SPECIAL VALUES OF L-FUNCTIONS ON GSp, x GLs AND
THE NON-VANISHING OF SELMER GROUPS

JIM BROWN

ABSTRACT. In this paper we show how one can use an inner product
formula of Heim giving the inner product of a pullback Eisenstein se-
ries from Sp,, to Spy X Sp, X Sp, with a newform on GL2 and a Saito-
Kurokawa lift to produce congruences between Saito-Kurokawa lifts and
non-CAP forms. This congruence is in part controlled by the L-function
on GSp, x GL2. The congruence is then used to produce nontrivial tor-
sion elements in an appropriate Selmer group, providing evidence for
the Bloch-Kato conjecture.

1. INTRODUCTION

The Bloch-Kato conjecture for modular forms roughly states that given
a newform f, the special values of the L-function attached to f should
measure the size of the Selmer group associated to twists of the Galois
representation py. In this paper we provide evidence for this conjecture in
the form of showing that under certain hypotheses if p | Lag(k, f), then
p | #Sel(Q, Wi ,(1—k)). For a precise statement of this result see Theorem
10.4.

The argument used to prove Theorem 10.4 is in the spirit of the work
of Ribet ([R76]) and Wiles ([Wi90]). For more recent examples of such
arguments the reader is advised to consult ([JB2], [KK07], [SU06]). We now
give a brief outline of the argument.

Let f € Sor—2(SL2(Z)) be a newform and Fy the Saito-Kurokawa lift of
f. Our first step is to establish a congruence between F; and a non-CAP
cuspidal eigenform. Let Ej0(Z) be the Siegel Eisenstein series on Spyg.
We pull Fqp back to Spy x Spy X Spy. One of the main inputs into the
congruence is an inner product relation of Heim ([H99]) which states

Lalg(2k —4, f)Lalg(2k — 3, Ff X h)
Lalg(ka f)

where A is an explicit value we suppress here to ease the notation, see
Corollary 5.2 for the precise value of A. This inner product relation is
analogous to the inner product relation of Shimura used in [JB2] to produce
a congruence. The difficulty here is that where the Eisenstein series used in
[JB2] pulls back to a form that is cuspidal in each variable ([JB1]), in this
case the Fisenstein series is of level one so does not pull back to something

(((Eho(diag|Z1, Za, Z3]), h) Fy) Fr) = A
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cuspidal. What this means for our purposes is that the formula is not as
clean and easy to work with. In an attempt to deal with this we act on
FE1y by several Hecke operators to remove as many of the extraneous pieces
as possible. Ultimately, under certain hypotheses we are able to produce a
non-CAP cuspidal eigenform G so that the eigenvalues of G are congruent
to those of F.

Once the congruence has been established, arguments using the 4-dimensional
p-adic Galois representation attached to G are used to produce a nontrivial
p-torsion element in the Selmer group.

Future work in this direction will aim to generalize Heim’s result for levels
greater then 1. Such a generalization would allow one greater freedom in
choosing h, allowing one to remove some of the hypotheses forced here. In
particular, one should be able to choose h so that the L-values related to h
showing up in the hypotheses are p-units.

2. NOTATION

In this section we set the notation and definitions to be used throughout
this paper.

Let A be the adeles over Q. For a prime p, we fix once and for all
compatible embeddings Q — @p, Q — C, and @p — C. We denote by ¢,
the p-adic cyclotomic character ¢, : Gal(Q/Q) — GL1(Z,). We drop the
p when it is clear from context. We denote the composition of €, with the
natural map GLi(Z,) — GLi(F,) by wy, again dropping the p when it is
clear from context.

For a ring R, we let M,,(R) denote the set of n by n matrices with entries
in R. For a matrix x € M, (R), we write

[ ag bs
e Cy dy

where ag, by, ¢z, and dy are all in M, (R). We drop the subscript « when it

is clear from the context. The transpose of a matrix x is denoted by ‘.
Let SLs and GL,, have their standard definitions. We denote the complex

upper half-plane by h'. We have the usual action of GL3 (R) on h! UP(Q)

given by linear fractional transformations, namely, given v = z Z €
GLj (R) and z € h!, one has
az +b
z = :
7 cz+d

Define
t, On _1n
Sp?n = {g € GL2n L YlonY = L2n}a lon = 1 0 .
n n

Siegel upper half-space is defined by
b ={Z € M,(C) : 'Z = Z,Im(Z) > 0}.
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The group Sps, (R) acts on h” via

A B _
<C D> 7Z =(AZ +B)(CZ + D).
We let T{ = SLy(Z) x Z? be the Jacobi modular group. As the Jacobi
modular group will not play a major role in this paper we refer the reader
to ([EZ85]) for more details.

Given an L-function L(s) = [, Ly(s) and a finite set of places X, we

write
b
L*(s) = [] Lo(s)
p¢x
when we restrict to places away from ¥ and

Ly(s) = T L(s)
pEX
when we restrict to the places in X.

Let I' C SLa(Z) be a congruence subgroup. We write My (I') to denote
the space of modular forms of weight k and level I'. We let Si(I") denote the
subspace of cusp forms. The nth Fourier coefficient of f € My(T') is denoted
by a¢(n). Given a modular form f, we write f¢ to denote the modular
forms with Fourier coefficients the complex conjugates of the the Fourier
coefficients of f. Given a ring R C C, we write My (T, R) for the space
of modular forms with Fourier coefficients in R and similarly for Si (T, R).
Let fi1, fo € My(T') with at least one of the f; a cusp form. The Petersson
product is given by

1 TN 2
(f1, f2) SL2) T Jow f1(2) f2(2)y" “dady
where SLy(Z) = SLa(Z)/{%15} and T is the image of I' in SLy(Z). The nth
Hecke operator T'(n) has its usual meaning. Let Tz be the Z-subalgebra of
Endc(Sk(SL2(Z)) generated by T'(n) for n = 1,2,3,.... Note that we do
not include the weight in the notation as it will always be clear from context.
Let A be a Z-algebra. We set T4 = Ty ®7 A. We say f € Si(SLa(Z)) is a
newform if it is an eigenform for all T'(n) and af(1) = 1. The L-function
associated to a newform f of weight k is given by

L(s, f) = Zaf(n)n_s.

n>1

The L-function L(s, f) has an Euler product given by

L(s, f) = [[(1 = ap(p)p~* +p*17%) 7"

The Euler product can be factored as

L(s, f) = [[I0 = ar(p)p~)(1 = Bs(p)p~*)]

p
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where as(p) + Bf(p) = ar(p) and ay(p)Bs(p) = p*~L. The terms as(p) and
Bf(p) are referred to as the pth Satake parameters of f. Let h € S;(SLa(Z))

be a newform of weight /. Using the Satake parameters of L(s, f) and L(s, h)
we define the Rankin L-function associated to f and h by

L(s, fxh) = [ [[(1=as(p)an(p)) (1=as (p) u(p) (1B (p)an(p) (1-B7 () Ba(p))] -

p

Kohnen’s +-space of half-integral weight modular forms is given by
S 12(To(4) = {g € S_1/2(T0(4)) : ag(n) = 0 if (=1)*"'n = 2,3(mod 4)}.

The Petersson product on S, /2(F0 (4)) is given by
(91, 92) =/ 91(2)g2(2)y* 2 dxdy.
To(4)\b?

