperable extension
of Q, there are only finitely many possibilities for | · | and they are given as in
Theorem 2.28.

Suppose |·| = |·|∞ on Q. Write the number field K as K = Q(α) ∼= Q[x]/(f).
Then we have K ⊗Q R ∼= R[x]/(f). Write the factorization of f(x) as

f(x) =
r∏
i=1

(x− αi)
s∏
j=1

((x− βj)(x− βj))

for αi ∈ R and βj ∈ C. Then we have R[x]/(f) ∼= Rr ⊕ Cs by the map
x 7→ (αi)⊕ (βj). Thus, we have

K −→ Rr ⊕ Cs −→ R or C

by α 7→ αi or βj . Thus, for each i we get an embedding σi : K ↪→ R given by
σi(α) = αi and for each j we get an embedding σj : K ↪→ C given by σj(α) = βj .
This gives that the only extensions of | · |∞ to K are the ones given by | · |σl for
σl one of the embeddings arising from αi or βj .

Now suppose that | · | = | · |p when restricted to Q where p is some rational
prime. Again we write K = Q(α) = Q[x]/(f). Let f(x) = f1(x) . . . fr(x) be the
factorization of f into irreducibles in Qp and write K ⊗Q Qp

∼=
∏r
i=1Ki as in

the proof of Theorem 2.28. Let | · |i be the unique extension of | · | to Ki. We saw
in Theorem 2.28 that the valuations | · |i are precisely the possible extensions of
| · |p to a valuation on K. Thus it only remains to show they are equivalent to
| · |p for a prime p ⊂ OK .

Let ζ ∈ OK . Then there exists ai ∈ Z so that

ζn + a1ζ
n−1 + · · ·+ an = 0.

We have

|ζ|ni = |a1ζ
n−1 + · · ·+ an|i ≤ max

0≤j≤n−1
|ajζj |i ≤ max

0≤j≤n−1
|ζj |i

where we use that |m|i = |m|p ≤ 1 for m ∈ Z. Thus we must have |ζ|i ≤ 1.
Thus, OK ⊆ OKi for 1 ≤ i ≤ r. This implies that mi ∩OK is a prime ideal of
OK , call it pi where we write mi to denote the maximal ideal of OKi . We know
that mi ∩ Z = (p) so we must have pi | pOK . Now for z ∈ K×, we have

|z|i = |$i|ord mi(z)
i
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where ordmi(z) is the minimal m so that z ∈ $m
Ki
OKi , i.e., the minimal m

so that z ∈ pmi OK . Thus we have |z|i = |$i|
ordpi

(z)

i . This gives that | · |i is
equivalent to | · |pi since |z|pi = (OK/pi)− ordpi

(z) and there exists a c so that
|$i|i = (OK/pi)−c.

Definition 2.31. 1. Let K be a field complete with respect to a valuation
| · | so that the residue field of K is finite. We say the valuation | · | is
normalized if |$K | = (#k)−1.

2. Let L be a finite separable extension of Q. We say a valuation | · | on L is
normalized if either | · | is nonarchimedean and the extension of | · | to L̂
is normalized or if | · | is archimedean and | · | = | · |σ for σ : L ↪→ R if L
embeds into R or | · | = | · |2σ for σ : L ↪→ C when L does not embed into
R. We write ‖·‖ to denote the valuation is normalized.

Example 2.32. The valuation ‖·‖p = | · |p is a normalized valuation as |p|p =
p−1.

Definition 2.33. Let K be a field. An equivalence class of valuations on K is
called a place of K or just a place if K is clear from context. An equivalence
class of archimedean valuations is called an infinite place and an equivalence
class of nonarchimedean valuations is called a finite place. The set of places of
K is denoted MK .

We will often denote a place by υ and the completion of K with respect to
υ by Kυ. We will denote the valuation ring of Kυ by Oυ, the maximal ideal by
mυ, and the residue field by kυ. If we need to be careful to indicate that | · |
corresponds to υ we will write | · |υ. The reader should be aware that in some
texts the term “place” is referred to as “prime of K” instead. If L is a finite
separable extension of a field Kυ, then we have seen that υ extends uniquely to
a valuation on L. In general we will write υ for the extended valuation as well.
The reader should be careful not to confuse this with the situation where we
begin with a number field K and a finite separable extension L/K. In this case
for the valuation υ, we have seen that there are finitely many valuations ω of L
sitting over υ and we write Lω for the completion of L with respect to one of
these valuations.

One should note that if K is a number field then Theorem 2.30 gives a
bijection between the places and the set containing

1. p ⊆ OK a nonzero prime,

2. σ : K ↪→ R,

3. pairs σ, σ : K ↪→ C.

Places will be of paramount importance when we study adeles and ideles
in global class field theory. For now we note the following two results that are
important in their own right. Theorems 2.34 and 2.37 are known as the product
formulas.
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Theorem 2.34. Let x ∈ Q. Then

‖x‖∞
∏
p

‖x‖p = 1.

Proof. Note that the product is actually well-defined as ‖x‖p = 1 for all but
finitely many p. As valuations are multiplicative, it is enough to show the result
when x is a prime. Let x = q be a prime. Then we have

‖x‖∞
∏
p

‖x‖p = ‖q‖∞ ‖q‖q

= qq−1 = 1.

Definition 2.35. Let L/K be a finite separable extension of number fields. For
ω ∈ML and υ ∈MK we write ω | υ if

1. ω = p and p ∩OK = υ or

2. ω = σ and σ |K= υ.

Lemma 2.36. Let L/K be a finite separable extension of number fields. For
υ ∈MK and x ∈ L we have∏

ω|υ
ω∈ML

‖x‖ω =
∥∥NmL/K(x)

∥∥
υ
.

Proof. Let ω | υ. Let | · |ω be the extension of ‖·‖υ to L equivalent to ‖·‖ω. Let
Kυ be the completion of K with respect to ‖·‖υ and Lω the completion of L
with respect to ‖·‖ω. For x ∈ L Corollary 2.29 gives

∥∥NmL/K(x)
∥∥
υ

=

∥∥∥∥∥∥
∏
ω|υ

NmLω/Kυ (x)

∥∥∥∥∥∥
υ

.

Since NmLω/Kυ (x) ∈ Kυ we have∥∥∥∥∥∥
∏
ω|υ

NmLω/Kυ (x)

∥∥∥∥∥∥
υ

=
∏
ω|υ

∣∣NmLω/Kυ (x)
∣∣
υ
.

We saw in Theorem 2.26 that for x ∈ L we have∣∣NmLω/Kυ (x)
∣∣
υ

= |x|deg(Lω/Kυ)
ω .
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Now observe that if we set f = deg(`ω/kυ) and e such $υ = $e
ω, then

|$υ|ω = ‖$υ‖υ
= (#kυ)−1

= (#`ω)−
1
f

= ‖$ω‖
1
f
ω

= ‖$e
ω‖

1
fe
ω

= ‖$υ‖
1
fe
ω

= ‖$υ‖
1

deg(Lω/Kυ)
ω .

Thus, we have ∥∥NmL/K(x)
∥∥
υ

=
∏
ω|υ

|x|deg(Lω/Kυ)
ω

=
∏
ω|υ

‖x‖ω ,

as desired.

Theorem 2.37. Let K be a number field and x ∈ K. Then∏
ω∈MK

‖x‖ω = 1.

Proof. Essentially all of the work for this proof has been carried out in proving
Theorem 2.34 and Lemma 2.36. Let x ∈ K. Then we have∏

ω∈MK

‖x‖ω =
∏
υ∈MQ

∏
ω|υ

‖x‖υ

=
∏
υ∈MQ

∥∥NmK/Q(x)
∥∥
υ

= 1.



Chapter 3

Local Fields

3.1 Definitions and basic facts

In this chapter we study local fields. These fields and their abelian extensions
will be the objects of study in local class field theory and so are very important
to our subject.

Definition 3.1. A field Kυ is a local field if it locally compact with respect to
a valuation υ. (Unless otherwise noted all of our local fields have characteristic
0.)

In the case that the valuation υ is an archimedean valuation, one can show
that the field Kυ must be either R or C. As we feel we understand these fields
fairly well, we will focus on the case when υ is discrete and nonarchimedean.

Proposition 3.2. Let Kυ be complete with respect to a discrete nonarchimedean
valuation υ.. We have that Oυ is compact if and only if kυ is finite.

Proof. Let S be a set of representatives for kυ. Suppose that Oυ is compact.
As Oυ is the disjoint union of the sets s + mυ for s ∈ S and each of these is
open, it must be that S is finite.

Now suppose that kυ is finite. We begin by observing that Oυ is both
open and closed. It is open because there exists δ > 0 so that Oυ = {x ∈
Kυ : |x| < 1 + δ} since the valuation | · | is discrete. It is closed because
Oυ = {x ∈ Kυ : |x| ≤ 1}.

Observe that we have

Oυ ∼= lim←−
n

Oυ/$n
υOυ ⊆

∏
n

Oυ/$n
υOυ.

Each set Oυ/$n
υOυ is a finite set (since kυ is finite) and so is compact. Thus,

the product
∏
Oυ/$n

υOυ is a compact set since it is a product of compact sets.
We now show that Oυ is closed in

∏
Oυ/$n

υOυ and since this product is
compact, this will force Oυ to be compact as well. Let (xn) ∈

∏
Oυ/$n

υOυ be

25
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a point that is not in Oυ. Since this point is not in Oυ, there exists r, s so that
xr 6≡ xs(mod$r

υ) for r < s. Set U to be the set defined by

U =
∏
n>s

Oυ/$n
υOυ × {xs} × · · · × {x1}.

Any point in U must contain xr and xs and so U∩Oυ = ∅. Thus, the point (xn)
has a neighborhood U that does not meet Oυ. If we show that U is open then
every point in

∏
Oυ/$n

υOυ−Oυ will have an open neighborhood that does not
meet Oυ. This will imply that Oυ is closed as we will have

∏
Oυ/$n

υOυ −Oυ
is open. Since each Oυ/$n

υOυ is finite, the sets {xi} ⊂ Oυ/$i
υOυ are open.

Thus, we must have that U is open. Thus, Oυ is closed in the compact set∏
Oυ/$n

υOυ and so is compact.

Corollary 3.3. If Kυ is a local field with υ a discrete nonarchimedean valuation,
then kυ is finite.

Proof. Observe that the open sets $nOυ form a fundamental system of open
neighborhoods of 0. The fact that Kυ is locally compact implies there exists a m
so that$mOυ is compact. Multiplying by$−m we see thatOυ is compact which
allows us to apply the previous proposition to conclude that kυ is finite.

We call a field Kυ a nonarchimedean local field if υ is a discrete nonar-
chimedean valuation and Kυ is a local field with respect to this valuation.

Exercise 3.4. Let Kυ be a nonarchimedean local field. The fractional ideals of
Kυ are all compact as is O×υ .

Exercise 3.5. Let Kυ be a nonarchimedean local field (of characteristic 0).
Prove that Kυ is a finite extension of Qp for some prime p.

We end this section with a useful decomposition of the multiplicative group
of a nonarchimedean local field.

Proposition 3.6. Let Kυ be a nonarchimedean local field and let q = #kυ.
Then we have

K×υ = $Z
υ × µq−1 × U (1)

where $Z
υ = {$k

υ : k ∈ Z}, µq−1 is the group of (q − 1)st roots of unity, and
U (1) = 1 + mυ.

Proof. Let α ∈ K×υ . We know that α has a unique representation in the form
α = u$r

υ for some r ∈ Z and u ∈ O×υ . Thus, we have that K×υ = $Z
υ ×O×υ so

it only remains to analyze O×υ . Consider the polynomial f(x) = xq−1 − 1.
This polynomial splits into linear factors in kυ and hence splits into linear
factors in O×υ by Hensel’s lemma. Thus, O×υ must contain µq−1. The surjective
homomorphism O×υ → k×υ given by x 7→ x(mod mυ) has kernel U (1) and so we
obtain the result.
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3.2 Krasner’s Lemma

Let Kυ be a nonarchimedean local field. Given h = anx
n+· · ·+a1x+a0 ∈ Kυ[x],

define ‖h‖ = max |ai|. Let f, g ∈ Kυ[x] be monic and irreducible with ‖f − g‖
small. We will show that the roots of f and g yield the same extensions of
Kυ. We will conclude the section by showing that Gal(Qp/Qp) injects into
Gal(Q/Q).

Lemma 3.7. Let Kυ be a nonarchimedean local field, α ∈ Ksep
υ and σ ∈

Gal(Ksep
υ /Kυ). Then |α|Ksep

υ
= |σ(α)|Ksep

υ
.

Proof. The valuations x 7→ |x|Ksep
υ

and x 7→ |σ(x)|Ksep
υ

are both extensions of
| · | to Ksep

υ . Thus the extensions must be equal by the uniqueness statement in
Corollary 2.27.

The following lemma is known as Krasner’s lemma and forms a basis for the
rest of the results in this section.

Lemma 3.8. Let Kυ be a nonarchimedean local field. Suppose there exists
α, β ∈ Ksep

υ so that
|α− β| < |α− σ(α)|

for all σ ∈ Gal(Ksep
υ /Kυ) with σ(α) 6= α, i.e., β is closer to α then all of its

nontrivial Galois-conjugates. Then Kυ(α) ⊆ Kυ(β).

Proof. We know from Corollary 3.7 that for all σ ∈ Gal(Ksep
υ /Kυ) we have

|α− β| = |σ(α)− σ(β)|.

Let σ be such that σ(β) = β. This gives

|α− β| = |σ(α)− β|

for all such σ. Thus, we have

|σ(α)− α| = |σ(α)− β + β − α|
≤ |α− β|

which contradicts our assumption that β is closer to α then any of its conjugates
unless σ(α) = α for all σ fixing β. Thus it must be the case that if σ(β) = β
then σ(α) = α, i.e., we must have Kυ(α) ⊆ Kυ(β) by Galois theory.

One should note that the above lemma is clearly false if one does not require
Kυ to be a nonarchimedean local field. For example, if one looks at Q with
α =

√
2 then one can satisfy the hypotheses of the theorem with β = 1 but

clearly Q(
√

2) is not a subfield of Q.

Definition 3.9. Let Kυ be a nonarchimedean local field and let α, β ∈ Ksep
υ .

We say that β belongs to α if |α− β| < |σ(α)− α| for every σ ∈ Gal(Ksep
υ /Kυ)

with σ(α) 6= α.
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Lemma 3.10. Let Kυ be a nonarchimedean local field, f(x) = xn+an−1x
n−1 +

· · ·+ a0 ∈ Kυ[x] be separable and irreducible, and α ∈ Ksep
υ a root of f . There

exists c(f) > 0 such that if g(x) ∈ Kυ[x] is any monic polynomial such that
‖g − f‖ ≤ c(f), then g has a root β that belongs to α. Moreover, g is irreducible,
deg(g) = deg(f), and Kυ(α) = Kυ(β).

Proof. Pick c(f) such that

1. c(f) < min(1, ‖f‖)

2. c(f) < min
σ(α) 6=α

(c−1
1 |σ(α)− α|n) where c1 = max

0≤m≤n−1
0≤j≤n−1

‖f‖
m
n−j .

Suppose that g is such that ‖g − f‖ ≤ c(f). If deg(f) 6= deg(g), the fact that
f and g are monic would give that c(f) ≥ 1. Thus it must be that deg(g) =
deg(f) = n. We also have

‖g‖ = ‖f + (g − f)‖
≤ max( ‖f‖ , ‖f − g‖)
≤ ‖f‖

since ‖g − f‖ ≤ c(f) and c(f) ≤ ‖f‖.
Let g = xn + bn−1x

n−1 + · · ·+ b0 and let β0 be any root of g. We have

|βn0 | =

∣∣∣∣∣
n−1∑
i=0

biβ
i
0

∣∣∣∣∣
≤ max

0≤i≤n−1
|bi||β0|i.

Thus, for some j we have

|β0|n−j ≤ ‖g‖
≤ ‖f‖ .

If we write (f − g)(x) =
n−1∑
m=0

cmx
m, then

|f(β0)| = |(f − g)(β0)|
≤ max

0≤m≤n−1
|cm||β0|m

≤ c(f) max
0≤m≤n−1

|β0|m

≤ c(f) max
0≤m≤n−1

(‖f‖)m/(n−j) (for some j)

< min
σ(α) 6=α

|σ(α)− α|n.
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On the other hand, if we let α = α1, α2, . . . , αn be the roots of f , then we have
n∏
i=1

|β0 − αi| = |f(β0)| < min
σ(α)6=α

|σ(α)− α|n

for every σ such that σ(α) 6= α. Thus, there exists 1 ≤ i ≤ n so that |β0−αi| <
|σ(α) − α| for every σ such that σ(α) 6= α. Since f is irreducible, there exists
σi ∈ Gal(Ksep

υ /Kυ) such that σi(αi) = α. Put βi = σi(β0). Then for every
σ ∈ Gal(Ksep

υ /Kυ) such that σ(α) 6= α we have

|βi − α| = |σi(β0)− σi(αi)|
= |β0 − αi|
< |σ(α)− α|.

Thus, βi belongs to α.
It only remains to show that Kυ(α) = Kυ(βi). Once we have shown this

we will know that g must be irreducible. Suppose σ ∈ Gal(Ksep
υ /Kυ) with

σ(α) 6= α and σ(β) = β. We have seen that |βi−α| < |σ(α)−α|, so by Lemma
3.8 we have Kυ(α) ⊆ Kυ(βi). On the other hand,

deg(f) = deg(Kυ(α)/Kυ)
≤ deg(Kυ(βi)/Kυ)
= deg(g).

However, we have already seen that deg(f) = deg(g) and so we must have
Kυ(α) = Kυ(βi).

Corollary 3.11. Let f, g and c(f) be as in Lemma 3.10. Then every root of g
belongs to exactly one root of f . So, in particular, the roots of g yield the same
extensions as the roots of f .

Proof. Let α be a root of f . Then by Lemma 3.10 there exists a root β of g
belonging to α. Let β = β1, . . . , βn be the roots of g. Since g is irreducible
by Lemma 3.10, there exists σ ∈ Gal(Ksep

υ /Kυ) so that βi = σi(β). Thus, βi
belongs to σ(αi), which is also a root of f . Suppose now that β is a root of g
belonging to two roots of f , say α and σ(α). Then |α − β| < |τ(α)− α| for all
τ ∈ Gal(Ksep

υ /Kυ) so that τ(α) 6= α, and |σ(α) − β| < |η(σ(α)) − σ(α)| for all
η ∈ Gal(Ksep

υ /Kυ) so that η(σ(α)) 6= σ(α). In particular, if we set τ = σ and
η = σ−1 then we have |σ(α)− β| < |σ(α)− α| and |β − α| < |σ(α)− α|. Thus,

|σ(α)− α| = |(σ(α)− β) + (β − α)|
< |σ(α)− α|.

This is clearly a contradiction and finishes the proof.

Corollary 3.12. Let K/Qp be a finite separable extension. Fix Qp an algebraic
closure of Qp and an embedding Qp ↪→ Qp. Then there exists a finite extension
F/Q such that K = F ·Qp ⊆ Qp.
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Proof. Suppose K = Qp(α) with α having f ∈ Qp[x] as its minimal monic
polynomial. Choose g ∈ Q[x] ⊂ Qp[x] such that ‖f − g‖ < c(f) where c(f)
is as in Lemma 3.10. Note that this is possible because Q is dense in Qp.
Thus, g has a root β ∈ Q such that Qp(β) = Qp(α) by Lemma 3.10. However,
Qp(β) = Q(β) ·Qp since β ∈ Q. Thus, if we set F = Q(β) we are done.

Fix algebraic closures Q, Qp and compatible embeddings Q ↪→ Qp, Q ↪→
Q, Qp ↪→ Qp, and Q ↪→ Qp. Any automorphism of Qp fixing Qp restricts
to an automorphism of Q fixing Q. In other words, the restriction yields a
homomorphism

Gal(Qp/Qp) −→ Gal(Q/Q).

We claim that this map is injective. Let σ ∈ Gal(Qp/Qp) and let α ∈ Qp such
that σ(α) 6= α. Set L = Qp(α). Then by Corollary 3.12 there exists F/Q,
F ⊆ Q such that L = F · Qp. Since σ acts non-trivially on α, hence on L, σ
cannot fix F . So the image of σ is non-trivial. The fact that this map is an
injection will be very important in our study of global class field theory and is
very important in general as we will see that Gal(Qp/Qp) is isomorphic to the
decomposition group at p.

3.3 Eisenstein Extensions

We begin by recalling the Eisenstein irreducibility criterion from elementary
abstract algebra.

Lemma 3.13. Let R be a ring and f(x) = anx
n + · · · + a1x + a0 ∈ R[x]. If

there exists a prime ideal p ⊆ R such that an /∈ p, ai ∈ p for i = 1, . . . , n,
and a0 /∈ p2, then f is irreducible. Moreover, if f is monic and R is integrally
closed, then (f) is a prime ideal in R[x].

