
Ma 7: Number Theory, Spring 2017 due: 4pm Tuesday, May 23

PROBLEM SET 6

Rules: You may collaborate with classmates, and you are allowed to consult books while solving the homework problems.

However you should not consult any other people (except the instructor and TA) or use internet resources such as online forums.

Please cite book references if any are used. If you use results not proved in class please provide your own proof.

Solovay-Strassen Primality Test

If n is an odd natural number, then n is prime if and only if(
a

n

)
≡ a

n−1
2 (mod n)(1)

holds for all a such that (a, n) = 1.

Let Sn be the set of all a ∈ {1, · · · , n− 1} for which either (a, n) > 1, or (a, n) = 1 and (1)

does not hold. Then Sn is empty if and only if n is prime, and |Sn| > n
2

if n is composite.

An element of Sn is called an Euler witness for n.

These facts leads to a quick probabilistic primality test. Given odd n, we can pick a few

a at random and check whether (1) holds. If n isn’t prime it should fail to hold roughly half

the time. This is the Solovay-Strassen Primality Test.

It turns out that if a long-standing conjecture in analytic number theory holds, namely

if the Generalized Riemann Hypothesis (GRH) is true, then one obtains a deterministic

Solovay-Strassen primality test.

Theorem (Eric Bach, 1990). If GRH holds, then every odd composite number n has an

Euler witness a with a < 2(log n)2.

For this assignment, we assume GRH holds.

Problem 1. Implement a deterministic Solovay-Strassen primality test. In other words

implement a function SSP(int n), that takes an odd natural number n and checks whether

an Euler witness for n exists in {1, · · · , C}, where C = b2(log n)2c
If n is prime, it should return 1. If n is composite, it should return the smallest positive

Euler witness for n.

Problem 2. Compute a list of all composite numbers in the range 1 ≤ a ≤ 120000 whose

smallest positive Euler witness is greater than 2.
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Problem 3. Compute a list of all Carmichael numbers in the same range. What is the

symmetric difference of this list and the previous one? 1

Your code should:

• Efficiently implement the Legendre and Jacobi symbols without use of the same func-

tions in Sage’s internal libraries.

• Compute the Carmichael numbers directly rather than refer to a list.

• Use the Quadratic Reciprocity law to optimize computation of Jacobi symbols.

1The symmetric difference of two sets is all elements that belong to exactly one of them.