We denote the space of Jacobi cusp forms on I'{ by J;'7P(I'{). The inner
product is given by

(P1,02) = / O1(7, 2)pa (T, z)vk*3674ﬂy2/”dx dy du dv
I'f\plxC

for ¢1, ¢o € Jg’ufp(l“{) and 7 = u + v, z =z + 1y.

We denote the space of Siegel modular forms of weight k£ and level I' C
Spy, (Z) by M (T'). The subspace of cusp forms are denoted by Si(I"). In the
case that n = 1 we recover the elliptic modular forms already discussed. For
F,G € My(Sps,(I')) with at least one a cusp form, the Petersson product
is given by

_ 1 (7Y et(Im k
(F.6) = /F | PG der(tm(2) d(2)

We will be particularly interested in the decomposition
Sk(Spa(Z)) = Sy (Sp4(Z)) @ S (Spa(Z))

where SM(Sp,(Z)) is the space of Maass spezialchars and SN™(Spy(Z)) is
the orthogonal complement. A form F € Sk(Sp4(Z)) is in SM(Sp,(Z)) if the
Fourier coefficients of F' satisfy the relation
1 nm
AF(n7T7m) - Z d Ap (?7&a1) :
d|ged(n,r,m)

We let T°(n) denote the nth Siegel Hecke operator. As above, we set T%
to be the Z-subalgebra of Endc(Sk(Spsy,(Z)) generated by the T'(n). For a
Z-algebra A we write fo = T% ®z A. The Hecke algebra Té respects the
decomposition of Sk(Sp4(Z)) into the space of Maass and non-Maass forms
([A80]).

Let F,G € Sk(Sp4(Z),O) for O the ring of integers of a finite extension
E/Qp. Let w be the uniformizer of £ and F the residue field. We write
F = G(modw™) for some m > 1 if ord(Ap(T) — Ag(T)) > m for all T,
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i.e., if we have a congruence between the Fourier coefficients of F' and G
modulo @w™. If F and G are Hecke eigenforms and we have a congruence
between the eigenvalues of F' and G we write F' =¢, G(mod w™).

Let F' € S;(T'2) be a Hecke eigenform with eigenvalues Ap(m). Associated
to F' is an L-function called the spinor L-function. It is defined by

Lepin(s, F) = ¢(25 — 2k +4) Y Ap(m)m™*.
m>1
One can also define the spinor L-function in terms of the Satake parameters
ag, a1, and as of F'. One has

Lspin(saF) = HQp(p_S)_l

where
Qp(X) =1 —apX)(1 — a1 X)(1 — apaeX) (1 — apaas X).

Given a Hecke eigenform F' € S;(Sp4(Z)) and a newform h € S,(SLa(Z)),
we define the L-function L(s, F' X h) by

L(s, F x h) = [[[Qp(an(®)p~)@p(Ba(p)p ).

p
3. SAITO-KUROKAWA LIFTS

In this section we briefly recall the Saito-Kurokawa correspondence and
relevant facts we will need. For a more thorough discussion the reader is
urged to consult [EZ85], [Ge], or [Z80]. For a more detailed discussion of
the facts we will need here the reader is advised to consult the section on
the Saito-Kurokawa correspondence in [JB2]

Let f € Sor—2(SL2(Z)) be a newform. The Saito-Kurokawa correspon-
dence associates a cuspidal Siegel eigenform F; € Si(Spy(Z)) to f. In the
language of automorphic forms F} is a CAP form, i.e., Fy is a cuspform that
has the same eigenvalues almost everywhere as the Eisenstein series induced
from the automorphic representation 7 of GLg associated to f when viewed
on the Siegel parabolic to an automorphic representation on GSp,. For more
details on the Saito-Kurokawa correspondence from this point of view one
should consult Piatetski-Shapiro’s original paper on the subject ([PS83]).
The Saito-Kurokawa correspondence is stated in the following theorem.

Theorem 3.1. ([Z80]) There is a Hecke-equivariant isomorphism between
Sok—2(SLa(Z)) and SN (Sp4(Z)) such that if f € Sor_o(SLa(Z)) is a new-

form, then one has
(1) Lepin(s, Ff) =C(s =k +1)((s =k +2)L(s, f).

We will be interested in the Saito-Kurokawa correspondence from a classi-
cal point of view as constructed by a series of lifts. Let f € Sop_o(SLa(Z), O)
be a newform. The first step in the Saito-Kurokawa correspondence is
achieved via the Shimura-Shintani correspondence giving an isomorphism
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between Sai_2(SLo(Z)) and Kohnen’s +-space of half-integral weight mod-
ular forms S, | /2( 0(4)). The isomorphism is most easily expressed in terms
of the image of a half-integral weight modular form g € S, | /2( 0(4)). The
map is given by sending

9(z) = > cg(n)g" € Sy ;5(To(4))

n>1
(—=1)*=1n=0,1(mod 4)

to
coote) = X (3 (B) a2 iopet ) |
n=1 \ dn

where D is a fundamental discriminant with (—1)*=1D > 0.

The second lift in the Saito-Kurokawa correspondence is an isomorphism
between Kohnen’s +-space and the space of cuspidal Jacobi forms J; 17 (T'{).
The map is given by 7

S eDire (7“2 _D7+m> — S D)D),

D<0,reZ D<0
D=r?(mod 4) D=0,1(mod 4)

The final lift needed provides an isomorphism between the space of cus-
pidal Jacobi forms and the space of Maass spezialchars Si!(Sp,(Z)) given
by

O(1,2) — F(r1,2,7") ZVmQST, mr')
m>0
where V;, is the index shifting operator as defined in ([EZ85], Section 4).

Our interest in the Saito-Kurokawa correspondence is in terms of arith-

metic applications. As such, we will need the following three results.

Corollary 3.2. ([JB2], Corollary 3.8) Given f € Si(SLa(Z), O) a newform,
then Fy also has Fourier coefficients in O. In particular, if O is a discrete
valuation ring, Fy has a Fourier coefficient in O .

Corollary 3.3. ([JB1], Corollary 4.3) Let f € Si(SL2(Z)) and Fy the Saito-
Kurokawa lift of f. One has that F'{ = Fre were f¢ and F%. In other words,
the Saito-Kurokawa correspondence respects complex conjugation of Fourier
coefficients.

Theorem 3.4. ([KS89], [KZ81]) Let f € So_2(SL2(Z)) be a newform, Fy €
SM(Spy(Z)) the corresponding Saito-Kurokawa lift, and g(z) = Y cg(n)q"™
the weight k — 1/2 cusp form corresponding to f under the Shintani map.
We have the following inner product relation

(k—1) c(|D]? L(k, f)
¥Fr D Thi— 1 fo)

where D is a fundamental discriminant so that (—1)*=1D > 0 and xp is the
character associated to the quadratic field Q(v/D).

(Fy, Fy) =
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Proposition 3.5. ([JB2]) Let f € So;_2(SLa(Z)) be a newform, ps the
associated £-adic Galois representation, F'y the Saito-Kurokawa lift, and pp,
the associated 4-dimensional ¢-adic Galois representation. Then one has

k—2
€

PF; = Pf

where the blank spaces in the matriz are assumed to be 0’s of the appropriate
size.

