
5c (Field theory)

1 Week 1

Let R be a commuative ring. R�=units inR, it is a group.

A �eld k is a commutative ring such that k�= k¡ 0.
This de�nition implies that f0g is not a �eld

Two basic properties of �eld are their characteristic and degree.

Let k be any �eld. There is a ring map Z!!k given by 1 7!1. more precise/careful is 1!1k but
I wont be that careful. Then char(k) is de�ned as a nonnegative generator of ker(Z!k).

Because 0 is a prime ideal k we have ker(Z! k) is a prime ideal. If char(k) =/ 0 then it is a
prime number.

Terminology: the sub�eld generated by 1 in k is called the prime sub�eld; either Q or
Fp=Z/pZ.

For a domain A I'll write Frac(A) for the �eld of fractions of A

(unnecessary comment: Zp=
lim
1 n

Z/pnZ and Qp=Frac(Zp))

Given �elds k; F and a ring homomoprhism �: k! F then � is injective (WHY?) and F is a
vector space over k. Degree: [F : k] =dimkF

Some examples

[C:C] = 1

[C:R] =2

[Q:Q] =1

In general given a �eld extension k ! F and an � 2 F then k(�) denotes the smallest �eld
containing k and �; this is well de�ned by Zorn's lemma.�

Q
¡

3
p �

:Q
�
=2

So far all of the examples are sub�elds ofC. These make up one of the most important examples
of �elds: number �elds = sub�elds of C.

other important �elds include �nite �elds: �nite extensions of Fp for some prime p

and also function �elds: extensiosn of k(t) where t is transcendental over k.

1.1 algebraic elements
We start with a basic de�nition.

Let k!F be a �eld extension and �2F . Then � is algebraic over k if there exists f 2 k[x]
such that f(�) =0. We say � is transcendetal over k if it is not algebraic over k.
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Being algebraic depends on k: � is alegebraic over C and transcendental over Q.

Many useful construction in algebra begin with a map from a polynomial ring. In our situation
we look at ': k[x]!F which sends x!�.

1) ker '=0)� is transcendetal
2) ker '=/ 0 then ker '=(m�) and m� is a minimal polynomial of �
if m� is monic one could say m� is the minimal polynomial of �

Recall
a prime element:pjab) pja or pjb
an irreducible element: p=/ ab with a; b2R�
in a UFD prime = irreducible

Lemma 1. ma is an irreducible element

Proof. ' desends to give 0! k[x]/(m�)� F and F is a domain so (m�) is prime hence m� is a
prime element and k[x] is a UFD so m� is irreducible. �

m� depends on k:
set �= i

p
2C then m�=x

4+1 if k=Q and m�=x
2¡ i if k=Q(i).

Some observations:
1) Q[x]�Q[�]�Q[e]�C
2) F 0=k[x]/(m�) is a sub�eld of F . (because (m�) is a maximal ideal)

Let's collect some properties of the �eld extension:

Proposition 2. Let k!F 3� be as above. Let m� be a minimal poly for � over k and let
n= degm� (independent of choice of m�).

1. [F 0: k] =n and 1; '(x); :::; '(xn¡1) are a basis

2. F 0! k[�] is an isomorphism and k[�] =k(�)

Proof. It is clear that 1; '(x); :::; '(xn¡1) span F 0. If
P

i ci'(x
i)=0 then

P
i=0
n¡1 cix

i2(m�) which
is impossible because m� has degree n.

There is a surjective k[x]!k[�] hence an isomorphism F 0=k[x]/(m�)!!!!!!!!!!!!!!
�
k[�] and F 0 is a �eld

so k[�] is a �eld containing � hence k(�)� k[�] and trivially k[a]� k(a). �

Let k ! F be �eld extension and f�igi2I be a set of element in F . Then the smallest �eld
containing k and f�ig exists by Zorn's Lemma. This �eld is denoted k(�i)i2I.

Corollary 3. Let �1; :::; �n2F be algebraic elements over k. Then k[�i; :::; �n] =k(�1; :::; �n)

Proof. Use induction: k[�1; :::;�n]=k[�1; :::;�n¡1][�n] =========================================================================================== =
induction

k(�1; :::;�n¡1)[�n]. The last one
is a �eld containing �1; :::; �n and contained in k(�1; :::; �n) so we have equality. �

Since k[x]/(m�)!!!!!!!!!!!!!!
�
k[�] we can get examples by choosing an irreducible m� directly.