Definition 3.14. Let K be any field and let p be a prime ideal of OK . If
f(x) = xn + an−1x

n−1 + · · · + a0 ∈ OK [x], ai ∈ p, and a0 /∈ p2, then we call f
an Eisenstein polynomial.

Observe that an Eisenstein polynomial is necessarily an irreducible polyno-
mial by Lemma 3.13.

Definition 3.15. An extension L/Kυ is Eisenstein if L = Kυ(α) with α a root
of an Eisenstein polynomial.

Lemma 3.16. If Kυ is a nonarchimedean local field, then there are only finitely
many Eisenstein extensions of Kυ of fixed degree. (If we wanted to include
positive characteristic, one would get finitely many Eisenstein extensions of fixed
degree prime to char(Kυ).)

Proof. Let A = mυ × · · · × mυ × (mυ − m2
υ) where there are n − 1 factors mυ.

If a = (an−1, . . . , a0) ∈ A, then fa(x) = xn + an−1x
n−1 + · · · + a0 ∈ Oυ[x] is

irreducible because it is an Eisenstein polynomial. Every Eisenstein extension of



3.3. EISENSTEIN EXTENSIONS 31

Kυ of degree n arises from adjoining a root of some fa with a ∈ A. We can apply
Corollary 3.11 to conclude that for each a ∈ A, there exists a neighborhood
Ua ⊆ A of a such that if b ∈ Ua, then the roots of fa and fb yield the same
extensions of Kυ. We have that mυ is compact as it is a closed subset of the
compact set Oυ by the discreteness of υ , m2

υ is both open and closed because
m2
υ = {x : |x| ≤ |$|2} = {x : |x| < |$|}. Thus mυ − m2

υ is closed in mυ, a
compact set and hence is compact itself. The set A is the product of compact

sets, so is also compact. Thus there exist a1, . . . ,am ∈ A such that A =
m⋃
i=1

Uai
.

So every Eisenstein extension of Kυ of degree n is of the form Kυ(α) with α a
root of fai

for some i ∈ {1, . . . ,m}. Thus there can be only finitely many such
extensions.

Recall that given Dedekind domains o ⊆ O we say a prime ideal ℘ of O
is totally ramified over over a prime ideal p ⊂ o if ℘ | p and f(℘/p) = [O/℘ :
o/p] = 1. In the case of an extension of nonarchimedean local fields L/Kυ, the
extension is said to be totally ramified if mL is totally ramified over mυ.

Let f(x) = xn + an−1x
n−1 + · · · + a0 ∈ Oυ[x] be a separable Eisenstein

polynomial. Let α1, . . . , αn be the roots of f and let $υ be a uniformizer of
Kυ. By Lemma 3.7 |αi| = |αj | for every i, j where | · | is the extension of | · |
to Ksep

υ . We have that a0 = (−1)n
∏
αi and so |αi|n =

∏
|αi| = |a0| = |$υ|

since a0 ∈ mυ − m2
υ. So in particular we have that |αi| = |$υ|1/n for each i.

Let Li = Kυ(αi) and let $Li be a uniformizer of OLi . Write $υ = $ei
Li
· ui

and αi = $mi
Li
· vi for some ui, vi ∈ O×Li and some ei,mi ≥ 0. We know that

deg(Li/Kυ) = n and so ei ≤ eifi = n. We have

|$υ|1/n = |αi|
= |$Li |mi

= (|$υ|1/ei)mi

= |$υ|mi/ei .

Thus, n = ei
mi
≤ ei and so we must have mi = 1 and ei = n . Hence αi is a

uniformizer of OLi since αi = $Li · vi.

Lemma 3.17. Let Kυ be a nonarchimedean local field. Suppose L/Kυ is sepa-
rable and Eisenstein. Then

1. L is totally ramified over Kυ, i.e., ($υ) is totally ramified in OL.

2. If L = Kυ(α) with α a root of an Eisenstein polynomial over Kυ, then α
is a uniformizer of L.

3. If $L is any uniformizer of L, then OL = OKυ [$L].

Proof. We have already shown the first two claims above so it only remains to
prove the third claim. Let n = deg(L/Kυ). Since L/Kυ is totally ramified we
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must have f($L/$υ) = 1, i.e., Oυ/($υ)
∼=−→ OL/($L). Thus we have

(3.1) OL = Oυ +$LOL = Oυ[$L] +$LOL.

Let α ∈ OL. Write α = α1 + β1 for some α1 ∈ Oυ[$L] and β1 ∈ $LOL.
Multiplying equation (3.1) by $L we obtain

(3.2) $LOL = $LOυ[$L] +$2
LOL.

We can now write β1 = $Lα2 + $2
Lβ2 with α2 ∈ Oυ[$L] and β2 ∈ OL. Con-

tinuing in this fashion we produce αi and βi so that

α = α1 + α2$L + · · ·+ αm$
m−1
L + βm$

m
L

with α1 + α2$L + · · · + αm+1$
m
L ∈ Oυ[$L] and βm+1 ∈ OL for all m ∈ N.

Thus, for all m ∈ N we have OL = Oυ[$L] +$m
LOL.

Observe that the discriminant is given by

∆ = ∆OL/Oυ (1, $L, . . . , $
n−1
L )

= $M
υ · u

for some M ≥ 0 and some u ∈ O×υ since the discriminant is necessarily in Oυ.
However, we know that $υOL = $n

LOL and so we have ∆OL = $Mn
L OL.

Let γ ∈ OL and write γ = a0 + a1$L + · · · + an−1$
n−1
L with ai ∈ L. We

have

(TrL/Kυ ($i
L$

j
L))

 a0

...
an−1

 =

 TrL/Kυ (γ)
...

TrL/Kυ ($n−1
L γ)


where we have used that the trace map is linear. We have that TrL/Kυ ($i

L$
j
L) ∈

Oυ for all 1 ≤ i, j ≤ n − 1 since $L ∈ OL and TrL/Kυ ($i
Lγ) ∈ Oυ for all

1 ≤ i ≤ n− 1 as $i
Lγ ∈ OL for all 1 ≤ i ≤ n− 1. Thus we apply Cramer’s rule

to conclude that ∆OL ⊆ Oυ.
Using this exercise if we choose m so that m ≥ Mn then we have OL =

Oυ[$L] +$m
LOL ⊆ Oυ[$L] and thus OL = Oυ[$L].

Theorem 3.18. Let Kυ be a nonarchimedean local field. A finite separable
extension L/Kυ is totally ramified if and only if L/Kυ is Eisenstein.

Proof. We have just shown that Eisenstein extensions are totally ramified, so
it only remains to show that all totally ramified extensions are Eisenstein. Let
L/Kυ be totally ramified with deg(L/Kυ) = n. Consider the intermediate field
L1 = Kυ($L). Since L/Kυ is totally ramified, L1/Kυ must also be totally
ramified. Thus, we have |$υ| = |$L|n since L/Kυ is totally ramified and
|$υ| = |$L|deg(L1/Kυ) since L1/Kυ is totally ramified and $L ∈ L1. Thus, we
must have deg(L1/Kυ) = n and so L1 = L.

Let f = xn + an−1x
n−1 + · · ·+ a0 ∈ Oυ[x] be the minimal polynomial of $L

over Kυ. Let $L = $1, . . . , $n be the roots of f . We have that |$i| = |$j | for
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every i, j and |$1| < 1 since it is a uniformizer, i.e., mL = $LOL. Thus |ai| < 1
since the ai’s are symmetric polynomials in the $i. Hence we have ai ∈ mυ.
We also have

|a0| =
n∏
i=1

|$i| = |$L|n = |$υ|

again using that L/Kυ is totally ramified. Thus a0 = u$υ for some u ∈ O×υ .
Hence a0 ∈ mυ −m2

υ and so f is Eisenstein.

Corollary 3.19. If Kυ is a nonarchimedean local field then there are only
finitely many extensions of Kυ of a fixed degree that are totally ramified. (Again,
if one wants to include the case of positive characteristic, one gets extensions
of fixed degree prime to char(Kυ).)

Exercise 3.20. (a) Show that there is a totally ramified extension of Q7 of
degree n for any integer n > 1.
(b) Find two nonisomorphic totally ramified extensions of Q5 of degree 2. Can
you do the same for degree 3?

3.4 Unramified Extensions

Now that we have characterized the totally ramified extensions of nonarchimedean
local fields, the next natural step is to consider unramified extensions. Let o ⊆ O
be Dedekind domains and p a prime ideal in o. Let ℘1, . . . , ℘r be prime ideals
of O and e1, . . . , er be positive integers so that pO = ℘e11 · · ·℘err . We say ℘i is
unramified over p if ei = 1. In the case of an extension of nonarchimedean local
fields L/Kυ, we say the extension is unramified if mL is unramified over mυ.
The following theorem classifies the finite separable unramified extensions of a
nonarchimedean local field in terms of finite extensions of its residue field.

Theorem 3.21. Let Kυ be a local field with residue field kυ. There is a bijection

{L/Kυ finite, separable, unramified } ←→ {l/kυ finite }.

where L 7−→ l = OL/mL.
This satisfies:

1. If L1 and L2 are finite separable unramified extensions of Kυ with residue
fields l1 and l2 respectively, then L1 ⊆ L2 if and only if l1 ⊆ l2;

2. Gal(L/Kυ) ∼= Gal(l/kυ) by σ 7→ σ|OL .

Proof. Let p = char(kυ). We break the proof into several steps.

Step 1: Let m be a positive integer so that gcd(p,m) = 1. The irreducible fac-
tors of xm − 1 in kυ[x] are the reductions modulo mυ of the irreducible factors
of xm − 1 in Oυ[x].
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Pf: Write xm − 1 = gn1
1 (x) · · · gnrr (x) in Oυ[x]. We need to show that if gi(x) ∈

kυ[x] is the reduction of gi(x) modulo mυ, then gi(x) is still irreducible. The
fact that gcd(p,m) = 1 gives that xm − 1 is separable and hence so are the gi
and gi.

Let f ∈ kυ[x] be a monic irreducible factor of gi and let f ∈ Oυ[x] be a
monic polynomial such that the reduction of f modulo mυ is f . Note that f is
necessarily irreducible for otherwise f would be reducible. Let α be any root of
f and put E = Kυ(α). We have

deg(E/Kυ) = deg(f) = deg(f) ≤ deg(gi) = deg(gi).

On the other hand, gi has a root in kE . Namely, since f(α) = 0, we have
that f(α) = 0 in kυ. Since f | gi, we must have that gi(α) = 0 in kυ. The fact
that gi is separable implies that we can apply Hensel’s lemma to conclude that
gi has a root β ∈ OE . This gives Kυ(β) ⊆ E. In particular,

deg(gi) = deg(Kυ(β)/Kυ) ≤ deg(E/Kυ) ≤ deg(gi)

i.e., deg(gi) = deg(E/Kυ). Thus we have deg(f) = deg(gi) and so gi is irre-
ducible as claimed.

Step 2: Let l/kυ be a separable extension of degree n. Then there exists a
unique unramified extension Kn/Kυ that is separable, finite, and has residue
field l.

Pf: We have that there exists α such that l = kυ(α). Set m = #l−1. Then α is
a root of xm−1 ∈ kυ[x] as l× is a cyclic group of order m. Let f be the minimal
monic polynomial of α over kυ, i.e., f is some irreducible factor of xm − 1 in
kυ[x]. By Step 1 there exists an irreducible factor f ∈ Oυ[x] of xm− 1 reducing
to f modulo mυ. Let β be any root of f . Set Kn = Kυ(β). Then

deg(Kn/Kυ) = deg(f) = deg(f) = deg(l/kυ) = n.

We always have that

n ≥ f(Kn/Kυ) = degkυ (OKn/mKn)

by general results on the residue class degree. Thus

n ≥ f(Kn/Kυ) = degkυ (OKn/mKn) ≥ deg(kυ(β)/kυ) = n

as kυ(β) ⊆ OKn/mKn . Thus f(Kn/K) = n which gives that Kn/Kυ is unram-
ified and l = OKn/mKn since they are the same degree field extension of the
finite field kυ.

It remains to prove uniqueness. Suppose L/Kυ is such that the residue field
of L is l. Since f has a root α in l and f is necessarily separable, f has a root
α in OL by Hensel’s Lemma. Thus we have Kυ(α) ⊆ L and Kυ(α) ∼= Kn. Now
if L is unramified, then n = deg(L/Kυ) and so L = Kυ(α) ∼= Kn. This gives
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the uniqueness. The same argument also gives part (1) of the theorem.

Step 3: Let l/kυ be a finite separable extension of degree n. Then Gal(Kn/Kυ) ∼=
Gal(l/kυ).

Pf: Let f and f be as in Step 2. By Hensel’s Lemma any root of f in l lifts to
a root of f in OKn . Let α1, . . . , αn be the roots of f and α1, . . . , αn be in kυ
such that αi = αi(mod mKn). Let σ ∈ Gal(Kn/Kυ) be such that σ 6= 1. Then
there exists i, j such that σ(αi) = αj with i 6= j. Set σ to be the image of σ in
Gal(l/kυ). Then σ(αi) = σ(αi) = αj 6= αi. Thus σ 6= 1. Hence the kernel of
the map Gal(Kn/Kυ) −→ Gal(l/kυ) is {1}. The fact that both Galois groups
are of order n allows us to conclude that this is an isomorphism.

The following corollary is implicit in the arguments given in the previous
proof. We state and prove it here for clarity as it will be needed in the future.

Corollary 3.22. Let f(x) ∈ Oυ[x] be a monic polynomial so that its reduction
f(x) ∈ kυ[x] is a monic separable polynomial. Let α ∈ Kυ be a root of f(x) and
set L = Kυ(α). Then the extension L/Kυ is unramified and the residue field `
of L is given by ` = kυ(α).

Proof. Note that since f is separable, f is necessarily separable as well. Let
f(x) =

∏
i fi(x) be the irreducible factorization of f in Kυ[x]. By Gauss’

lemma we know that the fi ∈ Oυ[x] and so we can consider their reductions
in kυ[x]. Without loss of generality we can assume that α is a root of f1. We
have that f1 is a monic separable polynomial in kυ[x] with root α. Thus, we
can apply Hensel’s lemma to conclude that f1 is irreducible and α ∈ OL. We
have that ` ⊃ kυ(α) and so

deg f1(x) = deg(L/Kυ)
≥ f(L/Kυ)
= deg(`/kυ)
≥ deg(kυ(α)/kυ)

= deg f1

= deg f1.

Thus, we must have deg(L/Kυ) = f(L/Kυ) and so the extension is unramified.
We also obtain that deg(`/kυ) = deg(kυ(α)/kυ) and so ` = kυ(α).

Let m be a positive integer and let k be the finite field with q elements. There
exists a unique extension km of k of degreem. The field km is the splitting field of
the polynomial f(x) = xq

m −x. The Galois group Gal(km/k) is cyclic of degree
m generated by the Frobenius automorphism x 7→ xq. Thus, given a positive
integer m and a nonarchimedean local field Kυ, there is an unique unramified
extension Km of Kυ with Gal(Km/Kυ) ∼= Gal(km/kυ) ∼= Z/mZ. There is
a canonical generator FrobKm/Kυ of Gal(Km/Kυ); namely, the element that
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maps to the Frobenius automorphism x 7→ xq in Gal(km/kυ). The following
corollary is immediate from our discussion and the previous theorem.

Corollary 3.23. Let Kυ be a nonarchimedean local field.

1. The compositum of two finite separable unramified extensions is unrami-
fied.

2. If L/Kυ is any separable algebraic extension, possibly of infinite degree,
then there exists a unique maximal unramified subextension Kυ ⊆ Lur ⊆ L.

3. Given any integer m there exists a unique unramified extension Km of Kυ

of degree m. Moreover, Gal(Km/Kυ) ∼= Z/mZ.

Exercise 3.24. Show that the compositum of two totally ramified extensions
need not be totally ramified.

Corollary 3.25. Let n be a positive integer. If Kυ is a nonarchimedean local
field (of characteristic 0), then there are finitely many extensions of Kυ of degree
n.

Proof. Suppose L/Kυ is such an extension of degree n. Then by part (2) of
Corollary 3.23 we have Kυ ⊆ Lur ⊆ L where L/Lur is totally ramified and
Lur/Kυ is unramified. The extension Lur/K is uniquely determined by Theorem
3.21. Thus, by Corollary 3.19 there are finitely many possibilities for L/Lur.

Example 3.26. Let p be a prime. We consider the quadratic extensions of the
field Qp.

Let L/Qp be a quadratic extension given by L = Qp(α) where α is a root
of x2 − a for some a ∈ Q×p . One can check that Qp(

√
a) = Qp(

√
b) if and

only if a
b ∈ (Q×p )2. Thus, the number of quadratic extensions of Qp is equal

#
(
Q×p /(Q×p )2

)
− 1 as the trivial element does not give a quadratic extension.

For β ∈ Q×p we write β = upr where r ∈ Z and u ∈ Z×p . We have an isomorphism

Q×p
∼= // Z×p × Z

given by β 7→ (u, r) and

(
Q×p
)2 ∼= // (Z×p )2 × 2Z

given by β2 7→ (u2, 2r). Thus we have

Q×p /
(
Q×p
)2 ∼= (Z×p × Z)/((Z×p )2 × 2Z) ∼= Z×p /

(
Z×p
)2 × Z/2Z.

In order to classify the quadratic extensions of Qp we need to look at
Z×p /(Z×p )2. We know that pZp is a maximal ideal and so 1 + pZp ⊆ Z×p . Note
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that for p 6= 2 we have (1 + pZp)2 = 1 + pZp. Now Z×p � (Z/pZ)× with
ker = 1 + pZp. Thus

Z×p /(Z×p )2
∼= // (Z/pZ)×/ ((Z/pZ)×)2 ∼= // Z/2Z

and so for p 6= 2 we have

Q×p /(Q×p )2 ∼= Z/2Z× Z/2Z.

Thus there are 3 distinct quadratic extensions of Qp when p 6= 2; namely, the
unique unramified extension of degree 2 and two totally ramified extensions.

We now deal with the case of p = 2. In this case we have Z×2 = 1 + 2Z2 and
(Z×2 )2 = 1 + 8Z2. Thus,

Q×2 /(Q
×
2 )2 ∼= Z/2Z× Z/2Z× Z/2Z

since
(1 + 2Z2)/(1 + 8Z2) ∼= Z/2Z× Z/2Z

under the map
1 + a12 + a222 7→ (a1, a2).

We can now use this isomorphism to determine representatives in Q×2 . Given
(a, b, c) ∈ Z/2Z × Z/2Z × Z/2Z, we see that under the isomorphism this maps
to (1 + a · 2 + b · 22)2c. Thus, we have that 1, 2, 3, 5, 6, 7, 10, 14 ∈ Q2 are
representatives. Thus there are 7 extensions of Q2 given by Q2(

√
a) for a ∈

{2, 3, 5, 6, 7, 10, 14}. The field Q2(
√

5) has discriminant 5, and since 2 - 5, 2
is unramified in this extension. Thus 5 corresponds to the unique unramified
extension.

Exercise 3.27. Give a similar characterization for the quadratic extensions of
Q5 as was done for Q2.

3.5 Ramification and Galois theory

In this section we give a better description of the totally ramified part of an
extension L/Kυ; namely we split the totally ramified part into tame and wild
ramifiction.

Throughout this section we let Kυ be a nonarchimedean local field, kυ the
residue field, p = char(kυ), L/Kυ a finite and separable extension, and $υ a
uniformizer of Kυ. We write e(L/Kυ) for the ramification index of $L over $υ.

Definition 3.28. We say L/Kυ is tamely ramified if p - e(L/Kυ) and e(L/Kυ) 6=
1. We say L/Kυ has wild ramification if p|e(L/Kυ).

Lemma 3.29. Let L/Kυ be totally ramified. Let β0 ∈ L× so that |β0|n = |$υ|
for some integer n with p - n. Then there exists β ∈ L and a uniformizer α of
Kυ such that βn = α.
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Proof. Write βn0 = u$υ where u ∈ O×L . Let u0 ∈ O×υ be such that u0(mod mυ) ≡
u(mod mL). This is possible since L/Kυ is totally ramified so that Oυ/mυ

∼=
OL/mL. Set α = u0$υ. Then we have

|βn0 − α| = |βn0 − u0$υ| = |$υ(u− u0)| < |$υ| = |α|

where we have used that |u− u0| < 1 since u− u0 ∈ mL. Let β1, . . . , βn ∈ Ksep
υ

be the roots of f(x) = xn−α. Observe that |α| > |βn0 −α| =
∏
|β0−βi| and so

|β0− βi0 | < |α|1/n for some i0. The fact that p - n (and so |n| = 1) implies that

|βi0 |n−1 = |n||βi0 |n−1 = |f ′(βi0)| =
∏
j 6=i0

|βi0 − βj |.