4. SIEGEL EISENSTEIN SERIES

As the Siegel Eisenstein series will be an important tool in producing the
congruence between the Saito-Kurokawa lift and a form in SYM(Sp4(Z)), we
briefly recall here the definition as well as the appropriate normalization as
to work with arithmetic applications.

Let Ky, be the maximal compact subgroup of Spy,, (A) defined by K», =
Ko Ky where we define

Ko = {9 € Spa,(R) : gizy, = i2n}
where i3, = 719,, and
Kf - H Sp2n(Zp)'
P
Let
Sy ={zreM,: 'v=n2al

We denote the Siegel parabolic of Sp,,, by Pan, = UspQ2, where Usy, is the
unipotent radical given by

U — {u(x) - (é f) Lz € sn}

and @9, is the Levi subgroup given by

@ ={eu = (5 h):aecr.f.

We drop the subscript 2n on Koy, Poy,, Usy,, and (Qo,, when it is clear from
context.

We are now able to define the Siegel Eisenstein series of weight k£ > 2.
Define £(g, s; k) on Spy, (A) x C by setting

e(g,s3k) =0

if g ¢ P(A)K and for g = u(2)Q(A)f with u(z)Q(A) € P(A) and § € K we
set

5(97 S k) = soo(gv S; k) Hgf(g? S k)
V4
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where the components are defined by
6OO(ga S; k') = | det Aoo|25j_k(000> i)v
eo(g, sik) = | det Ag[*.

The (adelic) Siegel Eisenstein series is defined to be

Ean(g, sik) = > (g, s; k).
YEP(Q)\ Sp2, (Q)

It is well-known that the series Fa,(g, s; k) converges locally uniformly for
Re(s) > (n+1)/2 and can be continued to a meromorphic function on all
of C.

There is also a complex version of the Siegel Eisenstein series E(Z, s; k) :=
Eo,(Z, s; k) defined by

Eon(Z,8,k) = 5*(goo, 1) Fan(g, 53 k)

where Z = gooi and g = gggocfs € Spa,(Q) Spy, (R)K . We will be inter-
ested in this complex version when s = 0. In this case we have

Eon(Z) := Fa,(Z,0;k) = > iy, 2).
YEP(Z)\ Spy,, (Z)

It is known that Eo,(Z) € My(Spy,(Z)), see for example [K190] or [Sh87].

As our applications are to arithmetic problems, it is important to under-
stand the Fourier coefficients of Ea,(Z). The Fourier coefficients of Fo,(Z)
are all rational numbers. Moreover, the possible denominators of the Fourier
coefficients are bounded as follows. Let dj be the product of the numera-
tors of 2By /k and Bsy;/j for j = 1,...,k — 1 where Bj; is the 7* Bernoulli
number. Define z;, € Z by 2% < k < 2%+ If k = 0(mod 4), then the com-
mon denominator of all the Fourier coefficients of Fy,(Z) divides dj and
otherwise it divides 2% ~'d) ([Si64]). Consider the normalized Eisenstein
series £, (Z) = 2%~ dpEy,(Z) and let p be a prime. We have that &,(2)
is a Siegel modular form of weight &£ with Fourier coefficients in Z,, i.e.,
Eon(Z) € My(Spy,(Z),Zy). This normalized Eisenstein series is the one we
will work with for our arithmetic applications.

5. PULLBACKS AND AN INNER PRODUCT RELATION

Let (ni,ng,...,n,;) be a partition of n, ie., n = >\ _;n;. Let I'; C
Span,(Z) be congruence subgroups and k = (ki,...,k;) with k; positive
integers for ¢ = 1,...,r. Set ' = [[/_; I'; and = [[,_, h™. Let .#(k,T)
denote the space of holomorphic functions F' on $ such that as a function
on h™ one has F' € My, (I';) for i = 1,...,r. Similarly one defines the space
Z(k,T') as the space of holomorphic functions F on $) so that when viewed
as a function on h™ one has F' € Sy, (I';).

Let F; € My, (I';) and set F(Z) = F\(Z1)F2(Z3) - -+ F.(Z,) where Z =
(Z1,...,7Z,). Clearly we have that F' € .#(k,T") and similarly if the F; are
cusp forms then F' € . (k,I"). In fact, Lemma 1.1 of [Sh83] gives that all
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elements of .Z (k,T") are finite sums of such functions and similarly for cusp
forms. Every element of .#(k,I") has a Fourier expansion

F(Z) _ Z ap (T)627ri Tr(TZ)
T

where T runs over some lattice. The important point for us is that if
F(Z) = FA(Z1)Fa(Z3) - - - Fr.(Zy), then this is simply the product of the
Fourier expansions of F;(Z;). For F,G € .# (k,T") with at least one a cusp
form, one defines

(F,G) = vol(I'\$) ! / F(2)G(Z) det(Im(2))*du(2).

9
One has that lfF(Z) == Fl(Zl)FQ(ZQ) s FT(ZT) and G(Z) - Gl(Zl)GQ(ZQ) cee GT(ZT)
with at least one of F; or G; cuspidal for each ¢ = 1,...,r, then

T

<F7 G> = H<F17G1>

=1

We have an embedding ¢ of Spy,,, X ---Spy, into Spy, given by

a 0 b 0

a1 b1 oo O b, 10 ar 0 b,

t C1 d1 Cp dr o C1 0 d1 0
0 o 0 dy

As we will be working classically rather then adelically, we make use of the
embedding
hnl O, bnT c_)hQn
given by
Z1 0
le---XZTH :diag[Zl,...,Zr]
0 Ly

arising from the isomorphism Sp,,(R)/K = h". We denote this map
by ¢ as well. Given a modular form F' of weight £ on h™, the function
Fouve #(kT) for k= (k,...,k) and I'; = Spy,,,(Z). We refer to F'o. as
the pullback of F' from Spy,, to Spy,, X -+ X Spy, or just the pullback of F’
when the partition of n is clear from context.

In this paper we are interested in the case of Spy X Sp, X Sp, embedded
in Spyp and from now on we restrict ourselves to this case.. Recall that
Spy = SLg, so we view this as an embedding SLy x Sp, % Sp, into Spy,. For
F1 € Sk(SL2(Z)) and Fs, F5 € Sk(Spy(Z)), we define

U (Eh, Fi1, Fy, F3,8) = (({(Evp o u(Z1,Za, Z3), s k), F1(Z1)), Fa(Z2)), F3(Z3)).
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Set

c(f? G? hc’ S) =

L(2s + 2k — 4, f)L(2s + 2k — 3, f)L(s + 2k — 3, G x h°)
L(2s + 2k — 3, f°) '

Our interest in this iterated inner product is the following result.

Theorem 5.1. ([H99], Theorem 5.1) Let Fy € S¥(Sp4(Z)), G € Sk(Sp4(Z)),
and h € Sk(SLo(Z)) be Hecke eigenforms. Suppose k is even and h is a new-
form. Then for s € C with 2Re(s) + k > 6, we have

a(2, 5, k) (1), 66(1)
C(2s + k)C(4s + 2k — 2)¢(4s + 2k — 4)
where QSF;(l) is the first Fourier coefficient in the Fourier-Jacobi expansion

of F§ (similarly for ¢c(1)) and
Dok +s—3)[(s+2k—3)[(s+k—2)[(s+k—1)

\I’(Elo, h, G, Ff, S) =

L(f,G,h,s)

2 k) = 21376576’6 6—s—2k
a(2, s, k) ™ Ty(k + s)T(2k — 3+ 2s)

where
m

H s—(j—1)/2).