A helpful tool for this is Eisenstein's criterion or better the Schönemann�Eisenstein criterion
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Theorem 4. Suppose a(x)=anxn+ ���+ a02R[x] with R a domain and k=Frac(R) and suppose
there is a prime element p such that pjai if i=/ n and p2j a0 then p(x) is irreducible over k and if
gcd(ai)= 1 then p(x) is irreducible over R.

Proof. For any f 2R[x] let f denote its image in R[x]/(p) = (R/(p))[x].

We have a(x)= anxn

Proceed by contradiction. Assume a(x)=b(x)c(x) and then a(x)=b(x) � c(x) and if either factor
has more than 1 term then the product b(x) � c(x) will have more than 1 term; at least the lowest
and the highest order term. Here we have used that R/(p) is a domain.

Therefore b(x); c(x) are both monomials so pjb0 and pjc0 but this contradicts that p2j a0.
�

Examples. Q!Q[x]/(x3¡ 2)

k(t)! k(t)[x]/(x2¡ t)

x3¡ 3x¡12Z[x] it is irreducible because it has no rational root.
But we can apply eisenstein: x!x+1 yields x3+3x2¡ 3

Two more results which lead us into Galois theory:

Let k!F1 and k!F2 are two extensions of k then a k-morphiams or k-map �:F1!F2 is map
of �elds which is the identity on F .

Proposition 5. Let �; � 2F be algebraic over k. There is an k-isomorphism k(�)!k(�) sending
�! � if and only if (m�)= (m�).

Proof. If m�=m� then k(�)�k[x]/(m�)=k[x]/(m�)�k(�) and this isomorphism sends �! �.
Conversely if there is a k-map k(�)!k(�) then for any p2 k[x] such that p(�)=0 it follows that
p(�)=0 in particular m�=m�. �

Proposition 6. Let f 2 k[x] and �:F !F 0 is a k-isomorphism. Suppose �2F is a root of f and
�0= �(�) then �0 is a root of f.

Proof. Because the coe�cients of f are in k we have 0= �(f(�))=f(�(�))=f(�0). �

This leads to Galois theory.

Just to give you a taste suppose we have a �eld extension �: k! F . We can look at the set
Autk(F )= f':F!F j'jk=idg. This naturally forms a group

In two seconds Galois theory is about a correspondence between subgroups of Autk(F ) and
intermediate �elds k�F 0�F .

But we need more theory before we can state anything precisely.
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A �eld extension k�F is �nite if [F : k]<1. A �elde extension k�F is algebraic if every
�2F is algebraic over k.

Lemma 7. Let � be algebraic over k. Then degm�=[k(�):k] and �2k if and only if [k(�):k]=1.

Proof. k(�)� k[x]/(m�) and 1; x; :::; xdegm�¡1 form a basis.
suppose �2 k then m�=x¡�. Suppose [k(�):k]=1 then degm�=1 so it must be of the form

x¡ c0 with c02 k and so �¡ c0=0. �

Proposition 8. Let k�F and �2F. Then � is algebraic over k if and only if [k(�):k]<1. Any
�nite extension is algebraic.

Proof. Suppose � is algebraic then k(�) =k[�]� k[x]/(m�) and dimkk[x]/(m�) = degm�<1.
Conversely suppose [k(�): k] = n then 1; �; :::; �n are linearly dependent in k(�) so there is some
f 2 k[x] such that f(�)=0.

Suppose [F : k]<1 and let �2F then k� k(�)�F hence [k(�): k]<1 so � is algebraic. �

Example/Proposition: degree 2 extensions over k with char(k) =/ 2.

Assume [F :k]=2 choose �2F nk. Note k(�)�F so [k(�):k]62 and since �2 k we must have
k(�)=F .

Then �2=c1�+ c0 so we have F=k(�)�k[x]/(x2¡ c1x¡ c0).
Complete the square: x!