Thus, |βi0−βj | = |βi0 | for every j 6= i0 since |βi0−βj | ≤ max{|βi0 |, |βj |} = |βi0 |
and there are n − 1 terms that multiply to give |βi0 |n−1. Now we can apply
Krasner’s Lemma to conclude that Kυ(βi0) ⊆ Kυ(β0) ⊆ L. Thus βi0 ∈ L is a
root of f and so βni0 = α.

Corollary 3.30. The extension L/Kυ is totally tamely ramified if and only if
there exists uniformizers $υ and $L of Kυ and L such that $deg(L/Kυ)

L = $υ

with p - deg(L/Kυ).

Proof. Let L/Kυ be totally tamely ramified. Lemma 3.29 implies that there
exists such uniformizers. On the other hand, if there are such uniformizers our
study of Eisenstein extensions shows that L/Kυ is totally tamely ramified.

Corollary 3.31. If L1/Kυ and L2/Kυ are tamely ramified, then so is L1L2.

Proof. We begin by reducing to the case where L1 and L2 are totally ramified
over Kυ. Consider the maximal unramified subextension (L1L2)ur of L1L2.
Then we have the following diagram of fields

L1L2

ppppppppppp

NNNNNNNNNNN

L1(L1L2)ur

NNNNNNNNNNN
L2(L1L2)ur

ppppppppppp

(L1L2)ur

Kυ

where L1(L1L2)ur/(L1L2)ur and L2(L1L2)ur/(L1L2)ur are totally ramified since
they are subextensions of L1L2/(L1L2)ur which is totally ramified. Thus by
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considering the extensions L1(L1L2)ur/(L1L2)ur and L2(L1L2)ur/(L1L2)ur we
reduce to the case of considering totally ramified extensions.

The fact that we may assume L1 and L2 are totally ramified over Kυ

gives that there exists uniformizers $L1 and $L2 and $1 and $2 such that
$

deg(Li/Kυ)
Li

= $i. Write $2 = u$1 for u ∈ O×υ . Lemma 3.17 gives that

L1 ⊆ K1 = Kυ(ζe1 , $
1/e1
1 ) and L2 ⊆ K2 = Kυ(ζe2 , u

1/e2 , $
1/e2
1 ) where ei =

deg(Li/Kυ) = e(Li/Kυ) and ζei is a eith root of unity. The fact that p - ei
along with Corollaries 3.22 and 3.23 imply that K1 and K2 are unramified over
Kυ. Thus, Ki($

1/ei
1 )/Ki is tamely ramified. Set K3 = K1K2, which is an

unramified extension of Kυ. Now L1L2 ⊆ K4 = Kυ(ζe1 , ζe2 , $
1/e1
1 , $

1/e2
2 ) and

e(K4/K3) | e1e2, and so is relatively prime to p. Then since K3/Kυ is unrami-
fied, we have the result.

Combining what we have done so far we have the following result.

Proposition 3.32. Let L/Kυ be a finite separable extension of nonarchimedean
local fields. Then there exists unique subfields Kυ ⊆ Lur ⊆ Lt ⊆ L such that

1. Lur/Kυ is unramified,

2. Lt/Lur is totally tamely ramified,

3. L/Lt is totally wildly ramified.

Proof. The only part that remains to prove is that L/Lt has degree a power
of p. Write deg(L/Lt) = e′pr for p - e′. Let $L be a uniformizer of L. Then
|$pr

L |e
′

= |$Lt |. Now we apply Lemma 3.29 to get β and $′ such that βe
′

= $′.
The fact that Lt(β) is totally ramified implies e′ = 1.

We now turn our attention to the Galois theory of these extensions. The fact
that the subfields Lur and Lt are unique implies that if L/Kυ is Galois, then
so are Lur/Kυ and Lt/Kυ. From now on we assume that L/Kυ is Galois. The
group Gal(L/Lur) is the inertia group and is denoted by I(L/Kυ), the group
Gal(Lt/Lur) is referred to as the tame inertia and denoted It(L/Kυ) and the
group Gal(L/Lt) is the wild inertia and is denoted Iw(L/Kυ). One can easily
check we have the following exact sequences:

0 // I(L/Kυ) // Gal(L/Kυ) // Gal(Lur/Kυ) // 0

and

0 // Iw(L/Kυ) // I(L/Kυ) // It(L/Kυ) // 0.

Set Kt
υ =

⋃
Lt and Kur

υ =
⋃
Lur where the unions are over all finite sepa-

rable extensions of Kυ. We have Kur
υ ⊆ Kt

υ ⊆ Ksep
υ where Kur

υ is the maximal
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unramified subfield of Ksep
υ and Kt

υ is the maximal tamely ramified subfield of
Ksep
υ . If Kυ ⊆ L ⊆ Kur

υ and L/Kυ is finite and separable, then L/Kυ is nec-
essarily unramified. If Kur

υ ⊆ L ⊆ Kt
υ and L/Kur

υ is finite and separable, then
L/Kur

υ is necessarily totally tamely ramified. Note that Kur
υ /Kυ and Kt

υ/Kυ

are Galois extensions.
Infinite Galois theory enables us to conclude that

Gal(Kur
υ /Kυ) ∼= lim←−

L/Kυ fin. sep. Galois

Gal(Lur/Kυ),

I(Kυ) := Gal(Ksep
υ /Kur

υ ) ∼= lim←−
L/K fin. sep. Galois

Gal(L/Lur),

and
It(Kυ) := Gal(Kt

υ/K
ur
υ ) ∼= lim←−

L/K fin. sep. Galois

Gal(Lt/Lur).

Thus there is a filtration on Gal(Ksep
υ /Kυ) given by

0 // I(Kυ) // Gal(Ksep
υ /Kυ) // Gal(Kur

υ /Kυ) // 0

and we have the following exact sequence

0 // Iw(Kυ) // I(Kυ) // It(Kυ) // 0

where

Iw(Kυ) := Gal(Ksep
υ /Kt

υ) ∼= lim←−
L/K fin. sep. Galois

Gal(Ksep
υ /Lt).

The group Iw(Kυ) is a pro-p group as the degree of L/Lt is a power of p
for each L/Kυ finite, separable and Galois. The tame inertia groups It(L/Kυ)
must all have order prime to p as deg(Lt/Lur) is prime to p. Let Kn/Kυ be
the unique unramified extension of Kυ of degree n. We know from our study
of unramified extensions that Gal(Kn/Kυ) ∼= Z/nZ. Set kn = OKn/mKn .
We have that kn is a finite extension of kυ of degree n and the Galois group
Gal(kn/kυ) is generated by the map σkn/kυ : kn → kn given by σkn/kυ (x) = xp.
The fact that Gal(Kn/Kυ) ∼= Gal(kn/kυ) gives that there is a unique element
FrobKn/Kυ ∈ Gal(Kn/Kυ) generating Gal(Kn/Kυ) that maps to σkn/kυ . This
element FrobKn/Kυ is called the Frobenius element.

We have
Gal(Kur

υ /Kυ) ∼= lim←−
n

Gal(Kn/Kυ)

where the projective limit is given by

Gal(Kn/Kυ) � Gal(Km/Kυ) (m | n)
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by restriction. Thus,

Gal(Kur
υ /Kυ) ∼= lim←−

n

Gal(Kn/Kυ) ∼= lim←−
n

Z/nZ = Ẑ.

Hence Gal(Kur/Kυ) ∼= Ẑ by FrobKυ 7→ 1 where FrobKυ is the element of
Gal(Kur/Kυ) that restricts to FrobL/Kυ for L/Kυ any finite unramified ex-
tension of Kυ. Using that Ẑ ∼=

∏
p

Zp, we have that Gal(Kur/Kυ) ∼=
∏
p

Zp.

The importance of the structure of these Galois groups will become apparent
as we begin our study of local class field theory. For those interested in further
study of nonarchimedean local fields, Serre’s book Local Fields ([S79]) provides
much more information and in much greater generality then has been provided
here.
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Chapter 4

Group Cohomology

In proving the main theorems of local class field theory, we will make use of the
theory of group cohomology. The reader who is familiar with group cohomology
is safe to skip this chapter and return to parts of it as needed. There are many
excellent sources for this material. We use Milne ([Mi97]) as our source, which
follows [CF67] very closely for the material of interest to us. We omit many of
the proofs, preferring to let the interested reader look these proofs up on his/her
own.

4.1 Definitions

Throughout this section we will let G be a group and M a G-module, i.e., M is
an abelian group with a map

G×M −→M : (g,m) 7→ gm

satisfying

1. g(m1 +m2) = gm1 + gm2;

2. (g1g2)m = g1(g2m)

for all g, g1, g2 ∈ G and all m,m1,m2 ∈ M . Recall that a homomorphism of
G-modules M and N is a map ϕ : M → N so that

1. ϕ is a homomorphism of abelian groups;

2. ϕ(gm) = gϕ(m) for all g ∈ G, m ∈M .

We denote the set of allG-module homomorphisms fromM toN by HomG(M,N).
In order to define cohomology groups, we need the notion of an injective

module and an injective resolution of a module.

Definition 4.1. A G-module I is called an injective module if HomG(·, I) is an
exact functor.

43
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Recall that this means given an exact sequence

0 // M1
// M2

// M3
// 0,

one has that the sequence

0 // HomG(M3, I) // HomG(M2, I) // HomG(M1, I) // 0

is exact. Note that the sequence

0 // HomG(M3, I) // HomG(M2, I) // HomG(M1, I)

is always exact, so being an injective module is equivalent to saying given an
injection M1 → M2, any homomorphism M1 → I lifts to a homomorphism
M2 → I.

Theorem 4.2. Given a G-module M , there exists an injective module I so that
M ↪→ I.

An injective resolution of a G-module M is an exact sequence

0 // M // I0 d0 // I1 d1 // I2 d2 // · · ·

where Ij are injective modules. It is customary to write this exact sequence as
M → I ·.

Corollary 4.3. Given a G-module M there exists an injective resolution of M .

We can define a left-exact functor from the category of G-modules to the
category of abelian groups by sending M to MG where we define

MG = {m ∈M : gm = m for all g ∈ G}.

Given an injective resolution M → I · of M , we can apply this functor to the
exact sequence to obtain a sequence

0 // (I0)G d0 // (I1)G d1 // (I2)G d2 // · · ·

which is no longer necessarily an exact sequence. We define the rth cohomology
group of G with coefficients in M to be

Hr(G,M) =
ker(dr)

Im(dr−1)
.
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Proposition 4.4. Let M and N be G-modules. Then we have

1. H0(G,M) = MG;

2. For an injective G-module I, one has Hr(G, I) = 0 for all r > 0;

3. Let M → I · and N → J · be injective resolutions. Then any homomor-
phism ϕ : M → N extends to a map of complexes ϕ̃ : I · → J · and the
maps Hr(ϕ̃) : Hr(G,M) → Hr(G,N) are independent of the choice of ϕ̃.
In particular, applying this to the identity map M → M shows that the
cohomology groups are well-defined;

4. A short exact sequence

0 // M1
// M2

// M3
// 0

gives rise to a long exact sequence of cohomology

0 // MG
1

// MG
2

// MG
3

δ0 // H1(G,M1) // H1(G,M2) // · · · .

The proof of this proposition is not difficult, and in any case can be found
in any standard source.

Exercise 4.5. Let Mi be a finite collection of G-modules. Show that
∏
Mi is

a G-module and that Hr(G,
∏
Mi) ∼=

∏
Hr(G,Mi) for all r ≥ 0.

This formulation of the cohomology groups is useful for proving general
results, but is not easy to calculate with and so is not useful in many instances.
One can remedy this problem by instead considering a projective resolution
of the module M . For an appropriate projective resolution this leads to the
description of the cohomology groups in terms of cochains, which are more
useful for calculations.

For r ≥ 0, let Pr be the free Z-module with basis consisting of r + 1-tuples
(g0, g1, . . . , gr) with gi ∈ G. The module Pr has a natural G-action given by
g · (g0, g1, . . . , gr) = (gg1, gg2, . . . , ggr). Define a homomorphism dr : Pr → Pr−1

by

dr(g0, . . . , gr) =
r∑
i=0

(−1)i(g0, . . . , ĝi, . . . , gr)

where the ·̂ indicates that entry is omitted. These maps are referred to as the
boundary maps. Let P· be the sequence

· · · // Pr
dr // Pr−1

dr−1 // · · · d1 // P0.
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Viewing Z as a G-module with trivial G-action we can define a map ε : P0 → Z
given by sending generators to 1, and so we have the sequence

· · · // Pr
dr // Pr−1

dr−1 // · · · d1 // P0
ε // Z // 0.

Exercise 4.6. Check that dr−1 ◦ dr = 0 and so this defines a complex. In fact,
show that the sequence is an exact sequence.

The following theorem follows immediately from the fact that P· is a projec-
tive resolution of M . One can see ([Mi97], Appendix to Chapter 4) for a proof
of this fact.

Theorem 4.7. For any G-module M one has

Hr(G,M) ∼= Hr(HomG(P·,M))

where Hr(HomG(P·,M)) indicates the cohomology groups arising from the com-
plex

0 // HomG(P0,M) // HomG(P1,M) // · · · .

This theorem shows that we can compute the cohomology groups by working
with this projective resolution rather then the injective resolution. We will now
see how this is advantageous.

An element f ∈ HomG(Pr,M) can be identified with a function f : Gr+1 →
M so that f(gg0, . . . , ggr) = gf(g0, . . . , gr) for all g, g0, . . . , gr ∈ G. Such a func-
tion is determined by its values on elements of the form (1, g1, g1g2, . . . , g1 · · · gr)
in Gr+1. (Looking at our functions on such elements will make things work out
nicer.) Set

φ(g1, . . . , gr) = f(1, g1, g1g2, . . . , g1 · · · gr).

The boundary maps are then given by

drφ(g1, . . . , gr+1) = g1φ(g2, . . . , gr+1) +
r∑
j=1

(−1)jφ(g1, . . . , gjgj+1, . . . , gr+1)

+ (−1)r+1φ(g1, . . . , gr).

Exercise 4.8. We say a homomorphism φ : G → M is a crossed homomor-
phism if φ(g1g2) = g1φ(g2) + φ(g1) for all g1, g2 ∈ G.

1. Let m ∈M . Show that the map g 7→ gm−m is a crossed homomorphism.
These are called the principle crossed homomorphisms.
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2. Show that

H1(G,M) =
{crossed homomorphisms G→M}

{principle crossed homomorphisms G→M}
.

3. Let G act on M trivially. Prove that H1(G,M) = HomG(G,M).

4.2 Hilbert’s Theorem 90

In this section we will prove one of the most useful results about group cohomol-
ogy, Hilbert’s Theorem 90. Let L/K be a finite Galois extension of fields and let
G = Gal(L/K). We can view L× as a G-module. When viewed as an additive
group, L is also a G-module. We will calculate the first cohomology groups of
L and L× in this section. First, we begin with some more preliminaries.

Let G be a group and H a subgroup of G. Let M be a H-module. We
now describe how to associate a G-module to M . Let IndGH(M) be the set of
maps ψ : G→ M so that ψ(hg) = hψ(g) for all h ∈ H, g ∈ G. Note that these
maps are not required to be homomorphisms. The set IndGH(M) is a G-module
with operations (ψ1 + ψ2)(g) = ψ1(g) + ψ2(g) and g1ψ(g2) = ψ(g2g1) for all
g, g1, g2 ∈ G,ψ, ψ1, ψ2 ∈ IndGH(M). We call IndGH(M) the module induced from
H. The following exercise is an important result and should be worked out in
detail.

Exercise 4.9. Let H be a subgroup of G, M a G-module, and N a H-module.
Prove that

HomG(M, IndGH(N)) ∼= HomH(M,N).

Let M be a G-module and consider Z as a G-module with trivial action.
Observe that

(4.1) HomG(Z,M) ∼= MG

as any homomorphism from Z into M is determined by the image of 1 and
conversely, something is the image of 1 if and only if it is fixed by G.

Proposition 4.10. (Shapiro’s Lemma) Let G be a group and H a subgroup.
For any H-module N , there is a canonical isomorphism

Hr(G, IndGH(N)) '−→ Hr(H,N)

for all r ≥ 0.

Proof. The case of r = 0 follows from equation (4.1) along with the previous
exercise. For r > 0, the result follows from the fact that IndGH is an exact functor
and preserves injectives.

Corollary 4.11. Let M be an induced G-module, i.e., M = IndG1 (M0) for some
abelian group M0. Then Hr(G,M) = 0 for all r > 0.
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Proof. We have
Hr(G,M) = Hr({1},M0) = 0

for all r > 0.

We will also need the Normal Basis Theorem. For a proof of this theorem,
see ([Mi97], pages 50-51.)

Theorem 4.12. (Normal Basis Theorem) Let L/K be a finite Galois extension
with Galois group G. There exists α ∈ L so that {σα : σ ∈ G} is a basis for L
as a K-vector space.

Proposition 4.13. Let L/K be a finite Galois extension with Galois group G.
Then Hr(G,L) = 0 for all r > 0.

Proof. As a G-module, we have that L ∼= K[G] by the Normal Basis Theorem
where K[G] is the group algebra. However, we have that IndG1 (K) ∼= K[G]
under the map ϕ 7→

∑
g∈G ϕ(g−1)g and so Hr(G,L) = Hr({1},K) = 1 for all

r > 0.

We will also need Dedekind’s theorem on the independence of characters.

Theorem 4.14. Let L be a field and H a group. Then any finite set {χi} of
distinct homomorphisms H → L× is linearly independent over L.

The next theorem and its corollary are both often referred to as Hilbert’s
Theorem 90.

Theorem 4.15. (Hilbert’s Theorem 90) Let L/K be a finite Galois extension
with Galois group G. Then H1(G,L×) = 0.

Proof. First, note that since L× is a group under multiplication, our notation
here will reflect this fact. Let φ ∈ H1(G,L×), i.e., φ(g1g2) = g2φ(g1)φ(g2) for
all g1, g2 ∈ G. For any x ∈ L×, set

y =
∑
g∈G

φ(g)g(x).

Observe that we can apply Theorem 4.14 to this situation with H = L× and
the g’s as our χi’s to obtain that there exists x ∈ L× so that y 6= 0.

Let g1 ∈ G. Then we have

g1y =
∑
g∈G

g1φ(g)g1g(x)

=
∑
g∈G

φ(g1)−1φ(g1g)g1g(x)

= φ(g1)−1y.

Now we use that y 6= 0 to conclude that

φ(g1) = y/g1(y) = g1(y−1)/y−1.

Thus we have that φ is trivial in H1(G,L×), completing the proof.
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Corollary 4.16. Let L/K be a finite cyclic Galois extension, i.e., L/K is a
Galois extension with a finite cyclic Galois group G. Let g generate G. If
NmL/K x = 1, then x is of the form gy/y.

Proof. This follows immediately from the fact that H1(G,L×) ∼= Ker(NmL/K)/(g−
1)L× in this case, which we now prove.

Consider the map Φ : H1(G,L×) → Ker(NmL/K)/(gL×/L×) given by φ 7→
φ(g). (One should note that often this is written as Ker(NmL/K)/(g − 1)L×,
mixing the multiplicative and additive notation in one equation!) Let φ ∈
H1(G,L×). Note that φ(1) = φ(1 · 1) = 1φ(1)φ(1) and so φ(1) = 1. Thus, we
have

1 = φ(gm)

= φ(gm−1g)

= gφ(gm−1)φ(g)

= g2φ(gm−2)φ(g)2

= · · ·
= NmL/K(φ(g)).

Thus, φ(g) ∈ Ker(NmL/K). Finally, we note that φ is trivial in H1(G,L×) if and
only if φ(g) = g(x)/x for some x ∈ L×, i.e., if and only if φ(g) ∈ (gL×/L×).

Before returning to more general results, we give an application of Hilbert’s
Theorem 90 to Kummer Theory, i.e., classifying the finite abelian extensions
of a field K of degree dividing n when µn ⊂ K×. First we need the following
result.

Exercise 4.17. Show that given an exact sequence of G-modules

0 // M1
// M2

// M3
// 0,

one has that the connecting homomorphism δ0 : MG
3 → H1(G,M1) given in

the long exact sequence of cohomology is given is follows: for m3 ∈ MG
3 , let

m2 ∈ M2 be an element mapping to m3 and define δ0(m3) to be the class in
H1(G,M1) defined by sending g 7→ gm2 −m2.

