
Ma 121a, Spring 2017
Homework 2, due Friday 5/5 at 2pm

1. Show that if n ≥ p + 1, then every simple graph with n vertices and
M(n, p) + 1 edges contains (as a not necessarily induced subgraph) a Kp+1

from which an edge has been omitted.1

2. (Problem 4F) Let G be a simple graph with n vertices. Prove that if
every vertex of G has degree ≥ (n + 1)/2, then any edge of G lies on a
Hamiltonian circuit.
3. (Problem 5A, partial) A perfect matching in a graph G (not necessarily
bipartite) is a matching so that each vertex of G is incident with one edge
of the matching. Find a trivalent (regular of degree 3) simple graph which
does not have a perfect matching. (Hint: If you remove a vertex from a
graph with a perfect matching, all but one component must have an even
number of vertices.)
4. Given a finite group G and a subgroup H of index m, prove that there
exists a sequence g1, . . . , gm of left coset representatives which is also a se-
quence of right coset representatives.
5. (Problem 7C) Let (X1, Y1) and (X2, Y2) be minimum cuts (i.e., cuts of
minimum capacity) in a transportation network. Show that (X1∪X2, Y1∩Y2)
is also a minimum cut. (This can be done either from first principles, or
with an argument involving maximum flows.)
6. (Problem 7D, variant) Prove König’s theorem (Theorem 5.4) directly
from max flow-min cut.
7. (Problem 6B) Let the setsAi, 1 ≤ i ≤ k, be distinct subsets of {1, 2, . . . , n}.
Suppose Ai∩Aj 6= ∅ for all i and j. Show that k ≤ 2n−1 and give an example
where equality holds.

1See Theorem 4.1 for the definition of M(n, p).
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