¡
x+

c1
2

�
(here we use char(k) =/ 2

x2¡ c1x¡ c0¡
t+

c1
2

�
2¡c1

¡
t+

c1
2

�
¡c0 = t2¡ c1

2

2
+

4c1
2

4
¡ c0

4
=t2¡

�
c1
2+4c0
4

�
Set D= c1

2+4c0
4

so k(�)=k[t]/(t2¡D)= k
¡

D
p �

There is an isomorphism k(�)!!!!!!!!!!!!!!� k
¡

D
p �

; under this isomorphism D
p

=�¡ c1
2
.

Note D
p
2 k but D 2 k.

For comparison: Suppose F=F2

¡
D
p �

with D2F2 then D=0 or 1; both have square roots so
F=F2. More generally if char(k)=2 and �2 k then x2+�=(x+�)2 so any � has a square root.

However x2+x+1 is irreducible in F2[x]. So F=F2[x]/(x
2+x+1) is degree 2 extension.

Next we consider the 3 �elds

Let's do a small example:
x3¡2 is irreducible over Q by Schönemann�Eisenstein.
Let 23
p
2R be the real cube root then

Q
�

23
p �

�R therefore x2+1 has no solution in Q
�

23
p �

and so x2+1 is irreducible in Q
�

23
p �

[x]

Therefore Q
�

23
p �

[x]/(x2+1)�Q
�

23
p

; i
�
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dimQ
�

23p �Q� 23
p

; i
�
=2

�2Q
�

23
p

; i
�

�=c1+ c2i

dimQQ
�

23
p �

=3 c= b1+ b2 23
p

+ b3 43
p

c i=

0B@ bi;1
bi;2
bi;3

1CA

�=

0B@ b1;1
b1;2
b1;3

1CA+ i
0B@ b2;1
b2;2
b2;3

1CA
basis 1; 23

p
; 43
p

; i; i 23
p

; i 43
p

Proposition 9. Let k�L�F be �elds extensions then [F : k] = [F :L][L: k]

Proof. Let  2F and let feigi2I be a basis of F over L so

=c1e1+ c2e2+ ���

Now each ci2L and let ffjgj2J be a basis for L over k then each ci=bi1f1+ bi2f2+ ��� which we

can denote ci=
0@ bi1

���

1A , where

0BBBBB@
0
���
g
0
���

1CCCCCA jth postition =gfj

=

0@ b11
���

1Ae1+
0@ b21
���

1Ae2+ ���+
0@ bi1
���

1Aei
Or =

P
i;j bij fjei. So fjei span and need to check linear independence: if

then because ei is a basis then need each
0@ bi1

���

1A= 0 but then because fj is a basis need each

bij=0
�

Note the proof works if the degree is in�nite.

2 Week 2

This fundamental result has many corollaries:

Corollary 10.

1. Let k�F be a �nite extension, �2F. Then [k[�]: k] divides [F : k] and � is algebraic.

2. If [F : k] =p a prime and �2F nk then F=k[�].

3. Let k�F �L be tower of extensions; �2L. If � is algebraic over k then � is alegbraic over
F.The degree of � over F is at most the degree of � over k: [F [�]:F ]6 [k[�]: k].
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4. F=k(�1; :::; �n) with �i algebraic if and only if [F : k]<1
5. If k�F is any extension then the set of elements of F which are algebraic over k is a sub�eld

of F.

Proof.
1) We have k� k[�]�F so [F : k] = [F : k[�]][k[�]: k].
2) Again k� k[�]�F then �2 k) [k[�]: k] =/ 1 hence [k[�]: k] =p
3) We have m�;k 2 k[x] and k � F so m�;k 2 F [x] so � is algebraic over F . Also m�;F jm�;k

hence degm�;F 6degm�;k.

4) We have k� k(�1)� k(�1; �2)� ����F=k(�1; :::; �n), let Fi=k(�1; :::; �i)

[F : k] = [F :Fn¡1][Fn¡1:Fn¡2] ��� [F1: k]

and each factor [Fi: Fi¡1] is algebraic and generated by a single element hence �nite. Conversely
suppose [F : k]<1, choose � 2 F nk; it is algebraic and set F1=k[�]. Choose �2 2 F nF1 and set
F2=F1[�2]: In general if Fi=/ F then choose �i+12F nFi and set F=Fi[�i+1] eventually this process
terminates.