Let n be a positive integer and let K be a field containing µn, the nth roots
of unity. Let G = Gal(K/K). One has that the following sequence is exact:

1 // µn //
K
× n //

K
× // 1

where the n denotes the nth power map. The long exact sequence of cohomology
gives
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1 // µGn
// (K

×
)G

n // (K
×

)G // H1(G,µn) // H1(G,K
×

) // · · ·

The fact that µn ⊂ K gives that µGn = µn and (K
×

)G = K× by Galois
theory. We have that H1(G,K

×
) = 0 by using Hilbert’s Theorem 90 to get the

result for all finite extensions of K and then using that H1(G,K
×

) is the inverse
limit of trivial groups. Thus, the sequence becomes

1 // µn // K×
n // K× // H1(G,µn) // 0,

i.e., we have an isomorphism

H1(G,µn) ∼= K×/(K×)n.

The previous exercise (keeping in mind we are using multiplicative notation
here!) gives that for every x ∈ K× and g ∈ G, the element n

√
x in K

×
maps to

x in the long exact sequence and

φ(g) = g( n
√
x)/ n
√
x

defines an element in H1(G,µn). The kernel of this homomophism is K( n
√
x).

Observe that since µn ⊂ K we have that G acts trivially on µn and so
H1(G,µn) = HomG(G,µn). Since the action is trivial, as a G-module µn ∼=
Z/nZ and so H1(G,µn) ∼= HomG(G,Z/nZ). Given a G-module homomorphism
φ ∈ HomG(G,Z/nZ), we have that kerφ ⊂ G is a closed normal subgroup
and so corresponds via Galois theory to a finite extension Lφ of K. Moreover,
Gal(Lφ/K) ∼= Im(φ) ⊂ Z/nZ and so is necessarily a cyclic group of order
dividing n. Conversely, every such cyclic extension of K of over dividing n gives
a G-module homomorphism in HomG(G,Z/nZ). Thus, we have a bijection
between H1(G,µn) and cyclic extensions of K of degree dividing n. Combining
with what we showed above gives that the Kummer extensions (finite cyclic of
order dividing n) are given by L = K( n

√
x) for some x ∈ K×. Moreover, the

class of x ∈ K×/(K×)n is unique.

4.3 Changing the group

It is often valuable to have a way to compare the cohomology of different groups
as it may be easier to calculate for one of the groups. We have already seen this
applied several times in the context of Exercise 4.9. We will describe three more
comparison maps in this section: the restriction, corestriction, and inflation
maps.

Let G and H be a groups and let M be a G-module. Let f : H → G be a
homomorphism of groups. We can view M as a H-module via the map f . Let
P ·G and P ·H be the standard projective resolutions we used above to define the
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cohomology groups in terms of cocycles. The map f induces a homomorphism
of complexes P ·H → P ·G, which in turn gives a homomorphism Hr(G,M) →
Hr(H,M). (Note that the order of G and H is reversed here, be sure you
understand why!)

If we set H to be a subgroup of G and f to be the inclusion map, then the
induced map on cohomology is known as the restriction map:

Res : Hr(G,M)→ Hr(H,M).

Another natural map to consider is the projection map G→ G/H. In this case,
given a G-module M , we have that MH is a G/H-module. Thus, we have a map
on cohomology Hr(G/H,MH)→ Hr(G,MH). We obtain the inflation map by
composing this map with the one induced by the natural map MH →M :

Inf : Hr(G/H,MH)→ Hr(G,M).

The importance of these two maps follows from the following important
theorem.

Theorem 4.18. (Inflation-Restriction Sequence) Let H be a normal subgroup
of G and let M be a G-module. The sequence

0 // H1(G/H,MH)
Inf // H1(G,M)

Res // H1(H,M)

is exact.

Proof. Our first step is to show that the inflation map is an injection. Let
φ ∈ H1(G/H,MH) so that Inf(φ) = 0 in H1(G,M), i.e., there exists m ∈ M
so that Inf(φ)(g) = gm − m for all g ∈ G. Recall that Inf(φ) is in the map
induced from φ : G/H →MH via G→ G/H →MH →M . Thus, we have that
Inf(φ) is constant on the cosets of H in G and so ghm −m = gm −m for all
g ∈ G, h ∈ H. Taking g to be the identity we see that hm = m for all h ∈ H.
Thus, m ∈MH and so φ must be trivial in H1(G/H,MH) as claimed.

The next step is to show that Res ◦ Inf = 0. Let φ ∈ H1(G/H,MH). This is
clear. If ψ ∈ H1(G,M), then Res(ψ) = ψ|H . If φ ∈ H1(G/H,MH), then Inf(φ)
is trivial on H and so Res(Inf(φ)) = 0.

Finally, we need to show that the image of Inf is the kernel of Res. We have
just seen that the image is contained in the kernel, so it remains to show that
in fact that kernel is contained in the image. Let ψ ∈ H1(G,M) be such that
Res(ψ) = 0, i.e., there exists m ∈M so that Res(ψ)(h) = hm−m for all h ∈ H.
Our goal is to show that there exists φ ∈ H1(G/H,MH) so that Inf(φ) = ψ.
Recall that the map δ ∈ H1(G,M) given by δ(g) = gm − m for all g ∈ G is
trivial in H1(G,M). Thus, by looking at ψ − δ, we can assume that ψ|H = 0.
We know that for all g1, g2 ∈ G we have

ψ(g1g2) = ψ(g1) + g1ψ(g2).



52 CHAPTER 4. GROUP COHOMOLOGY

If we take g ∈ G and h ∈ H, then we have

ψ(gh) = ψ(g) + gψ(h) = ψ(g).

Thus, we have that ψ gives a map G/H →M . On the other hand, we also have

ψ(hg) = ψ(h) + hψ(g) = hψ(g).

We have that H is a normal subgroup of G, so for any g ∈ G, h ∈ H there exists
an hg ∈ H so that g−1hg = hg. Using this we have

hψ(g) = ψ(hg)
= ψ(ghg)
= ψ(g).

Thus, we have that ψ : G/H → MH and so ψ is in the image of the inflation
map, as desired.

One should note that even though we have only shown the result for r =
1, the sequence is also exact for the rth cohomology groups if one adds the
assumption that Hi

T(H,M) = 0 for all 1 ≤ i ≤ r − 1. We will use the more
general result later. The general case follows from the case r = 1 by induction.

The last functorial map of cohomology groups we will need is the corestric-
tion map. Let H be a finite index subgroup of G and let {g1, . . . , gn} be a set
of left coset representatives. Let M be a G-module and for any m ∈MH define
the norm from G to H of m by

NmG/H m =
n∑
i=1

gim.

This is independent of the coset representatives chosen and is easily seen to be
fixed by G. Thus, the map NmG/H is a homomorphism MH → MG. We now
see how this map can be extended to a map Hr(H,M)→ Hr(G,M) for all r.

Exercise 4.19. Show that the map ψ 7→
∑n
i=1 giψ(g−1

i ) is a homomorphism
from IndGH(M) to M .

Using this homomorphism, we have an induced map on the cohomology

Hr(G, IndGH(M)) −→ Hr(G,M).

Combining this map with the isomorphism Hr(H,M) ∼= Hr(G, IndGH(M)) given
by Shapiro’s lemma gives the corestriction map

Cor : Hr(H,M) −→ Hr(G,M).

Proposition 4.20. Let H be a subgroup of G of finite index with coset represen-
tatives {g1, . . . , gn}. The composite map Cor ◦Res is multiplication by [G : H].
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Proof. There is a natural map m 7→ ψm from M to IndGH(M) where ψm(g) =
gm. The map Cor ◦Res is the map induced from the maps M → IndGH(M)→M
given by

m 7→ ψm 7→
n∑
i=1

giψm(g−1
i ).

It is easy to see that

n∑
i=1

giψm(g−1
i ) =

n∑
i=1

m

= [G : H]m.

Exercise 4.21. If #G = n, then nHr(G,M) = 0 for r > 0.

Corollary 4.22. If G is a finite group and M is finitely generated as an abelian
group, then Hr(G,M) is finite.

Proof. From the definition of Hr(G,M) is it clear that it is finitely generated.
We now use the fact that it is killed by the order of G to conclude that it must
be finite.

For any abelian group G, the p-primary component of G is the set of elements
of G killed by some power of p. This group is denoted by G[p∞].

Corollary 4.23. Let G be a finite group and let Gp be the p-Sylow subgroup of
G. For any G-module M , the restriction map

Res : Hr(G,M) −→ Hr(Gp,M)

is injective on Hr(G,M)[p∞].

Proof. By definition we have that [G : Gp] is relatively prime to p. Since the
composite

Cor ◦Res : Hr(G,M) −→ Hr(Gp,M) −→ Hr(G,M)

is multiplication by [G : Gp], it is necessarily injective on Hr(G,M)[p∞] by
definition of the p-primary component. Thus, Res must also be injective on
Hr(G,M)[p∞] as well.

4.4 Cup Products

Let M and N be G-modules. We write M ⊗ N for M ⊗Z N considered as a
G-module with action given by g(m ⊗ n) = gm ⊗ gn for g ∈ G, m ∈ M and
n ∈ N .
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Theorem 4.24. There exists a unique family of bi-additive pairings

(φ, ψ) 7→ φ ∪ ψ : Hr(G,M)×Hs(G,N) −→ Hr+s(G,M ⊗N)

defined for all G-modules M and N and all integers r, s ≥ 0 satisfying the
following conditions:

1. these maps become morphisms of functors when the two sides are regarded
as covariant bifunctors on (M,N);

2. for r = s = 0, the pairing is

(m,n) 7→ m⊗ n : MG ⊗NG −→ (M ⊗N)G;

3. if

0 // M1
// M2

// M3
// 0

is an exact sequence of G-modules so that

0 // M1 ⊗N // M2 ⊗N // M3 ⊗N // 0

is exact, then
(δφ3) ∪ ψ = δ(φ3 ∪ ψ)

for φ3 ∈ Hr(G,M3) and ψ ∈ Hs(G,N) where δ denotes the appropriate
connecting homomorphism;

4. if

0 // N1
// N2

// N3
// 0

is an exact sequence of G-modules so that

0 // M ⊗N1
// M ⊗N2

// M ⊗N3
// 0

is exact, then
φ ∪ δψ3 = (−1)rδ(φ ∪ ψ3)

for φ ∈ Hr(G,M) and ψ3 ∈ Hs(G,N3) where δ denotes the appropriate
connecting homomorphism.

Proof. See Theorem 4 in the Cohomology of Groups section of [CF67].
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Proposition 4.25. We have the following formulas:

1. (φ ∪ ψ) ∪ χ = φ ∪ (ψ ∪ χ);

2. φ ∪ ψ = (−1)rsψ ∪ φ;

3. Res(φ ∪ ψ) = Res(φ) ∪ Res(ψ);

4. Cor(φ ∪ Res(ψ)) = Cor(φ) ∪ ψ.

Proof. Again, one can see [CF67] for a complete proof.

4.5 Profinite Groups

Let G be a profinite group, i.e., G is a compact topological group for which the
open normal subgroups form a fundamental system of open neighborhoods of
1. For example, let L/K be a Galois extension of fields (not necessarily finite),
then G = Gal(L/K) is a profinite group. In this case the open subgroups are
precisely those that fix a finite extension of K sitting in L. A finite group given
the discrete topology is also a profinite group. In this section we give a brief
account of how our notions of cohomology can be adapted to handle profinite
groups as well. This will be important so that we can extend the results we
obtain about finite Galois groups to those of infinite Galois groups.

When given a profinite group, we consider only the G-modules for which the
action of G on M is a continuous map when M is given the discrete topology.
Such a G-module is referred to as a discrete module. The category of discrete
modules is an abelian category with enough injectives, so we can define coho-
mology groups just as before, writing Hr

cts(G,M). Note that if G is finite the
continuous cohomology groups coincide with the cohomology groups we have
been using up to this point. The continuous cohomology groups behave much
the same as the cohomology groups we have been dealing with. For example,
one still has the Res, Cor, and Inf maps. The following propositions will be
particularly important for us.

Proposition 4.26. The maps

Inf : Hr(G/H,MH) −→ Hr
cts(G,M)

realize the continuous cohomology group as the direct limit of the groups Hr(G/H,MH)
where the H run over the open normal subgroups of G, i.e., we have

lim−→Hr(G/H,MH) = Hr
cts(G,M).

Proposition 4.27. Let G be a profinite group and M a discrete G-module. If
M = lim−→Mi where Mi ⊂M , then

Hr(G,M) = lim−→Hr(G,Mi).
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We omit the proofs of these facts, but they follow readily from the fact that
direct limits commute with the formation of cohomology groups. From now on
we deal strictly with continuous cohomology. As such, we drop the cts from the
notation. As there is no difference for finite groups, the fact that we are using
continuous cohomology will not become important until the next chapter.

4.6 Homology Groups

Though cohomology is our main tool for proving the results of local class field
theory, it will be necessary to use homology groups to define the “Tate Groups”,
which will be very important in our proofs. The notion of homology groups is
dual to that of cohomology groups, and since we studied those in some detail
the study of homology will very cursory at best.

Let G be a group and M a G-module. Let IG = {g− 1 : g ∈ G}, i.e., IG fits
into the exact sequence

0 // IG // Z[G] // Z // 0

where the map Z[G] → Z is given by
∑
ngg 7→

∑
ng, and consider the sub-

module MG = M/IGM of M . This is the largest quotient of M on which G
acts trivially, the dual notion to that of MG. The functor sending M to MG

is a right exact functor. To define the homology groups, we take a projective
resolution

· · · // P2
d2 // P1

d1 // P0
// M // 0

of M . The complex

· · · // (P2)G
d2 // (P1)G

d1 // (P0)G // MG
// 0

is no longer exact, and so we define the homology groups as

Hr(G,M) = Ker(dr)/ Im(dr+1).

These groups have the same properties as the cohomology groups, just dualized.
For example, given a short exact sequence of G-modules

0 // M1
// M2

// M3
// 0,

one obtains a long exact sequence of homology groups
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· · · // Hr(G,M2) // Hr(G,M3)
δr // Hr−1(G,M1) // · · · // H0(G,M3) // 0.

In some instances it may be easiest to use the resolution P · we used to
give the description of the cohomology groups in terms of cocycles to define the
homology as well. This can be done as follows. Recall that P · was the exact
sequence

· · · // Pr // · · · // P1
// P0

// Z // 0

defined as in section 4.1. We can tensor this sequence with M and it remains
exact giving

· · · // Pr ⊗M // · · · // P1 ⊗M // P0 ⊗M // M // 0.

Now we can apply the above construction to this resolution of M to define the
homology groups.

As in the case of cohomology groups, one can show that Hr(G,M) = 0 for
r > 0 if M is an induced module. This shows that Hr(G,Z[G]) = 0 for r > 0
with Z having a trivial G-action since we saw before that Z[G] = IndG1 Z. Using
the long exact sequence defining IG, we have the following long exact sequence
of homology

0 // H1(G,Z) // IG/I2
G

// Z[G]/IGZ[G] // Z // 0.

The map IG/I2
G → Z[G]/IGZ[G] is induced from the inclusion map IG → Z[G],

and so has image 0. Thus, we obtain that H1(G,Z) ∼= IG/I
2
G and Z[G]/IGZ[G] ∼=

Z.

Exercise 4.28. Let Gab be the largest abelian quotient of G, i.e., it is G/[G,G].
Show that the map g 7→ (g − 1) + I2

G induces an isomorphism

Gab '−→ IG/I
2
G.

Corollary 4.29. There is a canonical isomorphism

H1(G,Z) '−→ Gab.

4.7 The Tate Groups

Throughout this section we let G be a finite group. Recall that for any G-module
M , we defined the norm map NmG : M →M by

m 7→
∑
g∈G

gm.
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Given g1 ∈ G, it is clear that as G runs through all elements of G, so does g1g.
Thus, we have

NmG(gm) = NmG(m) = g(NmG(m)).

In particular, this shows that Im(NmG) ⊂MG. We also see that (g−1) NmG = 0
and so IGM ⊂ Ker(NmG). Combining these two facts shows that the norm map
defines a homomorphism

NmG : H0(G,M) −→ H1(G,M).

Let

0 // M1
// M2

// M3
// 0

be a short exact sequence of G-modules. We then obtain a diagram

H1(G,M3) // H0(G,M1)

NmG

��

// H0(G,M2)

NmG

��

// H0(G,M3)

NmG

��

// 0

0 // H0(G,M1) // H0(G,M2) // H0(G,M3) // H1(G,M1) // · · · .

Applying the Snake lemma to the middle of this diagram gives the long exact
sequence of Tate cohomology groups

· · · // Hr
T(G,M1) // Hr

T(G,M2) // Hr
T(G,M3)

δr // Hr+1
T (G,M1) // · · ·

for all −∞ < r <∞ where the Tate cohomology groups are defined by

Hr
T(G,M) :=


Hr(G,M) r > 0
MG/NmG(M) r = 0
Ker(NmG)/IGM r = −1
H−r−1(G,M) r < −1.

It turns out that most of the results we have talked about for the groups
Hr(G,M) apply to Hr

T(G,M) as well. (Of course, all of them for r > 0 apply!)
For instance, we still have restriction, corestriction, and inflation maps and
Cor ◦Res is still multiplication by [G : H]. Cup products also extend in a
natural way to the Tate cohomology groups, see [CF67] for example.

We now consider Z,Q, and Q/Z as G-modules with a trivial G-action and
compute the relevant Tate groups that we will need for the proofs of the local
class field theory results in Chapter 5.

Lemma 4.30. Let G be a finite group.
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1. Hr
T(G,Q) = 0 for all r;

2. H0
T(G,Z) = Z/[G : 1]Z and H1

T(G,Z) = 0;

3. there is a canonical isomorphism

HomG(G,Q/Z) −→ H2
T(G,Z).

Proof. Note that for any positive integer m the multiplication by m map m :
Q → Q is an isomorphism. Thus, for any integer r we have that Hr(m) :
Hr

T(G,Q) → Hr
T(G,Q) is also an isomorphism (it is also just multiplication by

m.) Since G is assumed to be finite, we can set m = #G. However, this gives
that multiplication by m is an isomorphism and also the zero map. This implies
that we must have Hr

T(G,Q) = 0.
We now consider the case of M = Z. Observe that since ZG = Z, the norm

map on Z is just multiplication by m = #G. Thus, H0
T(G,Z) = ZG/NmG(Z) =

Z/mZ, as claimed. We have seen before that H1(G,Z) = HomG(G,Z). Let
φ ∈ HomG(G,Z). Let g ∈ G be an element other then the identity. We have
that gm = e, and so 0 = φ(e) = φ(gm) = mφ(g). However, Z is torsion free so
it must be that φ(g) = 0.

Finally, consider the short exact sequence

0 // Z // Q // Q/Z // 0.

If we look at the associated long exact sequence of cohomology we get

H1
T(G,Q) // H1

T(G,Q/Z) // H2
T(G,Z) // H2

T(G,Q).

Using that Hr
T(G,Q) = 0 and H1

T(G,Q/Z) = HomG(G,Q/Z), we get the final
claim.

Proposition 4.31. Let G be a finite cyclic group and M a G-module. Then
for all r there exists an isomorphism

Hr
T(G,M) '−→ Hr+2

T (G,M)

depending only on the choice of generator of G.

Proof. Let g generate G with #G = m. Let N = 1 + g + g2 + · · ·+ gm−1. The
fact that G is cyclic of order m gives that N(g − 1) = (g − 1)N = gm − 1 = 0.
Thus, we obtain a particularly simply resolution
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· · · g−1 // Z[G] N // Z[G]
g−1 // Z[G] // Z // 0.

We can use that HomG(Z[G],M) ∼= M to get the complex

· · · N // M
g−1 // M

N // M
g−1 // M // 0.

From this it is clear that

H2r(G,M) ∼= MG/NM,

H2r+1(G,M) ∼= Ker(N)/IGM,

for r > 0 where Ker(N) is the kernel of the map N : M →M .
To calculate the homology groups, we use the above projective resolution

and tensor up first with M obtaining

· · · g−1 // Z[G]⊗M N // Z[G]⊗M
g−1 // Z[G]⊗M // M // 0.

We now apply the functor used to define homology

· · · g−1 // (Z[G]⊗M)G
N // (Z[G]⊗M)G

g−1 // (Z[G]⊗M)G // 0.

Observe that (Z[G] ⊗M)G ∼= Z[G] ⊗GM ∼= M , and so we obtain the complex
used to define the cohomology. Thus, we have

H2r
T (G,M) ∼= MG/NM,

H2r+1
T (G,M) ∼= Ker(N)/IGM

for all r 6= 0,−1. The following exercise then completes the proof.

Exercise 4.32. Show that the result holds true for r = 0,−1 by using the
connecting homomorphism NmG.

