
Ma 130c, Spring 2017
Homework 4, due Wednesday 5/31 in class

1. Let X/k (with k algebraically closed) be the weighted projective space
with generators of degrees 1, 1, 1, 2, and suppose S is a smooth hy-
persurface in X cut out by an equation of degree 4. (Equivalently, S
is the intersection of a quadric and the cone over the second Veronese
of P2.) A line in S is a subscheme with Hilbert series 1/(1 − t)2. (a)
Show that S contains precisely 56 distinct lines, and is rational (Hint:
This is very similar to the argument for cubic surfaces, albeit with one
place where an additional argument is needed). (b) Suppose k does
not have characteristic 2, and let C ⊂ P2 be a smooth quartic curve.
Show that C has precisely 28 bitangents (lines such that every point
of intersection with C has even multiplicity). (c) Give a method for
constructing a smooth plane quartic over Q such that all 28 bitangents
are defined over Q.

2. Let X/k be a smooth projective surface over a field k which may not
be algebraically closed. (a) If p ∈ X(k) and X̃ is the blowup with
center p, then the exceptional curve is isomorphic to P1 over k. (b)
Suppose now that X/k is a quintic del Pezzo surface with p ∈ X(k).
Show that X is rational. (Hint: If p lies on more than one −1-curve,
there’s a rational pencil (why?); otherwise, we can blow up X̃ (why?)
to obtain a surface with K2 = 3 and containing a −2-curve. Consider
the anticanonical model of such a surface.)

3. Let X be a del Pezzo surface, and let e1, e2, e3 be −1-curves on X. (a)
Show that if e1 ·e2 ≥ 3, then K2

X
= 1 and −K = e1+e2. (b) Show that

if e1 ·e2 = 2, then K2

X
≤ 2. (c) Show that if e1 ·e2 = e1 ·e3 = e2 ·e3 = 1,

thenK2 ≤ 3. (Hint: in each of these three parts, what’s the orthogonal
projection ofKX onto the span of the given −1-curves?) (d) Show that
if X/k is a quartic del Pezzo surface with a k-rational −1-curve, then
X admits a birational morphism to P2, defined over k.
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