5) Its enough to show that if �; � are algebraic then k(�; �) is algebraic over k. By 4) k(�; �)
is a fnite over k and hence algebraic.

�

Example: Q is a �eld! But we don't know its algebraically closed yet.

This is also a corollary of the multiplicative property of degree but is probably worth stating
on its own.

Corollary 11. Suppose we have �nite extensions k! F1 and k! F2 such that F1; F2 are both
contained in an extension k!L. Let F1F2 denote the smallest �eld containg Fi then if N=[F1F2:k],
n= [F1: k], m= [F2: k] we have m;n both divide N and N 6mn

F2 !!!!!!!!!!!!!!!!!!!!!!!!
6n

F1F2
m" N % "6m
k !!!!!!!!!!

n
F1

Proof. multiplicative property shows n;mjN

First suppose F1 =k(�) then F1F2 =F2(�). We have that [k(�): k] =n hence [F2(�): F2] 6 n
hence [F1F2: k] = [F2(�):F2][F2: k]6n[F2: k] =nm.

For the general case use induction. Write F1=k(�1; :::; �r) and F1;i=k(�1; :::; �i)
Look at

F2 ! F2F1;1 ! F2F1;2 F2F1
m" "6m "6m "6m
k ! F1;1 ! F1;2 ! ��� ! F1

hence the result
�

Corollary 12. If (n;m)= 1 then [F1F2: k] = [F1: k][F2: k]

Proof. n;mjN hence lcm(n;m)jN and (n;m)= 1 implies nm jN �

Examples
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K=Q
¡

2
p

; i
�
and i2Q( ¡2

p
)

you will show on the next assignment that [K:Q] =4 so we have

Q(i) ! K
"2 "
Q !!!!!!!!

2
Q
¡

2
p �

let !3=1 be primitive and look at Q(21/3; !21/3) each has degree 3 but the total extension is
Q(21/3; !) which has degree 6.

At this point it might be a good time to review the basic results we've proved:

Proposition 13. [Reminder]

1. m�;k is always irreducible over k

2. � algebraic implies k[�] =k(�)

3. [k(�): k] =degm�

4. Let �; � 2F be algebraic over k. There is an k-isomorphism k(�)! k(�) sending �! � if
and only if (m�) = (m�)

5. Let f 2 k[x] and �:F !F 0 is a k-isomorphism. Suppose � 2F is a root of f and �0= �(�)
then �0 is a root of f

6. �nite extensions are algebraic

7. multiplicative property: [L: k] = [L:F ][F : k]

8. The set of algebraic elements over k form a �eld.

2.1 Splitting �elds
De�nition: k! F is a spliting �eld of f(x) 2 k[x] if f factors completely into linear factors in
F [x] but if F 0�F is any proper sub�eld then f does not factor completely into linear factors.

Note: we do not require the linear factors are distinct. So for example, the splitting �eld of
(x¡�)n is the same as for (x¡�) if �2 k

Theorem 14. Splitting �elds exists for any �eld k and any f(x)2 k[x]

Proof. The result holds as soon as there exists an extension k!L such that f(x) factors linearly
in L because once such an L exists we can look at the intersection of all �elds in L in which f(x)
factors completely.

So we reduce to showing the existence of L.

Use strong induction on degree of f . The case deg f=1 is straightforward.
Assume deg f=n. We have two cases: f is irreducible or f=gh with g;h of lower degree. Strong

induction handles the second case. So we reduce to the case that f is irreducible.