In fact, we can specify the map between cohomology groups. Recall that
H2(G,Z) ∼= HomG(G,Q/Z). Let γ ∈ H2(G,Z) be the element that maps to
the map sending g (the generator of G) to 1/m. Then the map Hr

T(G,M) →
Hr+2

T (G,M) is φ 7→ φ ∪ γ.
For G a finite cyclic group and M a G-module, if H0

T(G,M) and H1
T(G,M)

are both finite, we define the Herbrand quotient to be

h(M) =
# H0

T(G,M)
# H1

T(G,M)
.
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Proposition 4.33. Let

0 // A // B // C // 0

be an exact sequence of G-modules with G a finite cyclic group. If two of the
three Herbrand quotients h(A), h(B), h(C) are defined, then so is the third and

h(B) = h(A)h(C).

Proof. We apply the previous proposition to turn the long exact sequence of
Tate cohomology groups into the following exact hexagon:

H0
T(G,A) // H0

T(G,B)

&&MMMMMMMMMM

H1
T(G,C)

88qqqqqqqqqq
H0

T(G,C)

xxqqqqqqqqqq

H1
T(G,B)

ffMMMMMMMMMM

H1
T(G,A)oo

Suppose for example that Hi
T(G,A) and Hi

T(G,B) are finite for i = 0, 1. Let M1

be the image of H0
T(G,A) in H0

T(G,B), and so on around the hexagon. We have
that M2 and M3 are finite groups, M2 because it is the homomorphic image of
a finite group and M3 because it sits in a finite group. We have that sequence

0 // M2
// H0

T(G,C) // M3
// 0

is exact. Thus, we have that H0
T(G,C) is finite. Similarly we obtain that

H1
T(G,C) is finite. If we set mi to be the order of Mi, then we have that

the orders of the group H0
T(G,A) = m6m1, etc. This gives the claim that

h(B) = h(A)h(C).

Proposition 4.34. Let G be as above and let M be a finite G-module, i.e., it
is a finitely generated G-module. Then h(M) = 1.

Proof. Recall that we saw for a finite group and a finitely generated module that
all the cohomology groups are finite, so this statement makes sense. Consider
the exact sequences

0 // MG // M
g−1 // M // MG

// 0,
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0 // H1
T(G,M) // MG

NmG // MG // H0
T(G,A) // 0.

The first shows that MG and MG have the same order and the second shows
that H0

T(G,M) and H1
T(G,M) have the same order.

Exercise 4.35. Let M1 and M2 be G-modules, f : M1 → M2 a G-module
homomorphism with finite kernel and cokernel. If either h(M1) or h(M2) is
defined, then so is the other and they are equal.

Our reason for introducing the Tate cohomology groups is Tate’s theorem.
In order to prove Tate’s theorem we will need the following exact sequence. Let
M be a G-module and let M0 be M considered only as an abelian group, i.e., we
ignore the G-action. We can then consider the induced module M∗ = IndG1 (M0).

Exercise 4.36. 1. Show that M∗ ∼= Z[G]⊗ZM0 via the map ϕ 7→
∑
g∈G g⊗

ϕ(g−1).

2. Show that M∗ surjects onto M via the map ϕ 7→
∑
g∈G gϕ(g−1).

Let M ′ be the kernel of the surjective homomorphism M∗ onto M , i.e., we
have the exact sequence

0 // M ′ // M∗ // M // 0.

We will use this exact sequence in the proof of the following theorem.

Theorem 4.37. Let G be a finite group and M a G-module. If

H1
T(H,M) = H2

T(H,M) = 0

for all subgroups H of G, then Hr
T(G,M) = 0 for all r ∈ Z.

Proof. The result follows from the assumption and Proposition 4.31 if G is a
cyclic group. We now consider the case when G is a solvable group and proceed
by induction on the order of G. The base case is true. Thus, assume the result is
true for all groups of order less then G. Since G is a solvable group by definition
there exists a proper normal subgroup H so that G/H is cyclic. The fact that H
has order less then G gives that we can apply the induction hypothesis to (H,M)
and so Hr

T(H,M) = 0 for all r ∈ Z. We have that H1
T(G,M) = H2

T(G,M) = 0
by assumption. We can now consider the Inflation-Restriction exact sequence:

0 // Hr
T(G/H,MH) Inf // Hr

T(G,M) Res // Hr
T(H,M)

for all r ≥ 1. This shows that H1
T(G/H,MH) = H2

T(G/H,MH) = 0. Now
we use Proposition 4.31 and the fact that G/H is cyclic to conclude that
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Hr
T(G/H,MH) = 0 for all r ≥ 1. We again use the Inflation-Restriction se-

quence to conclude that Hr
T(G,M) = 0 for all r ≥ 1.

We now show that H0
T(G,M) = MG/NmG(M) = 0. Let x ∈MG. We know

that H0
T(G/H,MH) = 0 and so there exists a y ∈ MH so that NmG/H(y) = x

by the definition of H0
T(G/H,MH). Similarly, since H0

T(H,M) = 0 we know
that there exists a z ∈M so that NmH(z) = x. We now just use the fact that

NmG(z) = (NmG/H ◦NmG)(z) = x

to see that H0
T(G,M) = 0.

It remains to deal with the case of negative r. Consider the exact sequence
discussed above:

0 // M ′ // M∗ // M // 0.

The fact that M∗ is an induced module we know that Hr
T(G,M∗) = 0 for all r

and all subgroups H of G. Thus, we obtain

Hr
T(H,M ′) = Hr−1

T (H,M)

for all r and all subgroupsH ofG. We can now apply what we have shown above,
i.e., that Hr

T(G,M) = 0 for all r ≥ 0 to conclude that Hr
T(G,M ′) = 0 for all

r ≥ 1. In particular, this shows that the pair (G,M ′) satisfies the hypotheses of
the theorem and so by what we have shown above, Hr

T(G,M ′) = 0 for all r ≥ 0.
We now use that H0

T(G,M ′) = H−1
T (G,M) to obtain that H−1

T (G,M) = 0.
Thus, our induction now shows that for (G,M) satisfying the hypotheses of the
theorem that Hr

T(G,M) = 0 for r ≥ −1. Apply this result again to (G,M ′) to
obtain H−2

T (G,M) = 0. Continuing like this we obtain Hr
T(G,M) = 0 for all

r ∈ Z.
It now remains to deal with the general case. Let G be an arbitrary finite

group. Let p be a prime and Gp the p-Sylow subgroup of G. If (G,M) satisfies
the hypotheses of the theorem, then so does (Gp,M). The fact that Gp is a
p-group gives that it is a solvable group, and so we can apply what we have just
shown to conclude that Hr

T(Gp,M) = 0 for all r ∈ Z. We now apply Corollary
4.23 (in the case of Tate cohomology, it generalizes easily) to conclude that for
every r ∈ Z and every prime p, Hr

T(G,M)[p∞] = 0. Thus, for each prime p the
p-part of the group Hr

T(G,M) = 0 and so necessarily we have Hr
T(G,M) = 0

for all r ∈ Z.

Theorem 4.38. (Tate’s Theorem) Let G be a finite group and M a G-module.
Suppose that for all subgroups H of G we have

1. H1
T(H,M) = 0 and

2. H2
T(H,M) is cyclic of order [H : 1].
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Then for every r ∈ Z there is an isomorphism

Hr
T(G,Z) −→ Hr+2

T (G,M)

depending only on the choice of a generator for H2
T(G,M).

Before we prove this theorem, we see how it will be useful for us in proving
the results of local class field theory. Let Kυ be a local field, L a finite extension
of Kυ, and G = Gal(L/Kυ). In the next chapter we will show that H2

T(G,L×)
is cyclic of order [L : K] with a canonical generator uL/K . Hilbert’s theorem 90
gives that H1

T(G,L×) = 0, so Tate’s theorem gives that the cup product with
uL/K gives an isomorphism between H−2

T (G,Z) '−→ H0
T(G,L×). In particular,

combining this with what we’ve already shown will give

Gab ∼= H1(G,Z) = H−2
T (G,Z) '−→ H0

T(G,L×) = K×υ /Nm(L×).

In particular, if Gal(L/Kυ) is abelian, then this shows that K×υ /Nm(L×) ∼=
Gal(L/Kυ).

Proof. (of Tate’s Theorem) Let γ ∈ H2
T(G,M) be a generator. For any subgroup

H of G, we have that Res(γ) is a generator of H2
T(H,M). This follows from the

fact that Cor ◦Res = [G : H] and the assumption that H2
T(H,M) is cyclic of

order [H : 1] for all subgroups H.
Let φ be a cocycle representing γ. Let Z be the free abelian group having

the symbols xσ as a basis where σ ∈ G, σ 6= 1. Set M(φ) = M ⊕ Z and extend
the action of G to an action on M(φ) by setting

σ(m,xτ ) = (σm+ φ(σ, τ), xστ − xσ)

and then extending linearly. One can check this is an action by first observing
that

στ(m,xρ) = (στm+ φ(στ, ρ), xστρ − xστ )

and

σ(τ(m,xρ)) = σ(τm+ φ(τ, ρ), xτρ − xτ )
= σ(τm+ φ(τ, ρ), xτρ)− σ(0, xτ )
= (στm+ σφ(τ, ρ) + φ(σ, τρ), xστρ − xσ)− (φ(σ, τ), xστ − xσ)
= (στm+ σφ(τ, ρ) + φ(σ, τρ)− φ(σ, τ), xστρ − xστ ).

Thus, we have

στ(m,xρ)− σ(τ(m,xρ)) = (φ(στ, ρ)− σφ(τ, ρ)− φ(σ, τρ) + φ(σ, τ), 0).

We now just use that φ ∈ H2
T(G,M) = H2(G,M) to see that

φ(στ, ρ)− σφ(τ, ρ)− φ(σ, τρ) + φ(σ, τ) = 0

(this is the cocycle condition for the second cohomology group!)
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0 // IG // Z[G] // Z // 0.

Recall the exact sequence

We know that Hr
T(H,Z[G]) = 0 for all r ∈ Z as Z[G] is an induced module, and

so the long exact sequence of Tate cohomology groups gives

H1
T(H, IG) ∼= H0

T(H,Z) ∼= Z/[H : 1]Z,
H2

T(H, IG) ∼= H1
T(H,Z) = 0

where we use that H1
T(H,Z) = 0 for all finite groups H. Set f : M(φ) → Z[G]

to be the linear extension of the map given by f((m,xτ )) = τ −1 for all m ∈ M,
xτ ∈ Z. This map gives an exact sequence of G-modules:

0 // M // M(φ)
f // IG // 0.

We can use the associated long exact sequence of Tate cohomology groups to
show that

H1
T(H,M(φ)) = H2

T(H,M(φ)) = 0.

The long exact sequence is given by

0 // H1
T(H,M(φ)) // H1

T(H, IG) // H2
T(H,M) // H2

T(H,M(φ)) // 0

where we obtain the zeroes on the end by virtue of the fact that H1
T(H,M) = 0

by assumption and H2
T(H, IG) = 0 by what we have shown above. We claim

that the map H2
T(H,M) → H2

T(H,M(φ)) is the zero map. Consider the map
ψ : G→M(φ) given by ψ(σ) = (0, xσ). One has that

d1ψ(σ, τ) = σψ(τ)− ψ(στ) + ψ(σ)
= (φ(σ, τ), 0).

This shows that φ is in the image of the boundary map d1 used to define the
cohomology groups Hr(G,M(φ)). In particular, this shows that φ is trivial in
H2

T(G,M(φ)). However, we know that H2
T(H,M) is generated by Res(γ), which

maps to the restriction of γ in H2
T(H,M(φ)), which is zero. Thus, we must have

that H1
T(H, IG) → H2

T(H,M) is an onto map. Since each of these groups has
order [H : 1], it must be that this map is an isomorphism and so the kernel and
cokernel must both be 0, namely, H1

T(H,M(φ)) and H2
T(H,M(φ)). This fact,

combined with Theorem 4.37 gives that Hr
T(G,M(φ)) = 0 for all r ∈ Z.

To finish the proof, we combine the two short exact sequences used above to
conclude that Hr

T(G,Z) ∼= Hr+1
T (G, IG) and Hr+1

T (G, IG) ∼= Hr+2
T (G,M). Thus,

we have
Hr

T(G,Z) ∼= Hr+2
T (G,M)
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for all r ∈ Z.



Chapter 5

Main Results of Local Class
Field Theory

5.1 Statements of the theorems

We briefly state here the main results of local class field theory. In the next
section we will use the group cohomology theory developed in the previous
chapter to give proofs of these results. The notation here is that of Chapter 3.

For Kυ a nonarchimedean local field, let Kab
υ be the maximal abelian ex-

tension of Kυ, i.e., the union of all finite abelian extensions of Kυ contained in
Kυ. The first theorem is generally referred to as the “Local Reciprocity Law”.

Theorem 5.1. Let Kυ be a nonarchimedean local field. There is a unique group
homomorphism

φKυ : K×υ −→ Gal(Kab
υ /Kυ)

satisfying the following properties:

1. for $υ a uniformizer of Kυ, φKυ ($υ) acts on Kur
υ as FrobKυ ;

2. for any finite abelian extension L of Kυ, the kernel of x 7→ φKυ (x)|L
contains NmL/Kυ (L×) and φKυ induces an isomorphism

φL/Kυ : K×υ /Nm(L×) −→ Gal(L/Kυ).

Given L/Kυ a finite abelian extension, the Local Reciprocity Law gives that
φL/Kυ ($υ) = FrobL/Kυ for any uniformizer $υ of Kυ. In fact, one could phrase
part (1) in terms of the restriction of φKυ ($υ) to L if one wished. The map φKυ
is known as the local Artin map, the local reciprocity map, or the norm residue
symbol.

Let u ∈ O×υ . The fact that u$υ is still a uniformizer for any uniformizer
$υ combines with part (1) of the Local Reciprocity Law to show that O×υ
lies in the kernel of x 7→ φKυ (x)|Kur

υ
. In particular, this shows that the map

φKυ : K×υ → Gal(Kur
υ /Kυ) factors through the maps

67
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K×υ
ordKυ // Z

n 7→FrobnKυ // Gal(Kur
υ /Kυ).

Theorem 5.2. Let N be a subgroup of K×υ . The subgroup N is of the form
NmL/Kυ (L×) for some finite abelian extension L/Kυ if and only if N is of finite
index and open.

Exercise 5.3. Prove that if Kυ has characteristic 0, then every subgroup of K×υ
that is of finite index is necessarily open. (This is not the case if char(Kυ) =
p > 0.)

Exercise 5.4. The map L 7→ NmL/Kυ (L×) gives a bijection between the set of
finite abelian extensions of Kυ and the set of open subgroups of finite index in
K×υ . Moreover, one has

1. L1 ⊂ L2 if and only if NmL/Kυ (L×1 ) ⊃ NmL2/Kυ (L×2 );

2. NmL1L2/Kυ (L1L2) = NmL1/Kυ (L×1 ) ∩NmL2/Kυ (L×2 );

3. Nm(L1∩L2)/Kυ (L1 ∩ L2) = NmL1/Kυ (L1) NmL2/Kυ (L×2 ).

(Hint: First consider a finite abelian extension E/Kυ and subfields of E. One
can use the Local Reciprocity Law to phrase this exercise in terms of Galois
theory. From there, just let E grow to get the final result.)

The following theorem shows that while local class field theory classifies the
abelian extensions of a local field in terms of norm groups, this approach cannot
be extended to obtain results about nonabelian extensions.

Theorem 5.5. (Norm Limitation Theorem) Let E be a finite Galois extension
of Kυ and let L be the largest abelian extension of Kυ contained in E. Then

NmE/Kυ (E×) = NmL/Kυ (L×).

Proof. We know that NmE/Kυ = NmE/L ◦NmL/Kυ and so NmE/Kυ (E×) ⊂
NmL/Kυ (L×). However, we also have that Gal(E/Kυ)ab = Gal(L/Kυ) and so
we have

K×υ /NmL/Kυ (L×) = Gal(L/Kυ) = Gal(E/Kυ)ab = K×υ /NmE/Kυ (E×).

Since we have NmE/Kυ (E×) ⊂ NmL/Kυ (L×) and both of the norm groups have
the same index in K×υ , we must have equality.

5.2 The fundamental class

Our first goal in this section is to prove the following theorem.

Theorem 5.6. Let L/Kυ be a finite Galois extension of degree n with Galois
group G. Then H2

T(L/Kυ) is cyclic of order n.
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We begin by showing that the cohomology of the units is trivial. To prove
this we need several lemmas.

Lemma 5.7. Let L/Kυ be a finite unramified extension and let m > 0. Then
we have

O×L /(1 + mL) '−→ l×

(1 + mm
L )/(1 + mm+1

L ) '−→ l

as G-modules where l is the residue field of L.

Proof. Note that since L/Kυ is unramified, $υ is also a uniformizer of L and
so we can write

(1 + mm
L ) = {1 + a$m

υ : a ∈ OL}.
The isomorphisms then follow readily from the maps

O×L → l×

u 7→ u( mod mL)

and

(1 + mm
L )→ l

(1 + a$m
υ ) 7→ a( mod mL).

Lemma 5.8. Let L/Kυ be a finite unramified extension. For all r ∈ Z,
Hr

T(G, l×) = 0.

Proof. We know that H1
T(G, l×) = 0 by Hilbert’s Theorem 90. The fact that

l× is finite, so in particular it is a finite G-module implies that the Herbrand
quotient h(l×) = 1 (see Proposition 4.34.) Thus, by the definition of the Her-
brand quotient we see that H0

T(G, l×) = 0. However, since L/Kυ is unramified,
it is necessarily cyclic and so we can apply Proposition 4.31 to conclude that
Hr

T(G, l×) = 0 for all r ∈ Z.

Note that the previous lemma implies that the norm map from l× → k×υ is
surjective. To see this, recall that since L/Kυ is unramified we have Gal(L/Kυ) ∼=
Gal(l/kυ). Thus, the norm map NmG : H0(G, l×) → H0(G, l×) is precisely the
usual norm map. We have that H0

T(G, l×) = 0 from the previous lemma, but we
also know that H0

T(G, l×) = (l×)G/NmG(l×) = k×υ /NmG(l×). Thus, we must
have k×υ = NmG(l×) as claimed.

Lemma 5.9. Let L/Kυ be a finite unramified extension. The groups Hr
T(G, l) =

0 for all r ∈ Z.

Proof. We begin by observing again that since L/Kυ is unramified, we have G ∼=
Gal(l/kυ). This allows us to use Proposition 4.13 to conclude that Hr

T(G, l) = 0
for all r ≥ 0. Now we just use that G is cyclic along with Proposition 4.31 to
finish the proof.
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Exercise 5.10. For L/Kυ finite and unramified, show that the trace map l −→
kυ is surjective.

Proposition 5.11. Let L/Kυ be a finite unramified extension. The norm map
NmL/Kυ : O×L → O×υ is surjective.

Proof. Let u ∈ O×υ . We have shown that the norm map from l× → k×υ is
surjective. We also have that l× ∼= O×L /(1 + mL) and similarly for k×υ . This
allows us to find v0 ∈ O×L so that Nm(v0)(1 + mυ) = u(mod 1 + mυ), i.e.,
u/Nm(v0) ∈ (1 + mυ). We also showed that l ∼= (1 + mi

L)/(1 + mi+1
L ) for all

i ≥ 1 and similarly for kυ. Combining this with the surjectivity of the trace map
gives that the norm map (1 + mL)/(1 + m2

L)→ (1 + mυ)/(1 + m2
υ) is surjective.

As such, we can find v1 ∈ (1+mL) so that Nm(v1)(1+m2
υ) = u/Nm(v0)(1+m2

υ),
i.e., u/Nm(v0v1) ∈ (1+m2

υ). We now continue in this pattern to form a sequence
v0, v1, . . . , vn ∈ (1 + mn

υ) so that u/Nm(v0 · · · vn) ∈ (1 + mn+1
υ ). Now just set

v =
∏∞
i=0 vi and observe that u/Nm(v) ∈

⋂∞
i=0(1 + mi

υ) = {1}. Thus, the norm
map is surjective.

Corollary 5.12. Let L/Kυ be an arbitrary unramified extension with Galois
group G (we no longer require finite!) We have

Hr
T(G,O×L ) = 0

for all r ∈ Z when G is finite and for all r > 0 when G is infinite.

Proof. First suppose that L/Kυ is a finite unramified extension. Recall that

L× ∼= O×L ×$
Z
υ

where we use that $υ is a uniformizer of L since L/Kυ is unramified. Thus,
we have Hr

T(G,L×) = Hr
T(G,O×L )⊕Hr

T(G,$Z
υ). However, Hilbert’s theorem 90

gives that H1
T(G,L×) = 0 and so H1

T(G,O×L ) = 0. We now use the previous
proposition that the norm map from O×L to O×υ is surjective to obtain that
H0

T(G,O×L ) = 0. The fact that G is necessarily cyclic combines with Proposition
4.31 to give the result for finite unramified extensions.

Suppose now that L/Kυ is unramified and possibly infinite. We no longer
have well-defined Tate cohomology groups for r < 0, but we can work with
continuous cohomology groups for r > 0. In this case we have that

Hr(G,O×L ) = lim−→
K′

Hr
T(Gal(K ′/K),O×K′)

where the limit is over finite unramified extensions of K contained in L. Since
each term of the limit is 0, we have the result.