One should note that Theorem 5.1 is stronger then the result given in
[H99] where it is required that the forms have totally real Fourier coefficients.
It is mentioned there that such a restriction is purely technical, and if one
follows through the proof of the formula without the restriction and applies
Corollary 3.3 one arrives at the above result. One should also note that this
makes sense, i.e., if L(2s+2k—3, f¢) = 0 for some s, then L(2s+2k—3, f) =0
as well and so cancels the 0 out of the denominator. This follows from part
(iii) of Theorem 1 of [Sh77].

Note that if the Fourier coefficients are all totally real the formula reduces
to that given in [H99]. We now specialize this result to the main situation
of interest, though we will use the above formula for orthogonality results.

Corollary 5.2. Letk > 6 be even. Let Fy € SY(Spy(Z)) and h € Si(SLa(Z))
be Hecke eigenforms with f having totally real Fourier coefficients and h a
newform. Then we have

A=Akt 306k (| — 2)12dy (Fy, Fy)L(f, Fy, h¢,0)
(2k — 3)k!L(k, f)C(k)C(2k — 2)¢(2k — 4) '

Proof. This follows immediately from Theorem 5.1 and the relation between
the inner products (®p, (1), ®r,(1)) and (Fy, Fy) found in [KS89], namely
that

U(&o, h, Ff, Fy,0) =

22k+1 3 7Tk

(@p; (1), ®p, (1)) = k— Lk, f)

(Fy, Fy).
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It will be desirable in the next section to have such an inner product where
&1 is replaced by something cuspidal in each of the variables Z1, Zs, Z3. We
now show how this can be done by using Poincare series. Let T be a half-
integral symmetric n-rowed matrix (exactly the matrices occurring as indices
in the Fourier expansion of a Siegel modular form on Spy,(Z).) If n =1
these are just the positive integers. For T > 0, i.e., T is positive definite, set

c(n, k,T) = Wn(n_l)/4(47'r)n(n+1)/2_nk(det T)(”'H)/Q_k‘ H r <k‘ n _2|_ 1> ‘

i=1
Note that in the case of n = 1 and m > 0 one has
IN'k-1)
1,k = 7
C( ) 7m) (47Tm)k_1

Set

+1 s
Agy = {( 0 il) 1S € S(Z)} C Spy,(Z).
The T'th Poincare series is defined by

PE(2,T)= >y, 2) keI,
YEA2n\ Spay, (Z)
The case of n = 1 recovers the classical Poincare series. It is well known

that P¥ (Z,T) is a cusp form of weight k and level Sp,,(Z). In fact, the
Poincare series span the space of cusp forms ([K190], Chapter 6).

Theorem 5.3. ([K190], page 90) Given F' € My, (Sps,,(Z)), one has for each
T > 0 as above

(F(Z), P3,(Z.T)) = c(n, k, T)Ap(T).
We now return to the case of interest with n; = 1, no = ng = 2. The map
(£, Fo, F3) = (((E10 © L(Z1, Za, Z3), F1(Z1)), Fa(Z2)), F3(Z3))

is an anti-linear map from Sy (SL2(Z)) X Sk(Spy(Z)) x Sk (Spy(Z)) to C. Thus
it is represented by (((G1(Z1)G2(Z2)G3(Z3), %), %), %) = [[o_1(Gi(Z:), %) for
some (G1,Ga,G3) € Sk(SLa(Z)) x Sk(Spa(Z)) x Sk(Sps(Z)). This gives us
our cuspidal replacement for £19. One can see [GZ] Proposition 5.1 for a
similar result.

However, as we are interested in arithmetic applications we need to make
sure the Fourier coefficients of G1G2G3 are still p-integral. Recall that we
saw using Lemma 1.1 of [Sh83] that Ejgoc is a sum of forms Fj(Z1)F;(Z2) Fi(Z3)
with F; € My(SLa(Z)) and F}, F; € My(Sp4(Z)). Thus, we see the Fourier
coefficients are indexed by m, 71,75 where m > 0 and 11, T, are half-integral
symmetric 2-rowed matrices. We have that for all such m > 0,77 > 0, and
T5 > 0 that

<<<510 © L(Zlv Za, Z3)’ PQk(Zlvm)>7Pf(227Tl)>7 Pf(Z?HTQ»
= (G1(Z1), P§(Zy, m))(Ga(Za), Py (Z2,T1)){(G3(Z3), Py (Z3,T5)).
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We can now apply Theorem 5.3 to conclude that for all m > 0,77 > 0, and
T5 > 0 the Fourier coefficients of £19 o ¢ are the same as those of G1G2G3
and hence G1G2G3 has p-integral Fourier coefficients as desired.

6. AN EASY LEMMA ON SAITO-KUROKAWA LIFT CONGRUENCES

Let Fy € SM(Sp4(Z)) be the Saito-Kurokawa lift of a newform f €
Sok—2(SL2(Z)). In this section we show that if there exists G € SNM(Sp,(Z))
so that Fy = G(mod @), then there exists a Hecke eigenform H € Sf™(Sp,(Z))
so that Fy =, H(mod w).

Let F' € S;(Spy(Z),O) be an eigenform with O the ring of integers of a
finite extension £/Q, with uniformizer w and residue field F. We have that
F gives rise to an O-algebra homomorphism T% — O given by t — Ap(t)
where tF = A\p(t)F. We denote this map by Ar and the composition of A
with the natural surjection © — F by Ar. Let mp be the kernel of Ar. One
has that F' =, F (mod @) if and only if mp = mz. Moreover, one has that
these maximal ideals exhaust all the maximal ideals of ’]1‘% and

TS = qug,m

where ']I‘S denotes the localization of T at m. One has the analogous
results for To as well. From this the followmg lemma is immediate.

Lemma 6.1. Let F' € Sy(Spy(Z)) be an eigenform. There exists a Hecke
opemtor tr € T so that tpF' = F and tFF = 0 for all eigenforms F with
F %o, F(mod w)

Let G1,...,Gm be an orthogonal Hecke eigenbasis of Sy (Sp,(Z)). En-
large E if necessary so that Fy,G,G1,. .., Gy, are all defined over O. Given
Fy and G as above, write G = Y ", ¢;G; for some ¢; € C. We have the
following theorem.

Lemma 6.2. With the set-up as above, there exists an i € {1,...,m} so
that Fy =¢y Fi(mod w).

Proof. We apply the Hecke operator ¢r, to G. Thus, we have

Fy =tp,G(mod ).
Thus, we have that ¢ Fy F; must be nonzero modulo w for at least one 7 with
1 <7 < m as we know there exists a Ty so that AFf (Tp) is a w-unit and so

Fy # 0(mod w). Thus, we have an eigenvalue congruence between Fy and
F; for such an 4, as claimed. O

7. A CONGRUENCE

In this section we will produce a congruence of Fourier coefficients be-
tween a Saito-Kurokawa lift and a cuspidal eigenform F € SyM(Sp,(Z)).
Recall that we write a congruence between two Siegel modular forms as
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F = G(modw™) to indicate ordg(Ar(T) — Ag(T)) > m for all T, i.e.,
that we have a congruence between the Fourier coefficients of F and G.
When we wish to indicate a congruence between eigenvalues we will write
F =¢y G(mod w).