Then F=k[x] / (f(x)) is a �eld and f(t) 2 F [t] has a linear factor: f= (t ¡ �)f1. By strong
induction there is a �eld extension F1!L such that f1 and hence f factors into linear factors in
L[t] �
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Examples: (x2¡2)(x2¡3) gives the splitting �eld Q
¡

2
p

; 3
p �

.

x3¡2

roots:

21/3; 21/3

 
¡1+ i 3

p

2

!
; 21/3

 
¡1¡ i 3

p

2

!
splitting �eld is Q(21/3; ¡3

p
).

xn¡ 1 roots are exp(2�il/n) for l=0; 1; 2; :::; n¡ 1
these form a cyclic subgroup of C�

the number of generators is '(n) =Euler Totient
'(p1

n1 ��� pini)='(p1n1) ��� '(pini)
'(pn) =pn¡pn¡1 = total¡multiples of p
p; 2p; :::; pn¡1 � p

example:
'(12) ='(22)'(3)= (4¡ 2)(3¡ 1)=4
f1; 5; 7; 11g

x12¡ 1= (x6¡ 1)(x6+1)= (x3¡ 1)(x3+1)(x6+1)
or simpler, come up with solutions you know

x12¡ 1 = (x3¡ 1)(x3+1)(x6+1)

(x+1)(x2¡x+1)(x¡ 1)(x2+x+1)(x2+1)
x6+1
x2+1

x6+1
x2+1

= 1¡x2+x4

2.2 A bit about Galois theory
Let f 2 k[x] and let F= splitting �eld of f . Let �1; :::; �n2F be the roots of f .

By de�nition we have k(�1; :::;�n)�F . Conversely f splits into linear factors in k(�1; :::; �n)[x]
so k(�1; :::; �n).

Recall if k!F is a �eld extension then Galois theory has something to do with Autk(F ).

Now suppose F is a splitting �eld of f 2 k[x]

Let '2Autk(F ). Now look at 5 in the reminder above.

Then ' permutes the roots of f . Suppose '(�i) =�i for every �i then because F=k(�i) we
have the identity.

It follows that Autk(F )�Perm(roots of f) so it is a �nite group.

Now onto �nite �elds.

2.3 Finite Fields
Let F be a �eld with �nitely many elements. Then char(F ) =p <1 and so the prime sub�eld is
Fp and we have an extension Fp!F .
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Thus F is a vector space say of dimension r over Fp hence jF j=pr= q.

One way to produce examples is to start with an irreducible f 2Fp[x] of degree r and form the
quotient Fp[x]/(f).

F4=F2[x]/(x
2+x+1)=f0; 1; x; 1+xg

x2 = x+1

(1+x)2 = x

12 = 1

02 = 0

So we see that every element of F4 has a square root. Also x is a generator, as is x+1.

Question: if F is a �nite �eld of characteristic 2, does every element have a square root?
You will answer this in the homework!

If we could produce irreducible polynomials of every degree in Fp[x] for every p then we could
show there is a �nite �eld of every possible size. But this is not so easy, and we will use a di�erent
approach.

3 Week 3

Theorem 15. Let q=pr

1. Let jF j=q. Then the elements of F are the roots of xq¡x.

2. F� is a cyclic group

3. F exists and any other F 0 with jF 0j=q is isomorphic

4. F contains F 0 with jF 0j=pk if and only if k jr

5. Irreducible factors of xq¡x over Fp are the irreducible polys in Fp[x] whose degree divides r

Before the proof let's look at a quick corollary

Corollary 16. Every r > 0 there is an irreducible polynomial of degree r in Fp[x].

Proof. Let F be a �nite �eld with pr elements. Let �2F� be a cyclic generator. Then F =Fp(�).
Then m� is irreducible and degm�= [F :Fp] = r �

We have the Frobenious automorphism �(x) :=xp from Fq!Fq.

Observe it respects +;� and sends 1 to 1.

Corollary 17. Let char(F )= p and suppose [F :Fp]=r then AutFp(F )�Cr and is genereated by �

Proof. Let �2Fq generate Fq
�. Then Fq=Fp(�)�Fp[x]/(m�) and degm�= r.
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Let �:Fq!Fq be any automorphism. Then � is determined by �(�). We also have the inclusion
f�; �p; �p2; :::; �pr¡1g � f�(�)j� 2 AutFp

(Fq)g. We need to show these sets are equal. It su�ces
then to show jf�(�)j� 2AutFp(Fq)gj6 r.

Now � preserves m� so �(�) is a root of m� by reminder 5 above. The number of roots of m�

in Fq is less than or equal to r.
�

This result can be generalized:
AutFq(Fqn)=h�(x) =xqi.