Note that the previous result shows that Hr(Gal(Kur
υ /Kυ),O×Kur

υ
) = 0 for

Kur
υ the maximal unramified extension of Kυ.

The decomposition L× ∼= O×L ×$Z
υ can be rewritten as an exact sequence
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0 // O×L // L×
ordL // Z // 0.

The long exact sequence of cohomology along with Corollary 5.12 gives that

H2
T(G,L×) ∼= H2

T(G,Z).

Recall we also have an isomorphism

H1
T(G,Q/Z) δ−→ H2

T(G,Z)

given in Lemma 4.30. Since the G-action on Q/Z is the trivial one, we have

H1
T(G,Q/Z) ∼= Homcts(G,Q/Z).

Let L/Kυ have degree n <∞. Recall that G is then a finite cyclic group of
order n generated by FrobL/Kυ . One can then see that the map

f 7→ f(FrobL/Kυ ) : Hom(G,Q/Z) −→ Q/Z

is an isomorphism from Hom(G,Q/Z) onto the unique cyclic subgroup 1
nZ/Z

of order n of Q/Z.
Now suppose that L/Kυ has infinite degree. In this case we have that G is

the closure of the group {FrobiL/Kυ : i ∈ Z} and the map

(5.1) f 7→ f(FrobL/Kυ ) : Homcts(G,Q/Z) −→ Q/Z

is an isomorphism from Homcts(G,Q/Z) onto an infinite subgroup of Q/Z.

Exercise 5.13. Let L = Kur
υ . Show that the map given in equation (5.1) gives

an isomorphism between Homcts(G,Q/Z) and Q/Z.

Set H2
T(L/Kυ) = H2

T(Gal(L/Kυ), L×) for any extension of fields L/Kυ. We
can now define the invariant map invL/Kυ : H2

T(G,L×) −→ Q/Z by

H2
T(L/Kυ) '−→ H2

T(G,Z) δ−1

−→
'

H1
T(G,Q/Z) = Homcts(G,Q/Z)

γL/Kυ−→ Q/Z

where γL/Kυ is the map given by γL/Kυ : f 7→ f(FrobL/Kυ ). Note that for
L = Kur

υ , the invariant map invKυ := invKur
υ /Kυ

is a canonical isomorphism
between H2

T(Kur
υ /Kυ) and Q/Z so such that if E/Kυ is a finite unramified

extension of degree n, then invKυ induces an isomorphism H2
T(E/Kυ) ∼= 1

nZ/Z.

Exercise 5.14. Let Kυ ⊂ E ⊂ F be a tower of fields with both E and F
contained in Kur

υ . Prove that the diagram

commutes.

Proposition 5.15. Let L/Kυ be a finite extension of degree n. (We are not
assuming unramified here!) The following diagram commutes:
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H2
T(E/Kυ)

Inf

��

invE/Kυ // Q/Z

=

��
H2

T(F/Kυ)
invF/Kυ // Q/Z

H2
T(Kur

υ /Kυ)

invKυ
��

Res // H2
T(Lur/L)

invL

��
Q/Z n // Q/Z.

H2
T(Kur

υ /Kυ)

Res

��

ordKυ // H2
T(ΓKυ ,Z)

δ−1
//

e·Res

��

Homcts(ΓKυ ,Q/Z)

e·Res

��

γKυ // Q/Z

n

��
H2

T(Lur/L)
ordL // H2

T(ΓL,Z)
δ−1

// Homcts(ΓL,Q/Z)
γL // Q/Z.

Proof. Set ΓKυ = Gal(Kur
υ /Kυ) and similarly for ΓL. Let f = [l : kυ] and e

the ramification index. Set γKυ := γKur
υ /Kυ

and similarly for γL. Consider the
following diagram

Call the leftmost square (1), the middle one (2), and the third one (3). We claim
that each of these squares commutes. Square (1) commutes because of the fact
that ordL is equal to e · ordKυ on Kur

υ . The fact that square (2) commutes is
clear. Square (3) commutes because of the fact that FrobL = FrobfKυ . The
result is now clear from the definition of invKυ and invL.

Corollary 5.16. Let L/Kυ be a finite extension of degree n and set H2
T(L/Kυ)ur =

H2
T(L/Kυ) ∩ H2

T(Kur
υ /Kυ). Then H2

T(L/Kυ)ur is cyclic of order n and is gen-
erated by the element uL/Kυ ∈ H2

T(Kur
υ /Kυ) such that invKυ (uL/Kυ ) = 1

n .

Proof. Observe that we have an exact sequence

0 // H2
T(L/Kυ)ur

// H2
T(Kur

υ /Kυ)
Res // H2

T(Lur/L).

We can combine this with the previous proposition to obtain the following com-
muting diagram

We now use the fact that invKυ is an isomorphism to obtain that H2
T(L/Kυ)ur

∼=
1
nZ/Z and the corollary follows.

Exercise 5.17. Let L/Kυ be a finite extension of degree n. Show that n divides
the order of H2

T(L/Kυ).
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0 // H2
T(L/Kυ)ur

// H2
T(Kur

υ /Kυ)

invKυ

��

Res // H2
T(Lur/L)

invL

��
0 // 1

nZ/Z // Q/Z n // Q/Z.

We have shown that for L/Kυ a finite unramified extension with Galois
group G that we have Hr

T(G,O×L ) = 0 for all r ∈ Z. Now let L/Kυ be an
arbitrary finite Galois extension with Galois group G. We do not get such a
strong result in this case, but we do have the following results which are enough
for what is needed.

Lemma 5.18. Let L/Kυ be a finite Galois extension with Galois group G.
There exists an open subgroup U of OL stable under the action of G so that
Hr

T(G,U) = 0 for all r ∈ Z.

Proof. Let {xσ : σ ∈ G} be a basis of L over Kυ as given in the Normal
Basis Theorem. Since G is finite, the xσ have a common denominator d in Oυ.
We can replace each xσ with dxσ to obtain a basis with elements in OL. Set
U =

∑
OLxσ. Then we have

U ∼= OL[G] = IndG1 OL.

From this it is clear that Hr
T(G,U) = 0 for all r ∈ Z.

Proposition 5.19. Let L/Kυ be a finite Galois extension with Galois group G.
There exists an open subgroup U ⊂ O×L stable under the action of G so that

Hr
T(G,U) = 0

for all r ∈ Z.

Before we can prove this proposition we need the following exercise.

Exercise 5.20. Let Kυ be a nonarchimedean local field with residue character-
istic p. The power series

exp(x) = 1 + x+
x2

2!
+
x3

3!
+ · · ·

gives an isomorphism
mn
υ

exp−→ 1 + mn
υ

for n > e
p−1 where e = e(Kυ/Qp) with inverse map

log(1 + x) = x− x2

2
+
x3

3
− · · · .
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Proof. (of Proposition 5.19) From the previous exercise we have that the map
exp defines an isomorphism between an open neighborhood of 0 in L onto an
open neighborhood of 1 in L× with inverse given by log. It is also clear that
both of these maps commute with the G-action. Let V be an open neighborhood
of 0 as in the previous proposition. Then we can take $M

υ V as an open and it
will also be an open neighborhood of 0 with Hr

T(G,$M
υ V ) = 0 for all r > 0.

Now just take U = $M
υ V with M chosen sufficiently large so that exp is a local

isomorphism. The result then follows.

Corollary 5.21. Let L/Kυ be a cyclic extension of degree n with Galois group
G. Then we have h(O×L ) = 1 and h(L×) = n.

Proof. Let U be an open subgroup of O×L so that Hr
T(G,U) = 0 for all r. We

have seen that the Herbrand quotient is multiplicative, so we have h(O×K) =
h(U)h(O×L /U). We know that O×L is compact, and so O×L /U is a finite set.
Thus, h(O×L /U) = 1. We have that h(U) = 1 by the choice of U and so
h(O×L ) = 1.

We have that L×/O×L ∼= Z and so h(L×) = h(Z)h(O×L ) = h(Z). However,
we have already seen that # H0

T(G,Z) = n and H1
T(G,Z) is trivial, so we have

h(Z) = n and thus h(L×) = n as claimed.

Corollary 5.22. Let L/Kυ be a cyclic extension of degree n with Galois group
G. Then H2

T(L/Kυ) is of order n.

Proof. We have that h(L×) = n and so

n =
# H0

T(G,L×)
# H1

T(G,L×)
.

However, we know by Hilbert theorem 90 that H1
T(G,L×) is trivial. Applying

the periodicity we obtain from the fact that L/Kυ is cyclic gives the result.

In order to finish proving Theorem 5.6, we need the following messy lemma.

Lemma 5.23. Let G be a finite group and M a G-module. Let q, r ∈ Z≥0.
Assume that:

1. Hi
T(H,M) = 0 for all 0 < i < r and all subgroups H of G;

2. if H ⊂ K ⊂ G, with H normal in K and K/H cyclic of prime order, then
the order of Hr

T(H,M) divides [K : H]q.

Then the same is true of G, i.e., Hr
T(G,M) is of order dividing [G : 1]q.

Proof. For a prime p, let Gp denote the p-Sylow subgroup of G. We have
seen that the restriction map Res : Hr

T(G,M) → Hr
T(Gp,M) is injective on

Hr
T(G,M)[p∞]. Since we are interested in the order of Hr

T(G,M), this allows us
to restrict to studying Hr

T(Gp,M). Thus, we assume that G is a p-group and
proceed by induction on the order of G.
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We may assume that G has order greater then 1. Choose a normal subgroup
H of G of index p. We can apply the induction hypothesis to the p-group G/H
giving that the order of Hr

T(G/H,MH) divides [G : H]q = pq for all r > 0. We
also obtain from the induction hypothesis that the order of Hr

T(H,M) divides
[H : 1]q. The first assumption in the hypotheses gives an exact sequence

0 // Hr
T(G/H,MH) Inf // Hr

T(G,M) Res // Hr
T(H,M).

This gives that Hr
T(G,M) has order dividing # Hr

T(G/H,MH)# Hr
T(H,M) =

[G : H]q[H : 1]q = [G : 1]q as claimed. This gives the result for all r > 0. The
r = 0 case is handled by the following exercise.

Exercise 5.24. Complete the r = 0 case of the preceding proof. The following
exact sequence may be helpful

MH/NmH(M)
NmG/H// MG/NmG(M) id // (MH)G/H/NmG/H(MH).

We restate Theorem 5.6 with a little more detail.

Theorem 5.25. Let L/Kυ be a finite Galois extension of degree n with Galois
group G. We have that H2

T(L/Kυ) is cyclic of degree n. Furthermore, there
exists a canonical element uL/Kυ ∈ H2

T(Lur/Kυ) generating H2
T(L/Kυ) so that

invKυ (uL/Kυ ) = 1
n .

Proof. We apply Lemma 5.23 to the situation with M = L×, q = 1, and r = 2.
Note that the first hypothesis is given by Hilbert’s theorem 90. The second
hypothesis is given by Corollary 5.22. Thus, we have that H2

T(L/Kυ) has or-
der dividing n. However, we already know that H2

T(L/Kυ) contains a cyclic
subgroup of order n generated by uL/Kυ such that invKυ (uL/Kυ ) = 1

n , namely,
we saw that H2

T(L/Kυ)ur
∼= 1

nZ/Z. Thus we must have H2
T(L/Kυ) is cyclic of

order n generated by uL/Kυ as claimed.

The generator uL/Kυ is generally referred to as the fundamental class. It
will be used to define the local reciprocity map in the next section.

Corollary 5.26. We have

H2
T(Kυ/Kυ) = H2

T(Kur
υ /Kυ).

Proof. Observe that since Kur
υ ⊂ Kυ, we have that H2

T(Kur
υ /Kυ) is a sub-

group of H2
T(Kυ/Kυ). Thus, we just need to show containment in the other

direction. The previous theorem shows that give any Galois extension L/Kυ,
H2

T(L/Kυ) is a cyclic group of order n. This shows that H2
T(L/Kυ) is contained

in H2
T(Kur

υ /Kυ). Since H2
T(Kυ/Kυ) is the union of all such H2

T(L/Kυ), we have
the result.
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The previous corollary will be important when we study Brauer groups, but
now we use it to give the following theorem, which will be used in the next
section when defining the local reciprocity map.

Theorem 5.27. There exists a canonical isomorphism

invKυ : H2
T(Kυ/Kυ)→ Q/Z.

Moreover, if L/Kυ is a finite Galois extension of degree n with Galois group G,
we have that the diagram

0 // H2
T(L/Kυ) // H2

T(Kυ/Kυ)

invKυ

��

Res // H2
T(Kυ/L)

invL

��
0 // 1

nZ/Z // Q/Z n // Q/Z

commutes. Thus, we recover the invariant map invL/Kυ : H2
T(L/Kυ)→ 1

nZ/Z.

5.3 The local reciprocity map

In this section we define the local reciprocity map φKυ and prove several of its
basic properties.

Theorem 5.28. Let L/Kυ be a finite Galois extension with Galois group G.
The cup product by uL/Kυ defines an isomorphism of Gab onto K×υ /Nm(L×).
We write the inverse of this map as φL/Kυ .

Given x ∈ Kυ, we will write φL/Kυ (x) for the value φL/Kυ (x) where x is the
class of x in K×υ /Nm(L×). This should cause no confusion to the reader. It is
customary in other sources to write (x, L/Kυ) to denote φL/Kυ (x).

This theorem follows immediately from the following more general result
upon substituting r = −2 into the result.

Theorem 5.29. Let L/Kυ be a finite Galois extension. Then the cup product
α 7→ α ∪ uL/Kυ defines an isomorphism between Hr

T(G,Z) and Hr+2
T (G,L×).

Proof. This is an immediate consequence of the results of the last section com-
bined with Tate’s theorem 4.38.

We would like some functoriality of this isomorphism in terms of the fields
involved, which the following proposition provides. It relies heavily on properties
of the cup product which were not proven. We first prove the following lemma.

Lemma 5.30. Let Kυ ⊂ E ⊂ L be a tower of finite Galois extensions. Then

Res(uL/Kυ ) = uL/E

Inf(uE/Kυ ) = [L : E]uL/Kυ .
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H2
T(Kυ/Kυ)

invKυ
��

Res // H2
T(Kυ/E)

invE

��

Res // H2
T(Kυ/L)

invL

��
Q/Z

[E:Kυ ] // Q/Z
[L:E] // Q/Z.

Proof. Consider the following diagram

Note that the vertical maps are all isomorphisms. Recall that the Kernel-
Cokernel lemma says given homomorphisms A

f−→ B
g−→ C of abelian groups,

one obtains an exact sequence

0 // Ker f // Ker g ◦ f // Ker g // Coker f // Coker g ◦ f // Coker g // 0.

We can apply this to the rows of the above diagram to obtain the following
commutative diagram

0 // H2
T(E/Kυ)

invE/Kυ
��

Inf // H2
T(L/Kυ)

invL/Kυ
��

Res // H2
T(L/E)

invL/E

��
0 // 1

[E:Kυ ]Z/Z
id // 1

[L:Kυ ]Z/Z
[L:Kυ ] // 1

[L:E]Z/Z.

The fact that each square in the diagram is commutative gives the desired
result.

Proposition 5.31. Let Kυ ⊂ E ⊂ L be finite Galois extensions with G =
Gal(L/Kυ) and H = Gal(L/E). The following diagrams commute

Hr
T(G,Z)

uL/Kυ //

Res

��

Hr+2
T (G,L×)

Res

��

Hr
T(R,Z)

uL/Kυ // Hr+2
T (G,L×)

Hr
T(H,Z)

uL/E // Hr+2
T (H,L×) Hr

T(H,Z)

Cor

OO

uL/E // Hr+2
T (H,L×)

Cor

OO

Proof. From the previous lemma we obtain the following identities, which give
the result:

Res(uL/Kυ ) ∪ Res(α) = Res(uL/Kυ ∪ α)
= uL/E ∪ Res(α)
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and

Cor(uL/E ∪ β) = Cor(Res(uL/Kυ ) ∪ β)
= uL/Kυ ∪ Cor(β).

These are standard results on cup products and can be found in most any book
on cohomology.

Exercise 5.32. Let Kυ ⊂ E ⊂ L be a tower of finite abelian extensions. Show
that

φL/Kυ (x)|E = φE/Kυ (x)

for all x ∈ Kυ.

The previous exercise allows us to define a homomorphism φKυ : K×υ →
Gal(Kab

υ /Kυ) so that for any finite abelian extension L/Kυ one has φKυ (x)|L =
φL/Kυ (x) for all x ∈ K×υ . Thus, in order to finish the proof of Theorem 5.1 it
remains to investigate φKυ ($υ)|Kur

υ
.

Let L/Kυ be a finite unramified extension with Galois group G. Let $υ be
a uniformizer of Kυ. The fact that L is unramified over Kυ allows us to write
any element x ∈ L as x = u$m

υ for u ∈ O×L and m ∈ Z. As we have seen before,
this gives an isomorphism

L× ∼= O×L × Z.

Note that for any σ ∈ G, we have σ(x) = σ(u)$m
υ since $υ is fixed by G.

Thus, we have that the decomposition of L× into O×L ×Z is a decomposition as
G-modules where the action of G on Z is trivial. Thus, we have

Hr
T(G,L×) = Hr

T(G,O×L )⊕Hr
T(G,Z)

by Exercise 4.5. We have already seen that Hr
T(G,O×L ) = 0, so it remains to

study Hr
T(G,Z).

First we determine a cocycle representing uL/Kυ . Let f ∈ Hom(G,Q/Z)
be the map that sends FrobjL/Kυ to j

n for all j ∈ Z. The fact that FrobL/Kυ
generates G gives that f is a generator of Hom(G,Q/Z). Recall we have an
isomorphism

δ : H1
T(G,Q/Z) −→ H2

T(G,Z).

Thus, to determine the generator uL/Kυ of H2
T(G,L×) ∼= H2

T(G,Z) it is enough
to determine δf . In order to construct δf , we first choose a 1-cochain f̃ : G→
Q/Z. We choose the cochain f̃ to be the map given by FrobjL/Kυ 7→

j
n for

0 ≤ j ≤ n − 1. Using the formulas for the connecting homomorphism δ we
obtain

δf̃(FrobiL/Kυ ,FrobjL/Kυ ) = FrobiL/Kυ (f̃(FrobjL/Kυ ))− f̃(Frobi+jL/Kυ
) + f̃(FrobiL/Kυ )

=
{

0 if i+ j ≤ n− 1
1 if i+ j > n− 1.
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Recalling that we can identify Z with $Z
υ ⊂ L×, we see that uL/Kυ ∈ H2

T(L/Kυ)
is represented by the cocycle φ given by

φ(FrobiL/Kυ ,FrobjL/Kυ ) =
{

1 if i+ j ≤ n− 1
$υ if i+ j > n− 1.

Observe that since H0
T(G,O×L ) = 0, we have that O×Kυ ⊂ Nm(L×) and so

the class of the uniformizer $υ in K×υ /Nm(L×) is well-defined.

Proposition 5.33. Let L/Kυ be a finite unramified extension and set G =
Gal(L/Kυ). The element FrobL/Kυ is mapped to the class of $υ under the map

G −→ K×υ /Nm(L×),

i.e., φL/Kυ (x) = Frobord$υ (x)

L/Kυ
for all x ∈ Kυ.

Proof. Recall from the proof of Tate’s theorem the splitting module M(φ) of a
G-module M . This was defined as the direct sum M ⊕ Z where Z was the free
abelian group having the symbols xσ as a basis where σ ∈ G, σ 6= 1. The action
of G on M(φ) was given by

σ(m,xτ ) = (σm+ φ(σ, τ), xστ − xσ).

We now consider the case where M = L× and φ is the φ given above representing
uL/Kυ . We had exact sequences

0 // IG // Z[G] // Z // 0

0 // L× // L×(φ) // IG // 0.

The fact that Z[G] and L×(φ) both have trivial cohomology led us to the bound-
ary maps

H−2
T (G,Z) −→ H−1

T (G, IG)

H−1
T (G, IG) −→ H0

T(G,L×)

both being isomorphisms. Recall that H−2
T (G,Z) = H1(G,Z) by definition.

