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¢ 0. L-functions. For every m > 1, let D,,, denote the class of Dirichlet series L(s) = > 92,
n>1
absolutely convergent in Re(s) > 1 with an Euler product I P,(p~*) ™! of degree m there, exte;lding
to whole s — plane as a meromorphic function of boundeil order, in fact with no poles anywhere
except at s = 1, and satisfying (relative to another Dirichlet series LY (s) in D,,) a functional
equation of the form
Loo(s) L(s) = WN2Z7*LY. (1 — s)LY(1 — s),

Csm. m

where WeC*, NeZ~q, with the “archimedean factor” L..(s) being (772 ) II F(#), for sure
=1
(bj)eC™.

Put D= |J D,. One says that L(s) is self-dual if L(s) = LY (s), in which case We {£1}.
m>1

Examples:
(0) ¢(s), Dirichlet and Hecke L-functions.

(1) g a holomorphic newform of weight £ > 1 and level N,

L(s) = L(s + %79)’ Loo(s) = 7T_SF(S + (k2— 1)/2

(2) ¢ = Maass form of level N, an eigenfunction of Hecke operators.

s+0+w s+0—w

L(s) = L5, ), Lools) = 7D (3G

), 3¢{0,1}.

(3) L(s) = L(s,7f), ™ = Too @ m¢ unitary cusp form on GL,,/F, [F : Q] < oo,
N = D@ Normp,g(cond(m)); generalizes (0) — (2).

(3) (Rankin - Selberg) L(s) = L(s, 1,y X ma,¢), 7; cusp form on GL(m;).

If

Lis;my) = (1= aip™) 7" & L(s,mzp) = I (1= Bp7") 7",
1= J]=



then
L(s,m p X T p) = Hll Ifl(l —a;fBp°)7"
i=1j=

(4) A typical member in the Selberg class. (Selberg requires Ramanujan, which we don’t,
while he requires Euler product only in Re(s) >> 1)
(5) (Conjectural) L(s) = L(s,p) (Artin L-function)

where p : Gal(Q/Q) — GL,,(C) is a continous homomorphism.

Fry, : Frobenius, I, : Inertia

L(s,p) =IIdet(1 — Frpt|VpIp)|;:1pfs,
P

Everything known except for holomorphy at s # 1, which is a big open problem.

(6) (Highly conjectural) M is a motive Q with coefficients in £ < C of weight w, L(s) =
L(s+ %, M). (Known cases: CM ab. vars.: Shimura-Taniyama, Elliptic curve Q: Wiles, Breuil-
Conrad-Diamond-Taylor).

Hope/Conjecture |I:  Every L(s) € D,, is quasi-automorphic, ie, there exists an automorphic form

m on GLy, /Q s.t. Ly(s)=L(s, ) for almost all p. Moreover, L(s) is primitive iff 7 is cuspidal.

— Compatible with Langlands philosophy ([La]) and with the conjecture of Cogdell-Piatetski-
Shapiro. ([CoPS])

— This cannot be correctly formulated over number fields. Also, there exists an example
of Patterson over function fields F, satisfying analogous conditions, but with zeros on the lines

Re(s) = 1 and Re(s) = 3.

Hope/Conjecture Il:  For any L(s) €D, if it has a pole of order r at s = 1, then ((s)"|L(s), ie.,

L(s) = ((s)"L1(s), with Ly(s)eD.

This is compatible with the conjectures of Selberg, Tate and Langlands.

¢ 1. Landau-Siegel Zeros Let L(s)eD,, with Lo(s) = 7= ™* I F(%bj). Define its thickened
i=1
conductor to be

N=N@1+)_|bjl).
Jj=1



Definition. Let ¢ > 0. Then we say that L(s) has a Landau-Siegel zero relative to ¢ if L(3) =0

for some [Be(1— loch’ 1).