Let k > 6 be even and p > 2k — 2 a prime. Let f € So;_2(SLa2(Z)) be a
newform with totally real Fourier coefficients and Fy the Saito-Kurokawa, lift
of f. Let fo = f, f1,..., fim be an orthogonal Hecke eigenbasis of newforms
for Soip—2(SLa(Z)). Clearly we have that Fy = Ff, Fy = Fy,,..., Fyy = Fy,,
is then an orthogonal Hecke eigenbasis of S¥(Sp,(Z)). Let Fpt1, ..., Fas be
an orthogonal Hecke eigenbasis of SN (Sp4(Z)) so that Fp, ..., Fy is an or-
thogonal Hecke eigenbasis of Si(Sp4(Z)). Observe that by Corollary 3.3 and
the main result of [Ga92] on the equivariance of Petersson products under
Gal(C/Q) one has that F§,..., Ff, is also an orthogonal Hecke eigenbasis
of SM(Spy(Z)) and F§,..., F§, is an orthogonal eigenbasis of Sk(Spy(Z)).
Finally let ho, ..., hy, an orthogonal basis of newforms of Si(SL2(Z)). Let
E be a finite extension of Q, with ring of integers O so that these bases are
all defined over O. We let w denote the uniformizer of £ and F the residue
field.

Our goal in this section is to show that under certain hypotheses there ex-
ists a j with m < j < M so that Fy = Fjj(mod w). Suppose there is no such
j. We will produce a contradiction by constructing a form in SN (Sp,(Z))
congruent to I’y and then applying Lemma 6.2 to get a congruence to F}; for
some j with m < j < M.

Write

(2) G1(21)G2(22)G5(Z5) = ) cijahi(Z1) F (Z2) Fi(Z3)
,7,0
for some ¢; j; € C. As was done in [JB2], we wish to use the w-divisibility
of a multiple of ¢g 0,0 to “control” a congruence. The difficulty here is that
while the inner product relation of Shimura used in [JB2] allowed one to
“diagonalize” the expansion of the pullback of the Fisenstein series used in
that situation, the inner product in Theorem 5.1 allows us no such luxury.
We rewrite equation (2) in a more useful form for our purposes.

(3) G1(21)G2(Z2)Gs(Zs) = Y cijohi(Z1)F{(Z2)Fy(Zs)

0<i<my
0<j<M

+ Y cigihi(Z0)Ff(Za)Fi(Zs).
0<i<my

0<j<M

o<i<M

The concern now is in removing as many of the forms h; and Fy with ¢ #
0 # j in the first summation on the right hand side of equation (3).

Lemma 7.1. For oll 0 < i < mq and all 0 < j,1 < m with j # | one has
Ci,j,l = 0
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Proof. Let 0 < jo,lp < m. On one hand, using the orthogonality of the
eigenbases we have

(G1, hig)(Ga, F ) (G, Fl,y) = Z cijalhiy hig) (F, 5 ) (F1, Fly)

0<i<my
0<y,I<M

= Cip,jo,lo (Pigs i) <F](':07 cho> <Floa Flo>-
Solving this equation for ¢ ;, 1, gives
o = (G1, hi0><G27cho><G37Flo>
107]07l0 - <hZO,hZO><FC Fc><F}07F1lO>

Jo’ ™ Jo
We now apply Theorem 5.1 along with the discussion where we defined
G1,Go and G5 to conclude that

QZk_ldka(Q,O,k)<<I>Fl%(l),(I>Fj¢0(1)>£(flo,FC h$ 0)

J07 "0
Cin.j =
200 T (R)C (2 — 2)C(2k — 4) (i hig) (S, F5 ) (Fiy, Fiy)

The fact that our restriction on jo and ly puts Fj and Fy in SM(Sp,(2))
allows us to use part (ii) of Theorem 2 in [KS89] to conclude that for jo # lo

<(I)Fz%(1)’(I)FfO(1)> =0.
Thus we have that c;, j,, = 0 for jo # lo. O

If there exists F; with m +1 < i < M so that Fy =., Ff(modw) then
we have a contradiction since by assumption Fy=Fy and so we would have
Fy = F;j(modw), which we assumed does not happen. Thus, we act on
equation (3) by tp, =t Fe as given in Lemma 6.1 on the Zy variable to kill
all F¥ with m +1 <14 < M which, combined with Lemma 7.1 results in the
equation

(1) Gi(Z)tr,Ga(Z2)Gs(Zs) = Y cioohi(Z1)Fy(Z2)Fy(Zs3)
0<i<my
+ > cigihi(Zi)te Ff(Z)Fy(Zs)

0<i<my
0<j<m

+ > cigihi(Z1)te, Ff(Z2)Fi(Zs).
OSZSml

0<j<m

m<I<M

We have the following theorem that will help us remove the extra h;’s.
Theorem 7.2. ([JB2|, Theorem 5.4) Let hj, € Sk(SL2(Z)) be a newform
such that the residual Galois representation Phy, Gal(Q/Q) — GLa(F) s

irreducible and h;, is ordinary at w. Then there exists a Hecke operator
th.o € To such that

thio hz = { ahZO t0 ’le Z.O, . .
0 Zfz#z())Z#Zmla
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uio <h7,0 7hi0 >
E =
tho tho

where O, = and u;, € O*.
Assume that hg is ordinary at @ and pj,, is irreducible. Applying ¢, to
equation (4) gives

(5) theG1(Z21)tr, G2(Z22)G3(Z3) = co000nho(Z21) Fy(Z2) F(Z3)

+ Z €0,5,j %o ho(Z1)tr, Fj (Z2) Fy(Z3)
0<j<m

+ Z €04, 1o ho(Z1 )t Fj (Z2) Fi(Z3).
0<j<m
m<I<M
At this point it is possible to produce a congruence between F; and an-
other Siegel cusp form distinct from Fy. This congruence is “controlled” by
€0,0,000h,- However, at this point the cusp form would not necessarily be in
S}C\IM(SM(Z)), so would not allow us to apply Lemma 6.2 to reach a contra-
diction. We need one more Hecke operator to remove the “Saito-Kurokawa”
part.
Note that since the Saito-Kurokawa correspondence is Hecke-equivariant,
if we assume that f is ordinary at @ and py is irreducible then Theorem 7.2

gives a Hecke operator t}? € ']I'% so that

S afFf ifizo,
thl_{o if1<i<m,

Set do,0,0 = apapyco0,0. Assume now that f and hg are ordinary at w
and py and pj, are irreducible. We act on equation (5) by t}? to remove
the extraneous Saito-Kurokawa lifts in the Z3 variable. This allows us to
rewrite equation (5) as

thoG1(Z1)tr, Go(Za)t7 G3(Zs) = doooho(Z1)Fr(Z2)Fy(Zs)

+ > amgogiho(Z1)tr, FY(Za)t]Fi(Zs).