We saw before that H1(G,Z) ∼= Gab via the fact that H1(G,Z) ∼= IG/ I2
G

and IG/I
2
G
∼= Gab. Thus, we have that FrobL/Kυ maps to FrobL/Kυ −1 in

H−1
T (G, IG). It remains to determine the image of FrobL/Kυ −1 under the

boundary map H−1
T (G, IG)→ H0

T(G,L×).
The boundary map H−1

T (G, IG)→ H0
T(G,L×) is given by the Snake lemma

from the diagram
For ease of notation we set σ = FrobL/Kυ . We need to follow the element
(σ − 1) + I2

G through the diagram (recalling that (IG)G = IG/I
2
G.) Recall that
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H−1
T (G, IG)

��
(L×)G

NmG

��

// L×(φ)G

NmG

��

// (IG)G

NmG

��

// 0

0 // (L×)G

��

// (L×(φ))G // (IG)G

H0
T(G,L×)

the map from L×(φ) to IG is given by (m,xτ ) 7→ τ − 1. This shows that
(σ − 1) + I2

G is the image of (1, xσ) + IGL
×(φ) in L×(φ)G. The norm of this

element is given as the sum (1, xσ) +σ(1, xσ) + · · ·+σn−1(1, xσ) where we have
used that G is generated by σ. We have

(1, xσ) = (1, xσ)
σ(1, xσ) = (φ(σ, σ), xσ2 − xσ)

σ2(1, xσ) = (φ(σ, σ2), xσ3 − xσ)
...

σn−1(1, xσ) = (φ(σ, σn−1), 1− xσn−1)

where we have used that xσn = x1 = 1. Using this, we see that the norm is
given by

NmG((1, xσ) + IGL
×(φ)) = (

n−1∏
i=1

φ(σ, σi), 1)

= ($υ, 1)

using our calculations of φ on the powers of Frobenius above. This gives that
φL/Kυ ($υ) = FrobL/Kυ . We know that H0

T(G,O×L ) = 0 from our previous work,
so we must have O×υ ⊂ Nm(L×) and so φL/Kυ (u$υ) = FrobL/Kυ for all u ∈ O×υ .
Finally, to finish the proof one just notes that φL/Kυ is a homomorphism.

Since the previous result is true for any finite unramified extension L/Kυ,
we can combine the facts that Kur

υ is built from such extensions along with
the fact that the local reciprocity map commutes with restrictions to obtain
that φKυ ($υ)|Kur

υ
= FrobKυ , as claimed. Thus, we have completed the proof of

Theorem 5.1.

Corollary 5.34. Let L/Kυ be a finite abelian extension. The local reciprocity
map sends O×υ onto the inertia subgroup Gal(L/Lur) of Gal(L/Kυ).
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Proof. We know that φL/Kυ (u) is trivial when restricted to Lur for any u ∈ O×υ
by the previous theorem. Thus, we must have O×υ maps into Gal(L/Lur).

Conversely, let τ ∈ Gal(L/Lur) and write f = [Lur : Kυ]. There exists
x ∈ K×υ so that φL/Kυ (x) = τ . The fact that τ ∈ Gal(L/Lur) means that

τ |Lur = 1. Using the previous theorem we know that τ |Lur = Frobord$υ (x)

Lur/Kυ
.

Since the restriction is trivial, we must have f | ord$υ (x). Using the fact that
$f
L = $υ, we see that there must be a y ∈ L× so that Nm(y) = x. In particular,

if we set z = xNm(y)−1 we have that z ∈ O×υ and φL/Kυ (z) = φL/Kυ (x) = τ .
Thus, we have the result.

5.4 Lubin-Tate formal group laws

In this section we will use formal group laws and Lubin-Tate theory to prove
Theorem 5.2.

Let Kυ be a nonarchimedean local field with char(kυ) = p. Set F$υ to be
the set of formal powers series f ∈ OυJxK so that

1. f(X) = $υX(modX2);

2. f(X) ≡ Xq(mod$υ)

where q = #k$υ . For example, if we look at the case of Kυ = Qp, then
f(X) = pX +

(
p
2

)
X2 + · · ·+ pXp−1 +Xp is an example of such a power series.

We begin with the following very useful proposition.

Proposition 5.35. Let f, g ∈ F$υ , let n ∈ Z, and let φ1(X1, . . . , Xn) be
a linear form in X1, . . . , Xn with coefficients in Oυ. Then there exists φ ∈
OυJX1, . . . , XnK so that

1. φ ≡ φ1(mod deg 2);

2. f(φ(X1, . . . , Xn)) = φ(g(X1), · · · , g(Xn)).

Proof. We construct such a φ by constructing a sequence {φj} with φj ∈
OυJX1, . . . , XnK of degree j with φj unique modulo degree j+1, φj ≡ φ1(mod deg 2),
and f(φ(X1, . . . , Xn)) = φ(g(X1), · · · , g(Xn))(mod deg j+1) . We then set φ =
limφj . As our first step we take φ1, which satisfies the conditions by assump-
tion. Now suppose we have constructed φj for some positive integer j. Observe
that since φj is unique modulo degree j+1, we must have φi ≡ φj(mod deg j+1)
for all i ≥ j. This shows that φj+1 − φj contains only terms of degree equal to
j + 1.

By assumption we have

f(φj(X1, . . . , Xn)) ≡ φj(g(X1), . . . , g(Xn))(mod deg j + 1).

Let

Ej+1 = f(φj(X1, . . . , Xn))− φj(g(X1), . . . , g(Xn))(mod deg j + 2)
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Set
φj+1 = φj −

Ej+1

$υ(1−$j
υ)
.

Our first step is to show that φj+1 ∈ OυJX1, . . . , XnK. To see this, it is enough
to show that $υ | Ej+1. Recall that for any ψ ∈ FqJX1, . . . , XnK one has
ψ(Xq

1 , . . . , X
q
n) = ψ(X1, . . . , Xn)q. We combine this with the fact that since

f, g ∈ F$υ we have f(X) ≡ g(X) ≡ Xq(mod$υ) to obtain

f(φj(X1, . . . , Xn))− φj(g(X1), . . . , g(Xn)) ≡ φj(X1, . . . , Xn)q − φj(Xq
1 , . . . , X

q
n)(mod$υ)

≡ 0(mod$υ).

Thus, $υ | Ej+1 as claimed.
Since we have that φj ≡ φ1(mod deg 2) and Ej+1 has pure degree j + 1, we

see that
φj+1 ≡ φj ≡ φ1(mod deg 2).

Observe that we have

(5.2) f(φj+1)− φj+1(g) ≡ f(φj+1)− φj(g) +
Ej+1(g)

$υ(1−$j
υ)

(mod deg j + 2)

where we drop theXi’s from the notation and write φj(g) to mean φj(g(X1), . . . , g(Xn))
and similarly for Ej+1(g). We can now compute the Taylor expansions of these
terms. For instance, we know that f(X) = $υX + (deg ≥ 2) and similarly for
g(X). Thus we can write

f(φj+1) = f(φj) + f ′(φj)(φj+1 − φj) +
f ′′(φj)

2!
(φj+1 − φj)2 + · · ·

= f(φj) +$υ

(
−Ej+1

$υ(1−$j
υ)

)
+ · · ·

≡ f(φj)−$υ

(
Ej+1

$υ(1−$j
υ)

)
(mod deg j + 2)

where we have used that the terms of higher degree vanish modulo degree j+ 2
since Ej+1 must only contain terms of degree equal to j + 1. Similarly, if we
consider Ej+1(g(X1), . . . , g(Xn)) we see that modulo degree j + 2, we have

Ej+1(g(X1), . . . , g(Xn)) ≡ Ej+1($υX1, . . . , $υXn)(mod deg j + 2)

≡ $j+1
υ Ej+1(X1, . . . , Xn)(mod deg j + 2).

Plugging this information into equation (5.2) we obtain

f(φj+1)− φj+1(g) ≡ f(φj)−$υ

(
Ej+1

$υ(1−$j
υ)

)
− φj(g) +$j+1

υ

(
Ej+1

$υ(1−$j
υ)

)
(mod deg j + 2)

≡ Ej+1 − Ej+1(mod deg j + 2)
≡ 0(mod deg j + 2).
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It only remains to check the uniqueness of φj+1. Write φj+1 = φj + φj+1

and suppose
f(φj+1)− φj+1(g) ≡ 0(mod deg j + 2).

We show that φj+1 = − Ej+1

$υ(1−$jυ)
. As above, we use Taylor expansions along

with the fact that φj+1 has pure degree j + 1. We have

f(φj+1) ≡ f(φj) +$υφ
j+1(mod deg j + 2)

and

φj+1(g(X1), . . . , g(Xn)) ≡ $j+1
υ φj+1(X1, . . . , Xn)(mod deg j + 2).

Plugging this into the equation f(φj+1)−φj+1(g) ≡ 0(mod deg j+2) and solving
for φj+1 gives the result. Thus, by induction we are done.

Definition 5.36. Let R be a commutative ring with identity and let F ∈
RJX,Y K. We say F is a commutative formal group law if:

1. F (X,F (Y, Z)) = F (F (X,Y ), Z);

2. F (0, Y ) = Y and F (X, 0) = X;

3. there exists a unique G(X) so that F (X,G(X)) = 0;

4. F (X,Y ) = F (Y,X);

5. F (X,Y ) = X + Y (mod deg 2).

Exercise 5.37. Show that the conditions F (0, Y ) = Y and F (X, 0) = X follow
from the other conditions given in the definition.

Let R = Oυ and let F (X,Y ) be a commutative formal group law defined
over Oυ. Let x, y ∈ mυ. Then one has that F (x, y) converges to something
in mυ. Under this composition mυ becomes a group and we write F (mυ) to
denote this group. For example, if we set F (X,Y ) = X + Y then F (mυ) is mυ

with the usual addition. If we set F (X,Y ) = X + Y +XY , then we obtain the
multiplicative group structure on 1 + mυ.

Definition 5.38. Let F (X,Y ) and G(X,Y ) be formal group laws. A homo-
morphism F → G is a power series h ∈ TRJT K such that

h(F (X,Y )) = G(h(X), h(Y )).

When there exists h′ : G → F such that h ◦ h′ = T = h′ ◦ h we say h is an
isomorphism.

Example 5.39. The map a 7→ 1 + a from mυ to 1 + mυ gives an isomorphism
between the additive group (mυ,+) and the multiplicative group (1 + mυ, ·).
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Proposition 5.40. Let f ∈ F$υ . There exists a commutative formal group Ff
with coefficients in Oυ so that

f(Ff (X,Y )) = Ff (f(X), f(Y )),

i.e., f is an endomorphism of the formal group.

Proof. Let Ff be the unique solution to Ff (X,Y ) ≡ X + Y ( mod deg 2) and
f(Ff (X,Y )) = Ff (f(X), f(Y )) given by Proposition 5.35. One just needs to
check that Ff is indeed a commutative formal group law. This amounts to
checking each part of the definition, which can be done using the uniqueness
in Proposition 5.35. For instance, to show that Ff (0, Y ) = Y , we first observe
that Ff (0, Y ) and Y are both solutions to

H(X,Y ) ≡ Y (mod deg 2).

We also have that Y (f(X), f(Y )) = f(Y ) and Ff (0, f(Y )) = f(Ff (0, Y )) and
so the uniqueness in Proposition 5.35 gives that Ff (0, Y ) = Y . As another
example, one sees that Ff (X,Ff (Y,Z)) = FF (FF (X,Y ), Z) by observing that
each side is a solution to

H(X,Y, Z) = X + Y + Z(mod deg 2)

and
H(f(X), f(Y ), f(Z)) = f(H(X,Y, Z)).

We leave the rest of the conditions to the following exercise.

Exercise 5.41. Finish checking the rest of the conditions in the previous proof
to show that Ff is a commutative formal group law.

Proposition 5.42. Let f ∈ F$υ and Ff the commutative formal group law
given in Proposition 5.40. Then for every α ∈ Oυ there exists [α]f ∈ OυJXK
such that

1. [α]f commutes with f ;

2. [α]f ≡ αX(mod deg 2).

Moreover, [α]f is an endomorphism of the group law Ff .

Proof. For every α ∈ Oυ and every f, g ∈ F$υ , let [α]f,g(T ) be the unique
solution to

[α]f,g(T ) ≡ αT ( mod deg 2)

and
f([α]f,g(T )) = [α]f,g(g(T ))

whose existence is guaranteed by Proposition 5.35. We see that

Ff ([α]f,g(X), [α]f,g(Y )) ≡ [α]f,g(X) + [α]f,g(Y )(mod deg 2)
≡ αX + αY (mod deg 2)
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and

[α]f,g(Fg(X,Y )) ≡ αFg(X,Y )(mod deg 2)
≡ αX + αY (mod deg 2).

Thus, each of Ff ([α]f,g(X), [α]f,g(Y )) and [α]f,g(Fg(X,Y )) is a solution of

H(X,Y ) ≡ αX + αY (mod deg 2).

We now observe that

[α]f,g(Ff (f(X), f(Y ))) = ([α]f,g ◦ f)(Ff (X,Y ))
= g([α]f,g(Ff (X,Y )))

and

Fg([α]f,g(f(X)), [α]f,g(f(Y ))) = Fg(g([α]f,g(X)), g([α]f,g(Y )))
= g(Fg([α]f,g(X), [α]f,g(Y )))

and so we can apply Proposition 5.35 to conclude that

Ff ([α]f,g(X), [α]f,g(Y )) = [α]f,g(Fg(X,Y )).

Substituting f = g, we achieve the desired result.

Proposition 5.43. The map α 7→ [α]f := [α]f,f is an injective homomorphism
of Oυ to End(Ff ).

Exercise 5.44. Prove Proposition 5.43.

Proposition 5.45. Let f, g ∈ F$υ . Then Ff ∼= Fg.

Proof. Let α ∈ O×υ . Then [α]f,g is invertible and provides the desired isomor-
phism.

Note that Proposition 5.45 shows that we can choose any f ∈ F$υ when
defining the formal group Ff . This allows us to pick convenient f ’s depending
on the situation of interest. It is also important to note that [$υ]f = f . This
follows from the uniqueness of [$υ]f and the fact that f satisfies both conditions
defining [$υ]f .

5.5 Norm subgroups

We now have enough background to prove Theorem 5.2 and thus finish the proofs
of the main results of local class field theory. Let Kυ be a nonarchimedean local
field and Kυ an algebraic closure. Given any f ∈ F$υ , we write Ff to denote
the corresponding formal group law as given in Proposition 5.40. We write Mf

for the group of points in mKυ
equipped with the group law defined by Ff , i.e.,
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Mf = Ff (mKυ
). For any α ∈ Oυ, we saw in Proposition 5.43 that the map

α 7→ [α]f gives an Oυ-module structure on Mf . Set Enf to be the kernel of
the map [$n

υ ]f and Ef =
⋃
n≥1E

n
f . It is clear that this is precisely the torsion

submodule of Mf . Define Kn
υ,$υ = Kυ(Enf ) and set Kυ,$υ =

⋃
n≥1K

n
υ,$υ . Let

G$υ,n = Gal(Kn
υ,$υ/Kυ). Then we have Gal(Kυ,$υ/Kυ) = lim←−G$υ,n.

Proposition 5.46. The Oυ-module Ef is isomorphic to the divisible module
Kυ/Oυ.

Proof. Recall that Proposition 5.45 showed that we can choose f ∈ F$υ as we
please because the resulting group structures are isomorphic for different choices
of f . As such, we choose f(X) = $υX +Xq where q = #kυ. Let x ∈ mKυ

. We
have that f(X) − x = 0 has a solution in Kυ and in fact the solution belongs
to mKυ

. (One can see that the solution belongs to mKυ
by looking at the

Newton polygon for instance. See [Mi98], Chapter 7 for a discussion of Newton
polygons.) Using the fact that [$υ]f = f , we see that this gives the map [$υ]f
is a surjective map. This implies that Mf is in fact a divisible module and so a
direct sum of copies of Kυ/Oυ.

Observe now that since E1
f is the set of elements killed by [$υ]f and [$υ]f (T ) =

f(T ), E1
f is actually the roots of f(T ). Again we can use Newton polygons to

show the roots of f(T ) must lie in mKυ
and so E1

f has precisely q elements. This
gives that it is isomorphic to Oυ/($υ) since it is an Oυ-module with q elements.
One now uses the fact that [$υ]f is surjective to deduce that the sequence

0 // E1
f

// Enf
[$υ]f // En−1

f
// 0

is exact. From this it follows that Enf is cyclic of order qn, and so is isomorphic
to Oυ/($n

υ ). From this the result follows.

Corollary 5.47. One has EndOυ (Enf ) ∼= Oυ/($n
υ ) and AutOυ (Enf ) ∼= (Oυ/($n

υ ))×.

Proof. This follows immediately from the previous proof using that Enf ∼= Oυ/($n
υ )

and the fact that the action of Oυ on Enf induces an isomorphism Oυ/($n
υ ) −→

EndOυ (Enf ).

Exercise 5.48. Let L/Kυ be a finite Galois extension. For any f ∈ OυJXK
and x ∈ mL, one has

f(σx) = σf(x)

for all σ ∈ Gal(L/Kυ).

Theorem 5.49. 1. For each n ≥ 1, Kn
υ,$υ/Kυ is totally ramified of degree

(q − 1)qn−1.

2. The action of Oυ on Enf defines an isomorphism

(Oυ/($n
υ ))× −→ Gal(Kn

υ,$υ/Kυ).
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3. For each n ≥ 1, $υ is a norm from Kυ,$υ .

Proof. Let x1 be a root of f(T ). Define xn inductively by choosing xn to be a
root of f(T )− xn−1. We obtain a tower of Eisenstein extensions:

Kυ ⊂ Kυ[x1] ⊂ Kυ[x2] ⊂ · · · ⊂ Kυ[xn] ⊂ Kn
υ,$υ

where [Kυ[x1] : Kυ] = q − 1 and [Kυ[xn] : Kυ[xn−1]] = q for all n ≥ 2. This
shows that Kυ[xn] is totally ramified over Kυ of degree (q − 1)qn−1.

We know that Enf is set of elements killed by [$n
υ ]f , i.e., the set of roots of

f ◦ · · · ◦ f = f (n). This shows that Kn
υ,$υ is precisely the splitting field of f (n)

and so we can view Gal(Kn
υ,$υ/Kυ) as a subgroup of the set of permutations of

Enf . However, the previous exercise shows that each element of the Galois group
acts on Enf as a Oυ-module isomorphism. Thus, the image of Gal(Kn

υ,$υ/Kυ)
in Sym(Enf ) is contained in AutOυ (Enf ) ∼= (Oυ/($n

υ ))×. Thus we have

(q−1)qn−1 ≤ [Kυ[xn] : Kυ] ≤ [Kn
υ,$υ : Kυ] = # Gal(Kn

υ,$υ/Kυ) ≤ (q−1)qn−1.

This gives the first two claims of the theorem.
Define g(T ) = $υ + T q−1 and set hn(T ) = g ◦ f ◦ · · · ◦ f where there are n

total terms. One can check that hn(xn) = hn−1(xn−1) = · · · = f(x1) = 0. For
instance, h2(T ) = $υ + ($υT + tq)q−1 and so

h2(x2) = $υ + ($υx2 + xq2)q−1

= $υ + xq−1
1

= 0.

We have that hn(T ) is monic of degree (q− 1)qn−1 and so must be the minimal
polynomial of xn over Kυ. Thus,

NmKn
υ,$υ

/Kυ xn = (−1)(q−1)qn−2
$υ

= $υ

unless q = 2 and n = 1, in which case K2
υ,$υ = Kυ and the result is clear. Thus,

we have that $υ is a norm from Kn
υ,$υ for each n ≥ 1.

Observe that we have constructed a tower of fields

Kυ ⊂ K1
υ,$υ = Kυ[x1] ⊂ K2

υ,$υ = Kυ[x2] ⊂ · · · ⊂ Kn
υ,$υ = Kυ[xn] ⊂ · · · ⊂ Kυ,$υ =

⋃
Kn
υ,$υ

with each Kn
υ,$υ totally ramified over Kυ, [K1

υ,$υ : Kυ] = q − 1, [Kn
υ,$υ :

Kn−1
υ,$υ ] = q for all n ≥ 2, f(xn) = xn−1, and mKn

υ,$υ
= (xn). We have that the

action of Oυ on Enf induces an isomorphism

(Oυ/($n
υ ))× −→ Gal(Kn

υ,$υ/Kυ).

We can take the inverse limit of this isomorphism to obtain an isomorphism

O×υ
'−→ Gal(Kυ,$υ/Kυ).



88 CHAPTER 5. MAIN RESULTS OF LOCAL CLASS FIELD THEORY

The fact that Kυ,$υ is the union of totally ramified extension of Kυ and
Kur
υ is the union of unramified extensions of Kυ gives that Kυ,$υ

⋂
Kur
υ = Kυ.

We define a homomorphism

φ$υ : K×υ −→ Gal(Kυ,$υK
ur
υ /Kυ)

by defining φ$υ (a)|Kυ,$υ and φ$υ |Kur
υ

for each a ∈ K×υ . Eventually we will
show that Kυ,$υK

ur
υ = Kab

υ and φ$υ = φKυ . Let a = u$m
υ ∈ K×υ . Set

φ$υ |Kur
υ

= FrobmKυ and φ$υ |Kυ,$υ = [u−1]f . We use u−1 instead of u so that
Kυ,$υK

ur
υ and φ$υ are both independent of the choice of uniformizer$υ. Before

we can prove that fact we need some more work with formal groups.
Recall that even though Kυ is complete and L/Kυ is complete for any finite

extension, the field Kur
υ is not complete. We write K̂ur

υ for the completion of
Kur
υ with respect to the unique extension of the valuation of Kυ to Kur

υ .