For proof of the main theorem on �nite �elds we need a one result:
Note for any �eld k and any f 2 k[x] the derivative f 0 2 k[x] is de�ned by the power rule

d

dx
xn=nxn¡1. If char(k)> 0 then f 0 may vanish for non constant f .

If (x¡�)2jf then we say � is a multiple root of f .

Lemma 18. 1. (x¡�)2jf, (x¡�)jf and (x¡�)jf 0 where � can be in any extension
�eld of k

2. f has a multiple roots in an extension �eld F of k if and only if (f ; f 0)=/ 1

In particular, xq¡x has no multiple root in any extension �eld of k.

Proof. 1. Follows from the product rule.

2. If f has a mutliple root then (x¡�)jf ; f 0 so (f ; f 0) =/ 1. Conversely if g jf and g jf 0 then
there is an extension of k where g has a root which is then a multiple root of f . �

Proof. (of theorem)

1) The elements of F are distinct and each �2F� satis�es �q¡1=1. Thus all elements satisfy
xq¡x=0. This polynomial can have at most q solution and F has q elements.

2) Use the structure theorem for �nite abelian groups:

F��Cd1� ����Cdk

with d1jd2j���jdk and Cdi= h jdi=1i. Let  2F� and express =(1; :::; k). Now
d = dk = d1n1 = d2n2 = ��� =dk¡1nk¡1 so d = (1n1; :::; 1nk¡1; 1) = 1. So all elements satisfy

xd¡ 1 = 0. This can have at most d roots so q ¡ 16 d but also q ¡ 1 = d1 ��� dk hence must have
q¡ 1= d and k=1. That is, F�=Cd

3) To show existence �rst take an extension Fp!L such that xq¡x splits into linear factors.
Then we have the following basic fact:

Lemma 19. If char(L) = p the set of roots of xq¡x=0 in L form a �eld.

Proof. Let L0 be the set of solution. It is straightforward to show that L0 is closed under multi-
plication and inverse. We need to show L0 forms a group under addition.

In general (�+ �)p=�p+ �p; by induction (�+ �)q=�q+ �q. If �; � are roots then

(�+ �)q=�q+ �q=�+ �

as required. We need to show ¡� is a root so it su�ces to show ¡12L0. If p is odd this is true;
if p=2 then 1=¡1 and this is again true.
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Because xq¡x has no multiple root the number of sols is exactly q. �

Suppose F ;F 0 have the same number of elements. Let �2F� be a cyclic generator and let m�

be its irreducible polynomial. Then F �Fp[x]/(m�). However m�j(xq ¡ x) which splits in F 0 by
1) hence m� has a root � 2F 0. We have a map Fp[x]!F 0 given by x! �. The kernel is m� and
we have m�(�) =0 so m� jm� but m� is irreducible so m�=m�.

Thus we have a map of �elds F � Fp[x] / (ma) � F 0 and since jF j = jF 0j this must be an
isomorphism

4) by the multiplicative property if Fp!Fpk!Fpr then k jr. Conversely if k jr then pk¡1jpr¡
1. This follows because, if r=mk

(xm¡ 1)= (x¡ 1)(poly deg (m¡ 1) inx)

hence (pr ¡ 1) = ((pk)m ¡ 1) = (pk ¡ 1)(poly deg(m ¡ 1) in pk). It follows that Fpr
� contains an

elment � of order (pk¡1). The powers of this element give roots of xp
k¡1¡1 hence xp

k¡x splits
completely in Fpr and the roots form a sub�eld Fpk

5) Suppose g 2Fp[x] is irreducible of degree k and divides xq¡x. Then g has a root � in Fq.
Because g is irreducible it must be, upto a unit, m� hence Fp(�) is a degree k sub�eld of Fpr hence
k jr.

Conversely let g be an irreducible polynomial of degree k such that k jr. We show every root of
g lies inside of Fpr. Choose any extension L where g splits into linear factors with roots (�1; :::; �k)
then Fp(�i) is a degree k extension and Fpk�Fp(�1)�Fp(�2)� ��� �Fp(�k) and k jr so there is
a copy of Fpk in Fpr hence g splits completely in Fpr hence g jxq ¡ x (This is where no multiple
roots of xq¡x) is used.

�

Remark 20. We can replace p; q = pr with q and qr and the results still hold. For with q = pr

then Fqs consists of the roots of xq
s¡x.