0<j<m
m<I<M

[13

Before studying the cw-divisibility of dg o, we show how it “controls” a
congruence. Suppose we can write dppo = Uw ™™ for U € O* and m > 1.
We now multiply equation (4) through by w™, take Fourier expansions in
terms of Z1 and Zs, equate the first Fourier coefficient in the Z; expansion
and the Tpth Fourier coefficient in the Zs expansion where Tj is as given
in Corollary 3.2, and look modulo @w. We use the fact that G1G2G3 has
w-integral Fourier coefficients to obtain

(—U)F¢(Z3) = Z wmahoafco,oyltfﬂ(Zg)(modw).
m<I<M

Applying Lemma 6.2 to this congruence produces a congruence Fy =y
t?Fl(mod w) for some m < [ < M. We now use that the Hecke opera-

tors respect the decomposition Sg(Sp4(Z)) = SM(Sp4(Z)) & SEM(Spy(Z)) to
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write t?; F, = Zf\i mi1 @il for some a; € C. One more application of Lemma,
6.2 then gives the desired contradiction. In the next section we will study
dp,0,0 to give more explicit conditions on when one can write dygo = Uw™ ™
as above, but we conclude this section with the following theorem.

Theorem 7.3. Let k > 6 be even and p > 2k — 2 a prime. Let f €
Sor—2(SLa(Z),R) be a newform and Fy the Saito- Kurokawa lift of f. Assume
that f is ordinary at p and p; is irreducible. Let hg € Sk(SL2(Z)) be a
newform such that ho is ordinary at p and py, is irreducible. If there exists
U e O and m > 1 so that dooo = Uw ™™, then there exists an eigenform
G € SfM(Spy(Z)) so that Fy =e, G(mod w).

8. STUDYING THE COEFFICIENT dg 0

We retain the notation and assumptions from the last section for this one.
We saw in the last section how dy g can be used to “control” a congruence
when one can write dooo = wu—m for U € O* and m > 1. In this section we
determine conditions under which we can guarantee such a m and U.

The fact that our bases were chosen to be orthogonal can be combined
with equation (2) and Corollary 5.2 to conclude that

\Ij(glﬂv hOu Ff7 Ffa 0)
(ho, ho)(Fy, Fy)?

€0,0,0 =

Thus, we have

do,0,0 = QpyfCo,0,0
_ unour¥(Er0, ho, Fr, Fr,0) (f, f)
O Q5 QFQ (Fy, Fr)  (Fy, Fy)
 upup¥ (&g, ho, Fy, Fy,0)  2°3%x|D|*L(k — 1, f,xp)
O, QFQ (Fy, Fr) D3¢y, (ID])*(k — 1) L(k, f)
dpm T FL(2k — 4, f)L(k — 1, f,xp)L(2k — 3, Fy x h)
C(R)C(2k — 2)¢(2k — 4)f O, QFQ Lk, f)?2

where
21974k7zk33[(k _ 2)!]2‘D’k
(2k — 3)(k — 1)k![D[*/2¢,, (| D|)?

and we have used Theorem 3.4 and Corollary 5.2. Our goal now is to de-
termine conditions so that ords(dppp) < 0. We begin by observing that
if ged(p, D) = 1 then the fact that ¢, (|D|) € O and p > 2k — 2 by as-
sumption, we must have ord(A) < 0. We will need the following results in
normalizing our L-values.

Theorem 8.1. ([Sh77]|, Theorem 1) Let f € Sp(SL2(Z), O) be a newform.
There exist complex periods Qif such that for each integer a with 0 < a <m
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and every Dirichlet character x one has

L(a)faX) E{ Q;OX ZfX(_l) = (_1)a7
T(x)(2mi) Q;O0y i x(-1) = (-1)* 1,

where T(x) is the Gauss sum of x and O, is the extension of O generated
L(a,f:x)

by the values of x. We will write Lag(a, f,X) to denote —>222— where
T(x)(2mi) Q5

+ is chosen appropriately.

Proposition 8.2. ([JB3|, Proposition 7.5) Let f € Sor_2(SLa(Z)) be a

newform, h € S,(SL2(Z)) a newform, and Fy the Saito-Kurokawa lift of f.

Then one has

L(s,Ff xh)=L(s+1—k,h)L(s, f)L(s, f x h)

where L(s, f X h) is the Rankin convolution L-function as defined in the
introduction.

Theorem 8.3. ([JB3], Theorem 7.3) Let f € Sor_2(SLa(Z)) and h €
Sk(SLa(Z)) be a newforms. If k is even then

L2k=3,fx})

Laig(2k — 3, f x ) := 0T

In order to apply the previous theorem, we now assume that our hg has
totally real Fourier coefficients. We also make use of the well known result

that Cug(a) == da) o Q. Combining all of these we can write

P i, (2m0)3F =10 Lk, £, ho)
000~ Calg(k)Calg(2k - Q)Calg(2k - 4)Lalg(k’ f)2

where
g(ka fa hO) = Lalg(Qk_37 f)Lalg(Qk_4v f)Lalg(k_]-a fa XD)Lalg(k_27 hO)LaIg(Qk_gv thO)'

Thus, we see that ord(dp,0) < 0 if we have
(6)
-—m = Ordw(Calg(k)Calg(2k—2)4a1g(2k_4)[falg(k7 f)2>—01“dw (dkg(ka f7 hO)) > 0.

We summarize with the following theorem.

Theorem 8.4. Let k > 6 be even and p > 2k — 2 a prime. Let f €
Sok—2(SLa(Z),R) be a newform and Fy the Saito-Kurokawa lift of f. Assume
that f is ordinary at p and p; is irreducible. Let ho € Sy(SL2(Z),R) be a
newform such that ho is ordinary at p and py,, is irreducible. If

-—m = Ordw(Calg(k)Calg(Qk*Q)Calg(Qk*Zl)Lalg(ky f)2)701“dw (dkg(kv f7 hO)) >0
then there exists an eigenform G € SKM(Spy(Z)) so that Ff =, G(mod w).
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9. SELMER GROUPS

Let K be a field and M a topological Gal(K /K )-module. We write the
cohomology group H. . (Gal(K/K), M) as H' (K, M) where “cont” refers
to continuous cocycles. For a prime ¢, we write D, for the decomposition
group at ¢ and identify it with Gal(Q,/Qy).

Let £/Q, be a finite extension. Let O be the ring of integers of ' and w
a uniformizer. Let V be a finite dimensional Galois representation over .
We will also find it convenient to write p : Gal(Q/Q) — GL,(FE) to denote
the Galois representation V' when dimg (V) = n. We switch interchangably
between these notations depending upon context. Let T" C V be a Galois-
stable O-lattice, i.e., T is stable under the action of Gal(Q/Q) and T®p E =
V. Set W=V/T.

We write Be,is for the ring of p-adic periods ([Fo82]). Set

D = (V ®q, Beis)P”
and
Cris(V) = H°(Qp, V ®g, Beris)-
We say the representation V' is crystalline if dimg, V' = dimg, Cris(V'). Let
Fil* D be a decreasing filtration of D. If V is crystalline, we say V' is short if
Fil° D = D, Fil”? D = 0, and if whenever V' is a nonzero quotient of V, then
V' ®q, Qp(p — 1) is ramified. Note that Q,(n) is the 1-dimensional space

over Q, on which Gal(Q/Q) acts via the nth power of the p-adic cyclotomic
character.
The local Selmer groups are defined as follows. Set

1 _ H}lr(@ﬂa V) 14 75 p
Hp (@0 V) = { ker(H'(Qp, V) — H'(Qp, V ®g, Bers)) £ = p
where
Hyy (Qe, M) = ker(H'(Qq, M) — H' (I, M)
for any Dy-module M where Iy is the inertia group at £. With W as above
we define H}z’(@[, W) to be the image of H}(Qg, V) under the natural map
HY(Qp, V) — HY(Qp, W).