Lemma 5.50. The homomorphisms

x 7→ FrobKυ (x)− x : O
K̂ur
υ
−→ O

K̂ur
υ

and
x 7→ FrobKυ (x)/x : O×

K̂ur
υ

−→ O×
K̂ur
υ

are surjective with kernels Oυ and O×υ respectively.

Proof. We prove the result for the first homomorphism as the argument for the
second is analogous. We begin by using induction to show that the sequence

0 // Oυ/mn
υ

// OKur
υ
/mn

Kur
υ

FrobKυ −1 // OKur
υ
/mn

Kur
υ

// 0

is exact. The n = 1 case claims that the sequence

0 // kυ // kυ
x7→xq−x // kυ // 0

is exact. However, this is clear as kυ is the algebraic closure of kυ. Now assume
that we have exactness for n− 1. Consider the diagram

0 // OKur
υ
/mKur

υ
//

��

OKur
υ
/mn

Kur
υ

//

��

OKur
υ
/mn−1

Kur
υ

//

��

0

0 // OKur
υ
/mKur

υ
// OKur

υ
/mn

Kur
υ

// OKur
υ
/mn−1

Kur
υ

// 0

where all the of vertical arrows arise from the map FrobKυ −1. We apply
the Snake Lemma to study this diagram. Using our induction hypothesis for
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n − 1 and the case n = 1, we have that the map FrobKυ −1 : OKur
υ
/mn

Kur
υ
→

OKur
υ
/mn

Kur
υ

is surjective. Moreover, we have that the kernel of this map has
order qn. Since Oυ/mn

υ is contained in the kernel and has qn elements, we must
have that this is precisely the kernel and so we get the exactness.

To finish the proof we observe the following. The valuation ring OKur
υ

is a
discrete valuation ring with maximal ideal mKur

υ
. In particular, this gives that

lim←−OKur
υ
/mn

Kur
υ

∼= OK̂ur
υ
.

Now we just take the inverse limits of the exact sequence to get the result.

Given a power series f in one variable, we write f−1 for the inverse with
respect to composition, i.e., the power series such that f ◦ f−1 = T = f−1 ◦ f .

Proposition 5.51. Let $υ and π be two different uniformizers of Kυ and
Ff and Fg the formal group laws defined by f ∈ Fπ, g ∈ F$υ . If we write
$υ = uπ, then there exists ε ∈ O×

K̂ur
υ

such that FrobKυ (ε) = εu and a power

series h(T ) ∈ O
K̂ur
υ

JT K so that

1. h(T ) ≡ εT (mod deg 2);

2. FrobKυ h = h ◦ [u]f ;

3. h(Ff (X,Y )) = Fg(h(X), h(Y ));

4. h ◦ [a]f = [a]g ◦ h for every a ∈ Oυ.

In other words, h is an isomorphism between Ff and Fg over O
K̂ur
υ

that com-
mutes with the action of Oυ.

Proof. We begin by showing there is an h ∈ O
K̂ur
υ

JT K that satisfies the first two
conditions above. We construct h inductively. Let ε ∈ O×

K̂ur
υ

so that FrobKυ (ε) =

εu. Such an element exists by Lemma 5.50. Set h1(T ) = εT . We now construct
hr(T ) a polynomial of degree r so that

hr(T ) = hr−1(T ) + xT r

FrobKυ (hr) ≡ hr ◦ [u]f (mod deg r + 1)

for some x ∈ O
K̂ur
υ

. As h1(T ) = εT , both of the conditions are clear for h1(T ).
Now suppose that we have constructed hr(T ) satisfying the conditions. Let
a ∈ O

K̂ur
υ

be such that FrobKυ (a) − a = c(εu)−r−1 where c is the coefficient
of T r+1 in hr ◦ [u]f − FrobKυ (hr). Such an element can be found by Lemma
5.50. We claim that hr+1(T ) = hr(T ) + bT r+1 satisfies the conditions where
b = aεr+1. The first condition is automatic, so it only remains to check the
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second condition. However, for this we check

FrobKυ (hr+1(T )) = FrobKυ (hr(T )) + FrobKυ (aεr+1T r+1)

= FrobKυ (hr(T )) + FrobKυ (a) FrobKυ (εT )r+1

≡ FrobKυ (hr(T )) +
(
a+

c

(εu)r+1

)
(FrobKυ (ε))r+1T r+1(mod deg r + 2)

≡ FrobKυ (hr(T )) + aFrobKυ (ε)r+1T r+1 + cT r+1(mod deg r + 2)

≡ hr ◦ [u]f (T )− cT r+1 + aFrobKυ (ε)r+1T r+1 + cT r+1(mod deg r + 2)

≡ hr ◦ [u]f (T ) + aFrobKυ (ε)r+1T r+1(mod deg r + 2)

≡ hr ◦ [u]f (T ) + a(εu)r+1T r+1(mod deg r + 2)

≡ hr ◦ [u]f (T ) + aεr+1T r+1 ◦ [u]f (T )(mod deg r + 2)

≡ hr ◦ [u]f (T ) + bT r+1 ◦ [u]f (mod deg r + 2)
≡ hr+1 ◦ [u]f .

Thus, taking the limit of these hr we have the h we desire.
We now show that we can take h so that g = FrobKυ h ◦ f ◦ h−1. Set

j = FrobKυ h ◦ f ◦ h−1. Observe that we have

j = h ◦ [u]f ◦ f ◦ h−1

= h ◦ f ◦ [u]f ◦ h−1.

The fact that h ◦ [u]f = FrobKυ h gives h ◦ [u]f ◦ (FrobKυ h)−1 = T . Thus, we
have

[u]f ◦ (FrobKυ h)−1 = h−1.

We combine this with the fact that f and [u]f both have coefficients in Oυ to
conclude

FrobKυ j = FrobKυ h ◦ f ◦ [u]f ◦ FrobKυ h
−1

= FrobKυ h ◦ f ◦ h−1

= j.

Thus, we must have j ∈ OυJT K since it is fixed by FrobKυ . We have that

j(T ) ≡ FrobKυ επε
−1T (modT 2)

≡ εuπε−1T (modT 2)

≡ ε$υε
−1T (modT 2)

≡ $υT (modT 2).

We also calculate

j(T ) ≡ FrobKυ h ◦ (h−1)q(mod mυ)

≡ FrobKυ h(Frobh−1(T q))(mod mυ)
≡ T q(mod mυ).
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Thus, we have j ∈ F$υ . Now set j′ = [1]g,j ◦ h. Now j′ still satisfies the first
two conditions and

FrobKυ j
′ ◦ f ◦ (j′)−1 = [1]g,j ◦ j ◦ [1]−1

g,j

= g.

The last two claims now are just applications of Proposition 5.35, which we
leave as an exercise.

Lemma 5.52. Let L/Kυ be an algebraic extension and let x ∈ L̂. If x is
separable and algebraic over L, then x ∈ L.

Proof. Let L′ = L̂
⋂
Kυ. Let σ ∈ Gal(Kυ/L). We know that σ is continuous

and it is the identity on L. For any x ∈ L′, we have that x is the limit of elements
in x and so σ is necessarily trivial on x as well. Thus we have Gal(Kυ/L) =
Gal(Kυ/L

′). Galois theory now gives that L′ = L as desired.

Theorem 5.53. The field Kυ,$υK
ur
υ is independent of the choice of $υ, as is

the map φ$υ .

Proof. Let $υ and $′υ = u$υ be two different uniformizers of Kυ. Let f ∈ F$υ
and g ∈ F$′υ and define h as in Proposition 5.51. Then we have

FrobKυ ◦h ◦ [$υ]f = (h ◦ [u]f ) ◦ [$υ]f
= h ◦ [$′υ]f
= [$′υ]g ◦ h,

i.e., we have FrobKυ h(f(T )) = g(h(T )). Thus, if f(α) = 0, then g(h(α)) = 0 as
well. If g(β) = 0, then f(h−1(β)) = 0. Thus, h defines a bijection between E1

f

and E1
g . Thus we have

K̂ur
υ [E1

g ] = K̂ur
υ [h(E1

f )]

⊆ K̂ur
υ [E1

f ]

= K̂ur
υ [h−1(E1

g)]

⊆ K̂ur
υ [E1

g ].

Thus, we have K̂ur
υ [E1

g ] = K̂ur
υ [E1

f ]. We combine this fact with Lemma 5.52
to conclude that Kur

υ [E1
g ] = Kur

υ [E1
f ]. A similar argument gives Kur

υ [Eng ] =
Kur
υ [Enf ] for all n ≥ 1 and so Kυ,$υK

ur
υ = Kυ,$′υ

Kur
υ as claimed.

We now need to show that φ$υ does not depend on the choice of $υ. Observe
that on Kur

υ , φ$υ ($υ) and φ$′υ ($υ) both give FrobKυ . Thus, they agree on
Kur
υ . Again, let h be as in Proposition 5.51. By definition we have that φ$υ ($υ)

is the identity map on Kυ,$υ . We wish to show that φ$′υ ($υ) is also the identity
map on Kυ,$υ . To show this, first observe that Kn

υ,$υ is generated over Kυ by
the elements h(x) for x ∈ Enf since h gives a bijection between Enf and Eng .
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Thus, to show that φ$′υ ($υ) is the identity on Kυ,$υ , it is enough to show that
for all n ≥ 1 and all x ∈ Enf we have

φ$′υ ($υ)(h(x)) = h(x).

As $υ = u−1$′υ, we have φ$′υ ($υ) = φ$′υ (u−1)φ$′υ ($′υ) = σ1σ2 where

σ1 =
{

FrobKυ on Kur
υ

id on Enf

and

σ2 =
{

id on Kur
υ

[u]f on Enf .

We now use the fact that h has coefficients in K̂ur
υ along with Proposition 5.51

to conclude that

φ$′υ ($υ)(h(x)) = σ1σ2(h(x))
= σ1(h(σ2x))
= σ1(h([u]f (x)))
= h(x).

Thus, φ$′υ ($υ) = id on Kυ,$υ as well. Now since $υ is an arbitrary uniformizer
of Kυ and the uniformizers generate K×υ (For x ∈ K×υ , write x = u$m

υ . Then
x = (u$υ)$m−1

υ and u$υ is another uniformizer!) we have the result.

Exercise 5.54. Prove that for all m,n one has

φ$υ (x)|Kn
υ,$υ

Km = id

for all x ∈ (1 + mn
υ)〈$m

υ 〉.

Lemma 5.55. For all x ∈ K×υ , φKυ (x)|Kυ,$υKur = φ$υ (x).

Proof. Recall that we showed for any n, $υ is a norm from Kn
υ,$υ and so

we know that φKυ ($υ) acts trivially on Kn
υ,$υ . Namely, since φKυ |Kn

υ,$υ
=

φKn
υ,$υ

/Kυ and φKn
υ,$υ

/Kυ is trivial on NmKn
υ,$υ , we get that φKυ ($υ) acts

trivially on Kn
υ,$υ . We also know that φ$υ acts trivially on Kn

υ,$υ by the
previous exercise with m = 1. We know that φKυ and φ$υ both act as FrobKυ
on Kur

υ , and so the two maps agree on Kn
υ,$υK

ur
υ for all n, and so on the

union
⋃
Kn
υ,$υK

ur
υ . However, we know that K×υ,$υ is generated by the different

uniformizers. Thus, we have the result.

Lemma 5.56. For m,n ≥ 0 set Kn,m
υ = Kn

υ,$υKm. We have Nm((Kn,m
υ )×) =

(1 + mn
υ)〈$m

υ 〉.
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Proof. We know that φ$υ (x)|Kn,m
υ

= id for all x ∈ (1 + mn
υ)〈$m

υ 〉 and so by the
previous theorem we know that φKυ (x)|Kn,m

υ
= id for all x ∈ (1 + mn

υ)〈$m
υ 〉.

Thus we have (1 + mn
υ)〈$m

υ 〉 ⊆ Nm((Kn,m
υ )×). On the other hand, we have

[K×υ : (1 + mn
υ)〈$m

υ 〉] = [O×υ : 1 + mn
υ ][〈$υ〉 : 〈$m

υ 〉]
= (q − 1)qnm
= [Kn

υ,$υ : Kυ][Km : Kυ]

= [Km,n
υ,$υ : Kυ].

We know that φKυ induces an isomorphism

K×υ /Nm((Kn,m
υ )×) −→ Gal(Kn,m

υ /Kυ)

and so we must have Nm((Kn,m
υ )×) = (1 + mn

υ)〈$m
υ 〉.

Lemma 5.57. Let L/Kυ be a finite extension and assume Nm(L×) is of finite
index in K×υ . Then Nm(L×) is open in K×υ .

Proof. We have seen before that O×L is compact and so Nm(O×L ) is necessarily
closed in K×υ . The only elements that have a unit norm are units, so we have

O×υ /Nm(O×L ) ↪→ K×υ /Nm(L×).

Thus, Nm(O×L ) is closed of finite index in O×υ and so is open in O×υ (recall our
valuation is discrete.) This also gives Nm(O×L ) is also open in K×υ . This shows
that Nm(L×) contains an open subgroup of K×υ and so is itself open in K×υ .

Theorem 5.58. We have that φKυ = φ$υ and Kab
υ = Kυ,$υK

ur
υ .

Proof. Let L/Kυ be a finite abelian extension. We know that K×υ /Nm(L×) ∼=
Gal(L/Kυ) and so we must have Nm(L×) is of finite index. Thus, the previous
lemma implies that Nm(L×) is open in K×υ . Any open subgroup of finite index
in K×υ must contain (1 + mn

υ)〈$m
υ 〉 for some m,n ≥ 0. We know that the map

φKυ : K×υ −→ Gal(LKn,m
υ /Kυ)

is an onto map. We also have that for x ∈ K×υ , φKυ (x) fixes the elements of L
if and only if x ∈ Nm(L×) and φKυ (x) fixes the elements of Km,n

υ if and only
if x ∈ (1 + mn

υ)〈$m
υ 〉. However, we have that (1 + mn

υ)〈$m
υ 〉 ⊂ Nm(L×) and

so we must have L ⊆ Kn,m
υ . Now if we take the union over all finite abelian

extensions we see that Kab
υ = Kυ,$υK

ur
υ and so φKυ = φ$υ .

Finally, we complete the proof of Theorem 5.2, which we restate here for
convenience.

Theorem 5.59. Let N be a subgroup of K×υ . The subgroup N is of the form
NmL/Kυ (L×) for some finite abelian extension L/Kυ if and only if N is of finite
index and open.
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Proof. We already know that for any finite abelian extension L/Kυ, Nm(L×) is
necessarily of finite index. This combined with Lemma 5.57 gives one direction
of the theorem. Now suppose that N is of finite index and open in K×υ . Then
as we observed above, there exists n,m ≥ 0 so that (1 + mn

υ)〈$m
υ 〉 ⊂ N . We

also observed that Nm((Kn,m
υ )×) = (1 + mn

υ)〈$m
υ 〉. Let L be the subfield of

Km,n
υ fixed by φKm,n

υ /Kυ (N). Then we have that N is the kernel of the map
φKυ : K×υ → Gal(L/Kυ) and so equals Nm(L×) by Theorem 5.1.

This concludes the proofs of the main results of local class field theory. We
conclude this section with the very explicit example of studying finite abelian
extensions of Kυ = Qp and the local reciprocity map in this case. Recall that we
have seen that for p - n, the extension Qp(ζn) is an unramified extension of Qp.
In fact, we have that Qur

p =
⋃
n
p-n

Qp(ζn). We also saw before that Gal(Qur
p /Qp) ∼=

Ẑ. It remains to determine the field Kυ,$υ = (Qp)p. Let f(T ) = (T + 1)p − 1.
It is not difficult to see that f ∈ Fp.

Exercise 5.60. Show that Ff (X,Y ) = X + Y +XY . For a ∈ Zp show that(
a

m

)
=
a(a− 1) · · · (a−m+ 1)

m(m− 1) · · · 1

lies in Zp. Show that for a ∈ Zp we have [a]f = (1 + T )a − 1.

We have

Enf = {x ∈ Qp : (x+ 1)p
n

= 1}
∼= µpn

where Enf has the group structure given by Ff and µpn is the group of pnth
roots of unity with normal multiplication. The action of Zp on Enf transfers to
the action of Zp on µpn given by

a · ζ = ζa,

which makes sense since ζ is a pnth root of unity. Thus, Enf ∼= Z/pnZ as Zp-
modules. This shows that our fields Kn

υ,$υ
∼= Qp(µpn). Thus, we have that

(Qp)p = Qp(ζp∞) where we write ζp∞ to indicate we have attached all p-power
roots of unity. The Galois group is given by

Gal((Qp)p/Qp) = lim←−Gal(Qp(µpn)/Qp)
∼= lim←−(Z/pnZ)×

∼= Z×p .

Note that this shows that Qab
p = Qcycl

p , i.e., we have the local Kronecker-Weber
theorem that all finite abelian extensions of Qp are contained in some cyclotomic
extension Qp(ζn).
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We now describe the local reciprocity map for Qp. Let L = Qp(ζn). First
suppose that p - n. Then we have that L/Qp is an unramified extension with
degree equal to the degree of the residue field extension. The residue field is
given by Fpm where m is the largest power of p so that n | (pm − 1). The local
reciprocity map in this case sends x = upb ∈ Q×p to Frobbp. We have that the
kernel of the map is Nm(L×) = Z×p 〈pm〉.

Now suppose that n is a power of p, say n = pr. In this case we have that
L is totally ramified over Qp of degree (p − 1)pr−1, in fact, L = (Qp)rp. For
x ∈ Q×p , write x = upb as above. Then we have φQp(a) sends ζn to ζu

−1

n . The
kernel of the local reciprocity map is Nm(L×) = {ups : u ≡ 1(mod pr), s ∈ Z}.

Finally, write n = apr. We can write Qp(ζn) = Qp(ζa)Qp(ζpr ). The local
reciprocity map is then given by the action on each piece separately as given
above.

5.6 Final Remarks

In the previous sections we constructed the local reciprocity map φKυ : K×υ →
Gal(Kab

υ /Kυ) and showed that it gives for any finite abelian extension L/Kυ an
isomorphism K×υ /Nm(L×) ∼= Gal(L/Kυ). This of course fails to tell us what
exactly K×υ is isomorphic to and it also fails to give us a satisfactory description
of Gal(Kab

υ /Kυ). We use this section to remedy this situation.
We begin with the isomorphism K×υ /Nm(L×) ∼= Gal(L/Kυ) for L/Kυ an

abelian extension. We know that Kab
υ is formed by taking the union over finite

abelian extensions of Kυ and Gal(Kab
υ /Kυ) = lim←−

L

Gal(L/Kυ) where the limit is

over finite abelian extensions ordered with respect to inclusion. Applying this
inverse limit to our isomorphism above we obtain

K̂υ

×
= lim←−

L

K×υ /Nm(L×) ∼= lim←−
L

Gal(L/Kυ) ∼= Gal(Kab
υ /Kυ)

where K̂υ

×
is the profinite completion of K×υ with respect to the subgroups

Nm(L×) where we have used the results of local class field theory to conclude
that the norm subgroups are a sufficient set of subgroups to take this limit.

It now remains to give a satisfactory description of K̂υ

×
and then to de-

scribe the image of K×υ inside Gal(Kab
υ /Kυ). One can apply Kummer theory

to conclude that the subgroups (K×υ )n form a cofinal subset of the subgroups
of finite index of K×υ and so

K̂υ

× ∼= lim←−
n≥1

(K×υ /(K
×
υ )n).

We now use that K×υ ∼= $Z
υ ×O×υ and that Oυ is a profinite group to obtain

K̂υ

× ∼= $Ẑ
υ ×O×υ ,

which gives our explicit description of the Galois group Gal(Kab
υ /Kυ).
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Exercise 5.61. Note that φKυ : K×υ → Gal(Kab
υ /Kυ) is an injective homomor-

phism. (Do not confuse this with the fact that when one restricts to Gal(L/Kυ)
there is a kernel!) Thus, K×υ is isomorphic to its image in Gal(Kab

υ /Kυ).
Given g ∈ Gal(Kab

υ /Kυ), write g to denote the image of g in Gal(kυ/kυ) ∼=
Gal(Kur

υ /Kυ). Show that the image of K×υ is precisely the subgroup

W ab
Kυ = {g ∈ Gal(Kab

υ /Kυ) : g = Frobnυ for some n ∈ Z}.

This group is often referred to as the local Weil group.
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