
Ma 7: Number Theory, Spring 2017 due: 4pm Friday, June 16

FINAL PROJECT

Rules: You may collaborate with classmates, and you are allowed to consult books while solving the homework problems.

However you should not consult any other people (except the instructor and TA) or use internet resources such as online forums.

Please cite book references if any are used. If you use results not proved in class please provide your own proof.

Class numbers of positive-definite binary quadratic forms

Note: For seniors who are graduating :

• Problem 4 is optional.

• The due date is Friday, June 9th.

Recall that:

To a binary quadratic form

Q(x, y) = ax2 + bxy + cy2,

with a, b, c ∈ Z, we associate the matrix

MQ =

(
a b/2

b/2 a

)
,

and we say two forms Q, Q′ are equivalent if there exists a 2 × 2 matrix P , with integer

entries and determinant ±1, such that

MQ = tPMQ′P.

If det(P ) = 1, Q andQ′ are said to be properly equivalent. The discriminantD = DQ = b2−
4ac of a binary quadratic form Q is an invariant of its (proper) equivalence class. Assuming

D is not a square (D 6= �), we say Q is reduced when:

(1) −|a| < |b| ≤ |a| ≤ |c|, and

(2) b ≥ 0, if a = c.

A form Q is positive-definite if Q(x, y) > 0 whenever (x, y) 6= (0, 0). This implies D < 0.

A key fact for positive-definite binary quadratic forms is:

Every positive-definite form Q is properly equivalent to a unique reduced form.

A quadratic form Q(x, y) = ax2 + bxy + cy2 is primitive if gcd(a, b, c) = 1.

The class number of binary quadratic forms of discriminant D, is the number of equivalence

classes of binary quadratic forms with discriminant D, denoted h(D). If D < 0, h(D) is equal
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to the number of reduced primitive positive-definite binary quadratic forms of discriminant

D.

Problem 1. Implement in Sage a function

reduced form(a,b,c),

which takes as input three integers a, b, c, corresponding to a binary quadratic form Q(x, y) =

ax2 + bxy + cy2, and returns integers α, β, γ, corresponding to a reduced quadratic form

R(x, y) = αx2 + βxy + γy2 that is equivalent to Q.

Problem 2. Implement a function

reduced reps(D),

which returns a list of all reduced, primitive, positive definite binary quadratic forms of

discriminant D.

Recall that a quadratic form Q(x, y) = ax2 + bxy + cy2 is said to represent an integer n if

the equation

ax2 + bxy + cy2 = n(1)

has solutions with x, y ∈ Z. A representation Q(x0, y0) = n is called proper if gcd(x0, y0) = 1.

Assume Q has discriminant D 6= �, so that a 6= 0. Then

Q(x, y) = n ⇐⇒ 4aQ(x, y) = 4an ⇐⇒ (2ax+ by)2 + (4ac− b2)y2 = 4an.

Then if D < 0, Q(x, y) = n is equivalent to

(2ax+ by)2 + |D| · y2 = 4an.

In particular, that implies

|y|2 ≤ 4an

|D|
, and |2ax+ by|2 ≤ 4an.

These bounds allow one to perform an exhaustive search for integer solutions to (1).

Problem 3. Implement a function

represent(n,a,b,c),

which returns a proper representation of n by Q(x, y) = ax2 + bxy + cy2, if such a represen-

tation is possible.

Using these functions we will perform some extensive numerical computations on class

numbers of binary quadratic forms, and perhaps formulate some conjectures.
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Problem 4. For every discriminant D, in the range −1000 < D < 0, find the smallest

positive integer n that’s not representable by any form of discriminant D. Plot the numbers

n against D and, based on your data, formulate a conjectural answer to the following.

Question: When is a positive integer n properly representable by some positive-definite

binary quadratic form of discriminant D < 0?

Bonus: Prove your conjecture.

Problem 5. Compute and plot h(D) for −1000 < D < 0. List all the discriminants D in

this range with h(D) = 1. Do you expect there to be infinitely many D < 0 with h(D) = 1?

(This question is still open for D > 0.)

Bonus: Formulate a conjectural upper bound for h(D), as a function of D.

Your work will be graded based on:

• Accuracy. It must simply be correct.

• Efficiency. You should explain what steps you’ve taken towards this end.

• Clarity. Your code should be well-organized and (briefly) commented.

The code must also be robust, able to handle invalid inputs appropriately.

All claims and conclusions must be explained.