Definition 9.1. The Selmer group of W is given by

e - Ly QW)
Sel(Q. W) =k (H QW) @ H}(Qe,W)> ’

i.e., it is the cocycles ¢ € H(Q, W) that lie in H}c(@g, W) when restricted
to Dy.

Before we proceed further with our study of Selmer groups, it is neces-
sary to recall the relationship between extensions of modules and the first
cohomology group. Let R be a commutative ring with identity and G a
group. Let M and N be R[G]-modules that are free of finite rank as R-
modules. We denote the action of G on M by pjs and the action of G
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on N by pn. Recall that as M and N are R[G]-modules, we have an
action of G on Homp(M, N) as well. The action of G on Hompg(M, N)
is given as follows. Let ¢ € Hompgr(M,N), m € M and g € G, then
g-¢(m) = pn(g9)d(pm(g~")m).

An extension of M by N is a short exact sequence

0 N—sx oy 0

where X is a R[G]-module and « and § are R[G]-homomorphisms. We
sometimes refer to such an extension as the extension X. We say two ex-
tensions X and Y are equivalent if there is a R[G]-isomorphism v making
the following diagram commute

0 NS x 2y 0
idN\L 'Y\L id]wl
0 Ny Moy 0.

Let Ext}z[G} (M, N) denote the set of equivalence classes of R[G]-extensions
of M by N which split as extensions of R-modules, i.e., if X is the extension
of M by N, then X 2 M & N as R-modules.

The following result will allow us to appropriately define the degree n
Selmer group. The case where M = N is given as Proposition 4 in [W95].
The proof given here is an adaptation of the proof given there.

Theorem 9.2. Let M and N be R|G]|-modules with G action given by pyr
and pn respectively. There is a one-one correspondence between the sets
H'(G,Homp(M, N)) and Extp g (M, N).

Proof. We will define a bijection from Ext (M, N) to H (G, Homp(M, N)).
Let

be an extension of M by N. We denote the G-action on X by p. Let
sx : M — X be a R-section of X, i.e., sx is a R-module homomorphism so
that 0o sx =idys. Observe that for all g € G and all m € M we have
B(p(g)sx (par(g~)m) — sx(m)) = par(9)B(sx (par(g~H)m)) — Blsx (m))
= pu(9)pm(g™)m —m
=0
where we have used that § is a R[G]-module and § o sx = idp;. Thus we
have that p(g)sx(prr(g~tm)) — sx(m) € ker(B) for all g € G,m € M, i.e.,
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p(9)sx(par(g7im)) — sx(m) € a(N) for all g € G,m € M. For g € G,
define ¢, : M — N by

cg(m) = a~ (p(g)sx (pa(g~")m) — sx(m)).
Our work above shows this is well-defined and it is immediate that for
each g € G we have ¢, € Hompg(M,N). We can show that g — ¢, is in
HY(G,Hompg(M, N)). To see this we observe that
g1 - ¢go(m) + ¢4, (m) = piv(g1)cgs (par(g7 'm)) + cg, (m)
= pn(g1) (@ (p(g2)sx (par(gy Nom(gr )m) = sx(pu (g7 'm))))
a H(p(g1)sx (pm(gy H)m) — sx(m))
“Hplg192)sx (par((9192) 1 Im)) — ™ (p(g1)sx (par (g7 H)m))

o Hp(gr)sx (par(gr H)m)) — ™ (sx (m))
= c9192( m).

This gives a map from Ext}%[G](M, N) to HY(G, Hompg (M, N)). We need to
show that this map is well-defined. Let

0 N Y M 0

be an equivalent extension and let sy be a R-section of Y. Let y: X — Y
be the R[G]-isomorphism giving the equivalence of extensions. If we set
Y = a~'y7(sy —ysx), then an elementary calculation shows that if cx and
cy are the cocyles arising from the extensions as above, then (cx ), —(cy)y =
g-v¥ —1. Thus, two equivalent extensions give rise to cocycles that differ by
a coboundary, and hence give the same element of H' (G, Homg(M, N)) and
so the map is well-defined. It remains to show that this map is bijective.
We begin by showing our map is injective. Let

ax Bx

0 N X M 0

and

be two extensions that give rise to equivalent cocycles c¢x and cy, i.e., there
exists ¢ € Hompg(M, N) so that (cx)g — (¢y)g = g -9 — ¢ for all g € G.
Denote the G-action on X by px and on Y by py. Let sx be a R-section
of X and sy be an R-section of Y. The condition on the cocycles ¢x and
¢y can be used to show that we have

P(par(g)m) = pn(g)v(m) — ay' (p2(g)sy (m) — sy (par(g)m))
+ax (px(g9)sx(m) — sx(pa(g)m)).
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The fact that X = M @ N as R-modules allows us to conclude that for each
x € X there exists unique m € M, n € N so that © = ax(n) + sx(m).
Define v: X — Y by

V(@) = ay(n) + sy (m) — ay (Y(m)).

The formula given about for ¥ (ppr(g)m) allows one to show that + is in fact
an R[G]-module homomorphism. It is easy to see from our definition of ~
that the diagram

0 N x Xy 0
idNi 'Yi id]wl
0 Ny Moy 0

commutes. The Snake lemma gives that « is an isomorphism and hence the
extensions are equivalent and our map Ext}%[G] (M, N) — HY(G,Hompg (M, N))
is an injection.

Let ¢ € HY(G,Hompg(M, N)). Define X = M @ N as an R-module. We
now show that we can define a G-action on X so that the resulting extension
gives rise to ¢ under the mapping Ext}%[G}(M, N) — HY(G,Hompg(M, N)).
Define the G-action on X via

p(g9)(m,n) = (prr(g)m, cg(prr(g)m))

where we use the notation ¢, € Hompg(M, N) as above. If we write cx for the
cocycle arising from the extension X, a short calculation gives that ¢ = cx.
Thus, the map Ext}%[G](M,N) — HY(G,Homp(M, N)) is a surjection and
hence from what we have already shown a bijection as claimed. ([

Let Wn] be the O-submodule of W consisting of elements killed by w".
The previous theorem gives a bijection between Ext%o J=m)(Dy] (O/a™, W(n])

and H'(D,, W([n]). For £ # p, we define the local degree n Selmer groups by
H}(Q@, Win]) = HL (Q,W[n]). At the prime p we define the local degree n
Selmer group to be the subset of classes of extensions of Dj,-modules

0—Wn]— X —0/a" ——0

where X lies in the essential image of the functor V defined in section 1.1 of
[DFGO04]. The precise definition of V is technical and is not needed here. We
content ourselves with stating that this essential image is stable under direct
sums, subobjects, and quotients ([DFGO04], section 2.1). For our purposes
the following two propositions are what is needed.

Proposition 9.3. ([DFGO04], p. 670) If V is a short crystalline represen-
tation at p, T a Dy-stable lattice, and X a subquotient of T /w" that gives
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an extension of D,-modules as above, then the class of this extension is in
H (Qp, Wn)).

Proposition 9.4. ([JB2], Proposition 7.9) Let ¢ be a non-zero cocycle in
HY(Q,W1]) and assume that T/w is irreducible. If ¢|p, € H}(Qg,W[l])
is non-zero, then ¢|p, gives a non-zero w-torsion element of H}(Qg,W).
Moreover, if ¢<|p, € H}(Qg,W[l]) for every prime £, then ¢ is a non-zero
w-torsion element of Sel(Q, W).