Suppose k js then qk= prk and qs= prs so rk jrs so Fpkr=Fqk is a sub�eld of Fqs.

For another example, the irreducible factors of xq
s¡x in Fq[x] are the irreducible polynomials

whose degree divides s. We just show one direction: suppose g 2Fq[x] is irreducible and deg g= k
and k js. As in the proof, adjoing a root � of g leads to a degree k extension Fq(�) and k js so Fq

3.1 More on splitting �elds
Example: x4+2, irreducible. We have

¡
x2+ 2

p
i
�¡
x2¡ 2

p
i
�
=�

x+ i 2
p

i
p ��

x¡ i 2
p

i
p ��

x+ 2
p

i
p ��

x¡ 2
p

i
p �

2
p

i
p

=21/4
�

1

2
p +

i

2
p
�

Let �=21/4
�

1

2
p +

i

2
p
�
then Q!!!!!!!!

4
Q[�]. If this is not the splitting �eld then x4+2 retains at

degree irreducible factor. We have to decide if i2Q[�]
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On the other hand 21/4 and i are su�cient to genereate the splitting �eld. So we have

Q[i] ! Q[i; 21/4]
"2 "
Q !!!!!!!!

4
Q[21/4]

as i2Q[21/4] we must have this is a degree 8 extension.

Proposition 21. Let f1 2 k1[x], �: k1! k2 and isomophism of �elds and f2= �(f1). Let F1 be a
splittinf �eld of f1 and F2 a splitting �eld for f2. Then there is an isomorphism �:F1! F2 such
that �jk1=�.

Proof. Use induction on the degree of f1. If deg f1=1 then ki=Fi and �= �. Now let deg f =n.
Let �12F be a root of f and �22F 0 any root of f2. Then we have the following diagram

F1 F2
" "

k1(�1) !!!!!!!!!!!!!!!!
�1

k2(�2)
" "
k1 !!!!!!!!� k1

Then �1jk1=�. Also f1=(x¡�1)g1 and f2=(x¡�2)g2 and �1(x¡�1)= (x¡�2) so �1(g1)= g2.
Finally we show Fi is a splitting �eld for gi over ki(�i). g1 factors completely in F1 so the

splitting �eld L is a sub�eld of F1 containing �1 and f1 factors completely in F1 so L= F1. The
argument for F2 is the same. By induction we are done. �

Corollary 22. Splitting �elds are unique up to isomorphism.

Proof. Take ki= k and �= id in the propsition above. �

3.2 Loose ends

Lemma 23. Let k!F be any �eld extension. Let f ; g 2 k[x]
1. division with remainder gives the same result in k[x] and F [x], in particular f jg in k[x] if

and only if f jg in F [x]

2. The monic gcd(f ; g) in k[x] is equal to the monic gcd(f ; g) in F [x]

Proof. 1. Division with remainder is unique and k[x] is a subring of F [x].

2. Let d1=gcdk[x](f ; g) and d2=gcdF [x](f ; g). Then d1 is a common divisor in F [x] hence d1jd2.
Also in k[x] we have f=ad1 and g=bd1 with (a; b) = 1 hence c1a+ c2b=1 and d1=c1f + c2g

hence also d2jd1 so they are equal (if we assume they are monic).
�

I've mentioned before that the splitting �eld of xn¡12Q[x] is Q(n) where n is any primitive
nth root if unity.

A natrual question is to ask what is [Q(n):Q]? Equivalently, what is the degree of the minimal
poly of n
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We will soon see that the answer is '(n) where ' is the Euler totient function.

To begin let Prim(n)�C denote the primite nth roots of unity. We have the polynomials

'n(x) :=
Y

2Prim(n)
(x¡ )

Here are the �rst few
'1 = x¡ 1
'2 = x+1

'3 = x2+x+1

'4 = x2+1

'5 = x4+x3+x2+x+1

'6 = x2¡x+1
'7 = x6+x5+ ���+x+1

Don't confuse 'n with '(n). One is a polynomial and the other is number of integers coprime to n.

Let �n�C denote the �nite subgroup of roots of unity.