Definition. Let F be a family, ie., a subclass of L-functions in D with N — oo in F. We say

that F admits no Landau-Siegel Zero if there exists an effective constant ¢ > 0 such that no L(s)

in F has a zero in (1 — s T 1).

Conjecture: Let F be a family in D. Then F admits no Landau-Siegel zero.
One reason for interest in this is that the lack of such a zero implies a good lower bound for
L(s) at s = 1.

For example, consider the family F = {L(s, xp)|D negative, fund. discriminant}.

27hp
wp/Id’
and hp = class number of Q(v/D). If F has no L — S zero then one can show: (Ve > 0) L(1, xp| >
C|DJ¢, for an effective C' > 0. Consequently, hp > C1|D|%_€. (%)

Dirichlet : L(1,xp) = wherewp = #rootsof 1 in Q(\/B)

This will solve Gauss’s class # problem for imaginary quadratic fields.

Siegel proved (x) with an ineffective constant Cy. He was influenced by Landau’s earlier work
on the problem giving |D| < C'h$log®(3hp) = hp > C.|D|57¢, for any € > 0. The natural
limit of Landauw’s method seems to be |D|i (mod logarithmic terms). Gross-Zagier-Goldfeld:

hp > Clog|D| for an effective C' > 0.

Suppose we consider the family {L(s, xp)} attached to the set of positive fundamental discrim-
inants D. Then the expression for L(1, xp) involves hp Rp, where Rp = log |up| is the regulator,
with up denoting a fundamental unit of Q(v/D). So we get a lower bound for hp Rp and not for
hp itself. This is related to Gauss’s conjecture that F infinitely many D > 0 such that hp = 1.

Very generally, let L(s) (= L(s + 4, M), for a motive M/Q of even weight w. Call s = 1
(Deligne) critical for L(s) if neither Lo, (s) nor LY (1 — s) has a pole at s = 1.

e L(s,xp) is critical at s =1 iff D < 0.

e If g is a holomorphic new form of wt. 2k + 1, then s = 1 is critical for L(s) = L(s + %, g)

e If g is a holomorphic new form of wt. 2, then s = 1 is critical for sym?®"(g), for any r > 1.

o if ¢ is a Maass form of weight o associated to an even Galois representation p; A will be i.

When M is critical with coefficients in @, Deligne’s conjecture predicts

3



L(1, M) e (periodof M) Q*.

The transendental part of the period of M should be constant in the family {M @ xp|D > 0}.

Bloch-Kato conjectures: describe the rational #’s; they invlove a generalized class #’s, order
of Sha(M).

Upshot: If {M ® xp} has no Landau-Siegel zeros, and if the B-K conjectures hold , then one
should have a good lower bound for the order of Sha(Mp), as D — oc.

Another reason for being interested in L(1) is the following:

Let 7w be a cusp form on GL,,/Q. Then L(s,m X 7VT) has a simple pole at s = 1 and its residue
there is essentially given by (¢, ¢) for a new vector eV;. On the other hand, L(s,m X 7vr) =
C(s)L(s,m, Ad); so one gets control of ||¢|| by bounding L(1,m, Ad) from below. For n =2 and 7
self-dual, L (1,m, Ad) is simply L (1, sym?(r)).

§ 3. Known Cases

(0) (Siegel, ) Fix R >0, and consider Fr = {L(S, xp)| D < 0,|D| < R}. Then there exists

1).

(1) (Stark) Let F' be a finite Galois extension of Q. Then the Dedekind zeta function (g(s)

an effective C' > 0 such that there is at most one xp e Fr which has a zero in (1 — @,

has no Landau-Siegel zero unless F' contains a quadratic extension of Q. This holds for non-normal

extensions as well if one assumes the Artin conjecture.

2) (Goldfeld-Hoffstein-Lockhart-Lieman) Let F = {L(s, sym?2(x 7 non-dihedral cusp form
(2) ( , 8Y fi D
on GL,Q}. Then F admits no Landau-Siegel zero.

