
Math 121a, Spring 2017
Homework 3, due Friday 5/19 at 2pm

1. (a) Since formal power series form a ring, we may consider matrices over that ring. Let M
be such a matrix. Show that M is invertible iff the corresponding matrix of constant
terms is invertible.

(b) Suppose we are given a finite set Σ of bit strings, and wish to know the number of bit
strings such that no substring is in Σ. Prove that the generating function enumerating
such strings by length (i.e., such that the coefficient of xn is the number of legal strings
of length n) is a rational function of x, and give a procedure for computing it.

(c) A finite automaton is determined by the following data: a finite set A (the alphabet), a
finite set S of states, and a transition function S×A → S. In other words, each element
of A determines a function from S to S, and thus any string of elements of A determines
such a function by composition. For each pair s1, s2 ∈ S, consider the generating function
enumerating strings on A by length such the the corresponding function takes s1 to s2.
Prove that these generating functions are rational functions, and give a procedure for
computing them. (Hint: Consider the corresponding matrix of formal power series)

(d) Let G = (V,E) be an undirected graph (with loops and multiple edges allowed). Show
that the number of closed paths in G of length n is equal to

∑

1≤i≤|V |

λn
i

where λ1, . . . , λ|V | are the eigenvalues of the adjacency matrix of G.

2. Give a combinatorial proof that

∏

0≤k

(1 + q2k+1z) =
∑

0≤k

qk
2

zk∏
1≤j≤k(1− q2j)

.

3. Let fmn(q) be the generating function for partitions λ such that λ1 ≤ m, ℓ(λ) ≤ n, i.e.,

fmn(q) =
∑

λ1≤m
ℓ(λ)≤n

q|λ|.

Give direct bijective proofs that

(1 + q + · · ·+ qn−1)fm−1,n(q) = (1 + q + · · ·+ qm−1)fm,n−1(q)

and
fm,n(q) = fm−1,n(q) + qmfm,n−1(q).
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