
Math 121a, Spring 2017
Homework 4, due Friday 6/2 at 2pm

Let H12 be any Hadamard matrix of order 12.

1. (a) Prove that the product of any four rows of H12 has sum ±4. (Hint: Up to permutations
and sign changes of columns, there is an essentially unique way this could fail. Show that such
a configuration cannot be extended to a Hadamard matrix.) (b) Show that up to permutations
and sign changes of columns and sign changes (but not permutations) of rows, we may assume
the first five rows of H12 are 

++++++++++++
++++++−−−−−−
+++−−−+++−−−
++−+−−+−−++−
++−−+−−+−+−+

 (1)

(Hint: (a) shows that the first four rows are essentially unique, and there are relatively few
compatible choices for the fifth row) (c) Show that up to permutations and sign changes
of the remaining seven rows, the first three columns are uniquely determined. (Hint: The
transpose of a Hadamard matrix is a Hadamard matrix) (d) Show that up to permutations
and sign changes of the last seven rows, there are precisely two ways to complete this partial
Hadamard matrix. (e) Conclude that any two completions of (1) are equivalent under the
group generated by swapping the first two columns, permuting the last seven rows, and
negating any of the last seven rows. (f) Prove that the automorphism group M12 of H12 gives
a 5-transitive action on the unsigned rows. (g) [optional] Prove that the automorphism group
M12 of H12 acts on the (unsigned!) rows as a permutation group of order 95040.

2. In class, I constructed a 5 − (12, 6, 1) design from H12 by taking the blocks to be the sets of
columns in which some unordered pair of rows either agrees or disagrees. (a) Show that the
same construction gives a 3 − (n, n/2, n(n − 4)/8) structure (possibly with repeated blocks)
from any Hadamard matrix of order n ≥ 8. (b) Show that if this gives a 4-structure, then
n = 12. (Hint: What would the parameters of the 4-structure be?)1

3. (a) Show that two distinct blocks of a 5 − (12, 6, 1) design meet in at most four points, and
that any given block meets exactly 45 other blocks in exactly four points. (b) Show that any
two distinct blocks of a 5 − (24, 8, 1) design meet in 0, 2, or 4 points.

4. A constant-weight code is a binary code in which every codeword has the same weight w.
Show that the rows of the incidence matrix of a t − (n, k, 1)-design form a constant-weight
code of minimum distance 2(k − t + 1) when viewed as elements of Fn

2 .

1I was tempted to pose this problem as “Show that if this is a 4-design, then it is a 5-design”. . .
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