
Ma 130c, Spring 2017
Homework 1, due Wednesday 4/19 in class

1. (a) Consider the curve C : xd
1
f(x2, y2) = yd

1
g(x2, y2) inside P

1
× P

1, in
characteristic prime to d, where f , g are homogeneous polynomials of
degree e such that fg is square-free. Use Hurwitz’ formula to compute
the genus of C (viewing it as a degree d cover of P1). (b) Show that
any bidegree (d, e) curve in P

1
× P

1 (over any field) has arithmetic
genus (d− 1)(e− 1).

2. Suppose C is a nonhyperelliptic curve of genus 4 and p ∈ C is a point
such that K ∼ 6p and h0(3p) = 2. (a) Compute h0(dp) for all d.
(b) Conclude that C is isomorphic to the compactification of an affine
curve of the form

x3+y5+a1xy
3+a2x

2y+a3y
4+a4xy

2+a5x
2+a6y

3+a7xy+a9y
2+a10x+a12y+a15 = 0

(c) If 15 is invertible, show that we may take a3 = a5 = a2 = 0,
and that two such pairs (C, p) are geometrically isomorphic iff they
correspond to the same point in the appropriate weighted projective
space. Conclude that such curves are classified by a quasiprojective
scheme of dimension 7.∗

3. Let E be an elliptic curve cut out by a Weierstrass equation of the
form y2+ a1xy+ a3y = x3. (a) Show that the point (x, y) = (0, 0) is a
point of order 3 in the group of E. (b) For a general elliptic curve E,
suppose that (x0, y0) is a 3-torsion point. Show that E is isomorphic
(in an essentially unique way) to a curve of the above form in such a
way that (x0, y0) maps to (0, 0). (c) Let k be a field of characteristic
3, and suppose E/k is an elliptic curve with j(E) = 0. Show that the
group E(k) has no nontrivial 3-torsion points.

4. Do problem IV.2.5 from Hartshorne: assuming that a curve of genus
g > 1 and characteristic 0 has finite automorphism group, show that
it has at most 84(g − 1) automorphisms. Fun fact: the set of auto-
morphism groups of curves meeting this bound is infinite, and includes
groups such as PSL2(F7)

† and the Monster group. . .

∗This came up recently in a paper of mine. . . Note that it is not a coincidence that
the degrees of the coefficients are half the degrees of the invariants of the Weyl group
W (E8). . .

†The automorphism group of the Klein quartic x3y + y3z + z3x = 0.
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