10. GALOIS REPRESENTATIONS AND SELMER GROUPS

In this section we show how given a congruence as in Theorem 8.4 one has
that Sel(Q, Wy ,(1 —k)) # 0 and p | # Sel(Q, Wy (1 — k)). We will mainly
summarize results found in ([JB2], section 8) so the interested reader is
advised to consult there for the details.

Let E/Q, be a finite extension as before large enough so that our results
from section 6 are defined over E. We enlarge E' when necessary so that the
appropriate Galois representations in this section are defined over E as well.
Let O be the ring of integers of E, w the uniformizer, p = (w) the prime
ideal over p, and F the residue field.

Let py : Gal(Q/Q) — GL(Vy,) be the p-adic Galois representation as-
sociated to an eigenform f, Ty, a Gal(Q/Q)-stable O-lattice, and Wy, =
Vip/Ttp. We denote twists by the mth power of the cyclotomic character
by writing Vy,(m) and similarly for Wy ,(m). We also have the following
result giving the existence of 4-dimensional Galois representations attached
to Siegel eigenforms.

Theorem 10.1. ([SU06], Theorem 3.1.3) Let F' € Sk.(Sp4(Z)) be an eigen-
form, Kr the number field generated by the Hecke eigenvalues of F', and @
a prime of Kp over p. There exists a finite extension E of the completion
of Kpy of Kp at p and a continuous semi-simple Galois representation

prp : Gal(@/Q) — GLa(E)
unramified away from p so that for all £ # p we have
det(X - 14 — pp(Froby)) = Lspin’(@)(X).
The following result is crucial in producing elements in the Selmer group.

Theorem 10.2. ([F89], [U05]) Let F' be as in Theorem 10.1. The restriction
of pre to the decomposition group D, is crystalline at p. In addition, if
p > 2k — 2 then pr,, 1s short.

Suppose that we have an eigenvalue congruence Fy =, G(modw) as in
Theorem 8.4. This congruence combined with Proposition 3.5, Theorem
10.1, and the Brauer-Nesbitt Theorem give that ﬁsg,p = k1 SPpp® whk=2,
The goal is to study pg, and use this Galois representation to produce
a nontrivial p-torsion element in Sel(Q, Wy, (1 — k)). One can use linear
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algebra along with the fact that pg p is irreducible to deduce the following
proposition.

Proposition 10.3. ([JB2], p. 516) There is a Gal(Q/Q)-stable lattice T¢;
so that the reduction pg ,, is of the form

wh—2 *q *9
Pap =1 *3 Prp *4
0 0 Wkl

where 1 or x3 is zero and so that pg ,, s not equivalent to a representation
with x9 and *4 both zero.

We begin by assuming that x3 = 0. We would like to show that the

quotient
p *y4
( 6,p wk_1>

is not split. If we can show this, then we can twist p¢; , by w! ™% so that 4

gives a nontrivial element of H*(Q, Wy (1 — k)[1]). Suppose it is split. In
this case Proposition 10.3 gives that the quotient

wk_z *9
0 wh—1

cannot be split as well. However, in ([JB2], section 8) it is shown that
this quotient being nonsplit gives a nontrivial quotient of the w™!-isotypical
piece of the p-part of the class group of Q(u,), which by Herbrand’s theorem
does not exist. Thus, if *3 = 0 we obtain a nontrivial torsion element of
H'(Q, Wy ,,(1—F)[1]). In this case it remains to show that the local conditions
are satisfied so that we obtain an element in the Selmer group.

Suppose now that x; = 0. In this case we obtain that

O.)k_2 *9
0 wk*l

is a quotient extension. However, as stated above we must have xo = 0.
This gives that
Py, 4
( ép wk_1>

is a nontrivial quotient extension and we again obtain a nontrivial element
of HY(Q, Wy (1 — k)[1]) after twisting by w'~*.
It is now easy to see that we have a nontrivial torsion element of Sel(Q, Wy ,(1—
k)) by using the fact that pg p is unramified away from p and Proposition
9.3 to see that our cocycle ¢ := x4 satisfies all of the local conditions. Thus,
we have the following theorem.

Theorem 10.4. Let k > 6 be even and p > 2k — 2 a prime. Let f €
Sok—2(SLa(Z),R) be a newform and Fy the Saito- Kurokawa lift of f. Assume
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that f is ordinary at p and py is irreducible. Let ho € S(SL2(Z),R) be a
newform such that hg is ordinary at p and py,, is irreducible. If

—m = ordey (Calg (k) Catg (26 —2) Catg (2k—4) Laig (k, £)?) —ordg (dr-Z (k, f, ho)) > 0
then Sel(Q, Wy o(1 —k)) # 0 and p | # Sel(Q, Wy (1 — k)).

11. THE BLoCH-KATO CONJECTURE

In this section we recall the statement of the Bloch-Kato conjecture in
our situation, observing how Theorem 10.4 gives evidence for the validity
of this conjecture. We follow the excellent account given in [DO08] for our
exposition of the Bloch-Kato conjecture for modular forms.

Let f be a newform of weight 2k — 2 and level SLy(Z). As above, for each
prime £, let V; := V}\ be the 2-dimensional (-adic Galois representation
associated to f. We let Ty := Ty be a Gal(Q/Q)-stable lattice and set
Wy := Wy = Vy/T,. For any integer j we have a natural map m : V;(j) —
Wy(j) which induces a natural map of cohomology 7. : HY(Q, Vi(j)) —
HY(Q, We(5)). The Shafarevich-Tate group is defined to be

II(j) = @ HHQ, Wi(4))/m H}(Q, Va(5)).-
l

We define the set I'g(j) as the sum over the global sections:
To(f) = PHA(Q Wi())-
L

The Bloch-Kato conjecture can now be stated as follows.
Conjecture 11.1. (Bloch-Kato) With the notation as above, one has

Lulb) = g g I

where ¢;(j) are the “Tamagawa factors”.

We would like to thank Neil Dummigan for pointing out the incorrect
twists given on the global sections in [JB2]. The correct values here are due
to his correction of our early mistake.

In order to see how Theorem 10.4 gives evidence for this conjecture, we
make the following observations. The fact that we are assuming that py is
irreducible, gives that the terms #I'g(3 — k) and #I'g(1 — k) both must be
p-units. See ([DO08], Proposition 4.1) for example.

By work of Kato ([K04], Theorem 14.2), we know that away from the
central critical point the Selmer group is finite. Thus, in our case we can
identify the p-part of the Selmer group with the p-part of the Shafarevich-
Tate group.

It only remains to deal with the Tamagawa factors. For ¢ £ p, we have
that ords(ce(7)) is defined to be

length(H"(Qr, Wy (5))/ B (Qe, Vo(5) " /Ty () ™))
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where I, is the inertia group. However, as V,(j) is unramified at all £ # p,
we have that ord(ce(j)) = 0 for all £ # p. Thus, it only remains to handle
the case of ¢,(j). If we further assume that p > 3k — 3, then Theorem 4.1
(iii) of [BK90] gives that orde(cy(j)) = 0 as well. Combining all of these
facts shows that Theorem 10.4 when one adds the condition that p > 3k — 3
provides evidence for the Bloch-Kato conjecture for modular forms.
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