
Ma 7: Number Theory, Spring 2017 due: 4pm Tuesday, April 25

PROBLEM SET 2

Rules: You may collaborate with classmates, and you are allowed to consult books while solving the homework problems.

However you should not consult any other people (except the instructor and TA) or use internet resources such as online forums.

Please cite book references if any are used. If you use results not proved in class please provide your own proof.

All the problems are expected to be answered by programming in Sage. To generate a list of

primes in a given range, use prime range().

Chebyshev’s bias

For a positive real number x, the prime-counting function

π(x) = # { p prime | p ≤ x} ,

satisfies

π(x) ∼ x

log x
,

meaning

lim
x→∞

π(x) · log x

x
= 1.

Consider now the following variation. For a, n ∈ N relatively prime and x positive real, put

π(x, a, n) = #{ p prime | p ≤ x, p ≡ a (mod n) }.

Suppose b ∈ N, (b, n) = 1 and a 6≡ b (mod n). One might guess that π(x, a, n) and π(x, b, n)

are about the same size. In other words, that there are roughly the same number of primes p with

p ≡ a (mod n) as there are with p ≡ b (mod n). After all, if some number is relatively prime to

n, it’s not clear how its specific residue modulo n could possibly affect its chances of being prime.

Indeed, it is known1 that

π(x, a, n) ∼ 1

ϕ(n)

x

log x
.(1)

So the primes modulo n are more or less evenly distributed among the ϕ(n) residue classes.

However, this is not the entire story. It was already noticed in 1853 by the Russian mathematician

P. L. Chebyshev, that π(x, 3, 4) > π(x, 1, 4) almost always. In fact a similar inequality typically

holds for any a, b, n. Prime numbers appear to just slightly favour some residue classes over others,

in a way that (1) does not capture. This phenomenon is known as Chebyshev’s bias.

Problem A. Let pn denote the nth prime. Use Sage to compute π(pn, 1, 4) and π(pn, 3, 4) for

1 ≤ n ≤ 1000.

(a) For which primes pn ≤ p1000 are π(pn, 1, 4) and π(pn, 3, 4) equal?

1Hadamard, de la Vallée Poussin, 1896
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(b) For 1 ≤ n ≤ 1000, plot the functions f(n) = π(pn, 1, 4) and g(n) = π(pn, 3, 4) on the same

graph, with f(n) in blue and g(n) in red. You may want to use list plot() in Sage, as in:

p1=list plot([f[n] for n in range(1,1000)],color=’blue’)

p3=list plot([g[n] for n in range(1,1000)],color=’red’)

Then to display both plots on the same graph:

p1+p3

Looking at the graph, one might guess that in general π(x, 3, 4) > π(x, 1, 4), except for some

small values of x. This is in fact false.

Problem B. Extend your computation of π(pn, 1, 4) and π(pn, 3, 4) to the range 1 ≤ n ≤ 80000.

The calculation should take only a few seconds.

(a) Find the first 20 values of n for which π(pn, 1, 4) = π(pn, 3, 4).

(b) Plot the function δ(n) = π(pn, 1, 4)− π(pn, 3, 4) against n, for 1 ≤ n ≤ 80000.

(c) Find the smallest n > 30000 for which δ(n) = 0.

The plot of δ(n) should show an anomalous spike around the value of n from (c). Around that

region, after a brief stretch of rapid sign change, δ(n) appears to return to its expected (negative)

values. The naive number theorist might now hope that δ(n) has run out of surprises and will go

on to behave regularly.

Problem C. (Open-ended) Compute δ(n) for 1 ≤ n ≤ N , for N very large, as a function of your

computing power and patience.

(a) Plot δ(n) against n, for 1 ≤ n ≤ N .

(b) Find the largest n ≤ N such that δ(n) = 0.

(c) (Bonus) Can you find n > 100000, for which π(pn, 1, 4) = π(pn, 3, 4)?

Chances are that your evidence is encouraging to the aforementioned naive number theorist.

They might be so emboldened as to conjecture that π(x, 3, 4) > π(x, 1, 4) for very large x. This too

is false. In fact, it was proven by J.E. Littlewood in 1914 that δ(n) changes signs infinitely many

times.

Now one might wonder if the set

P = {x ≥ 2 : π(x, 3, 4) > π(x, 1, 4)}

can be described in any way as being most of R≥2. The appropriate notion here is the logarithmic

density

`(P ) = lim
X→∞

1

logX

∫
P∩[2,X]

dt

t
.
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It was proven in 1994, by P. Sarnak and M. Rubinstein, that if certain extremely difficult conjectures

hold (namely the Generalized Riemann Hypothesis, and a so-called Grand Simplicity Hypothesis)

then

`(P ) = 0.9959 · · · .

In particular, the set of x such that π(x, 1, 4) > π(x, 3, 4) is not only infinite, but has positive

logarithmic density.

Problem D. (Bonus Challenge) Find the smallest prime p > 2 × 107 for which π(p, 1, 4) =

π(p, 3, 4).