(3) (Hoffstein-Ramakrishnan)
(i) Let F = {L(s, m¢)|m cusp form on GLy/F'}. Then F admits no L — S zero.
(ii) Analog of (0) holds for {L(s, m)|r cusp form on GL,,, all m.}

(iii) Assume the Rankin-Selberg L-functions are modular. Then the analog of (i) holds for

GLy,, for any m > 1.

Remark: For GL(3), the paper [HR] gave a reduction, which was established by W. Banks to give
a non-existence result for L — S zeros (for GL(3)) ([Ba]).

¢ 4. ldea of proof of the results of [HR]:

The starting point is the following general principle, well known to experts in the area:



LEMMA Let L(s) € D,, is a positive Dirichlet series having a pole of order r > 1 at s = 1, with

L'(s)/L(s) < 0 for se(1,00). Then there exists an effective constant C > 0, depending only on m

and r, such that L(s) has most r real zeros in (1 — logLN’ 1).

So, given L1(s)eD, one can rule out L-S zeros for L;(s) if we can find a positive L(s) with

order of pole r > 1 such that L(s) = Li(s)¥Ly(s), with k& > r and La(s) holo in (¢,1) for a fixed ¢.
LEMMA L(s,m x ) is a positive Dirichlet series, ¥ auto form m, with L'(s)/L(s) < 0 for real

se(0,00).

case: T sell-dual, non- 1 edral cus ormm on 2 = sym-;
[GHLL] If-dual, non-dihedral cusp f GL(2), S% = sym?;

L(s) = ¢(s)L(s, S*(m))*L(s, S*(S*(7))), r = 2.

[HR] case: 7 self-dual, non-dihedral cusp form on GL(2);

L(s) = ¢(s)?L(s, m)*L(s, S?/m))3L(s, S*(m))L(s, S*(m) x S*(x)), r = 3.

Crucial fact: L(s, sym®(m)) is holomorphic in (3,1) which had been known at the time by Bump-
Ginzburg-Hoffstein ([BGH]). Now one can also appeal to Kim-Shahidi who prove that L(s, sym3(r))
is even entire ([KSh]).

General principle: (in terms of Galois representations of Artin type)

Let p e Homgy,t (Gal, GL, (C) be irreducible. We will assume p is self-dual; the general case

can be reduced to this.

Elementary, but key point: If n > 1, 3 irreducible T # 1 of Gal occuring in p ® p.

Case i Can take T = p. (Notation: 1 = trivial representation)

Write
pr=1@kpap, pg o, k>1

Then
ni=1+p)®2=2102+kpap, k>1.

= L(s.n) = ((s)°L(s, p)*™ L(s, p).



Done if L(s, p') is holomorphic to the left of s = 1. (This corresponds to the [GHLL] -case).

Caseii 7 # p.
Write
1okt kv o7, if 7 £ 1Y
p®? =
1elrerifr #71Y,
with k, 1> 1, 7,77 ¢ 7.
Then

ni=1epen)®?*=3102pa7 @ (pe1")d(paT),

for some 7”. Note that p occurs in p®@ 7V.

Hence L(s,n) = C(s)3L(s, p)*L(s, p).

Done if L(s, p) is holo. near 1.
(This corresponds to Hoffstein-Ramakrishnan case.)

Suppose we assume the functoriality principle of Langlands ([La]). More specifically, suppose
we assume that the Rankin-Selberg L-functions L(s, 7 x 7’) on GL(n) x GL(m) are modular, ie.,
given as the standard L-series L(s, 7 X ") for automorphic representations m X 7’ of GL(nm).
For n = m = 2, this is carried out in [Ra]. Then we can transport this Galois argument over to
the automorphic side and conclude that for any cusp form = on GL(n), n > 1, L(s,n) admits no

Landau-Siegel zero.

But such a result can be proved without any hypothesis for L(s,7) ([HR]) and L(s, S*(m))
([GHLL)) for any cusp form 7 on GL(2). We refer to [HR] for further details.
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