Lemma 24. Let n� 1, then

1. �n=
F
djnPrim(d)

2. jPrim(n)j= '(n)

3. xn¡ 1=
Q

djn'd(x)

4. 'n(x)2Z[x] and is monic

Proof. 1.  2C cannot be primitive for di�erent integers so Prim(d1)\Prim(d2)= ; if d1=/ d2: It
is straightforward to see that

F
djnPrim(d)� �n. Conversely if  2 �n then d= ord() divides n

and  2Prim(d).

2. We have n= exp(2�i/n)2Prim(n) and any other element is of the form n
k where 0<k<n

and (n; k)= 1. Otherwise, if n= kd then (nk)d=1 and d<n.

xn¡ 1=
Y
2�n

(x¡ )=
Y

2
F
djnPrim(d)

(x¡ )=
Y
djn

'd(x)

It is clear that 'd(x) is monic. We show 'd2Z[x] by strong induction. We have

xn¡ 1 = 'n(x)
Y

djn;d<n
'd(x)

by induction this is
xn¡ 1 = 'n(x)g(x)

g(x)2Z[x]

Therefore 'n(x) =
xn¡ 1
g(x)

2 Q(n)[x]. Because numerator and denominator are in Q[x] we

actually have 'n(x)2Q[x].

Recall a polynomial a(x) is primitive if gcd(coe�(a(x)))=1. We show if a(x)2Z[x] is primitive
and a(x)=b(x)c(x) inQ[x] then b(x); c(x)2Z[x]. We have b=rb1 with r2Q and b12Z[x] primitive
and similarly c= sc1. Hence a= rsb1c1. Gauss' lemma says b1c1 is primitive but we can prove it
quickly: if b1c1 is not primitive then b1c12 (p)�Z[x] hence either b1 or c1 is in (p) contradition.
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Write rs = n/m in lowest terms then ma(x) = nb1(x)c1(x). We must have n =m and b(x);
c(x)2Z[x].

�

It is more interesting to prove:

Proposition 25. 'n(x) is irreducible.

Corollary 26. Let F be the splitting �eld of xn ¡ 1. Then [F : Q] = '(n) where ' is the Euler
Totient function

Proof. F = Q(n) for any n 2 Prim(n). Hence [F : Q] = deg mn;Q. But 'n(n) = 0 and
'n(x)2Z[x] is irreducible. Therefore mn= 'n(x) and this polynomial has degree '(n). �

To prove the proposition we need a lemma:

Lemma 27. Let f =m for  2Prim(n). Let p be a prime coprime to n. Then f(p) =0

Proof. We give two proofs.

recall the elementary symmetric functions in variables x1; :::; xn:

ek(x1; :::; xn) =
X

16j1<���<jk6n
xj1 ���xjk

e0(x1; x2; x3) = 1
e1(x1; x2; x3) = x1+x2+x3
e2(x1; x2; x3) = x1x2+x2x3+x1x3
e3(x1; x2; x3) = x1x2x3

The main point is that
Q

i=1
n (x¡�i)=

P
i=0
n (¡1)iei(�1; :::; �n)xn¡i

f divides 'n(x) 2Z[x] so f 2 Z[x] and similarly for g =mp. If f =/ g then there are distinct
irreducible polynomials dividing 'n(x) and hence fg jxn¡ 1.

Let 1; :::; k be the roots of f then 1
p; :::; k

p are the roots of g. We can reduce f ; g mod p
and we see that

f =
X
i=0

k

(¡1)iei(1; :::; k)xk¡i

g =
X
i=0

k

(¡1)iei(1
p; :::; k

p)xk¡i

============================================================ =
mod p X

i=0

k

(¡1)iei(1; :::; k)pxk¡i

============================================================ =
mod p X

i=0

k

(¡1)iei(1; :::; k)xk¡i = f

Hence f = g 2Fp[x] so f
2jxn¡ 1 in Fp[x] a contradiction.
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Here is the second proof:

Notice that p2Prim(n).
We have f j'n(x) so again we can assume f 2Z[x] and 'n(x)= f(x) (x). Since 'n(p)=0 then

at least we have  (p) = 0 hence f j (xp) or  (xp) = f(x)h(x). As f ;  ; h 2Z[x] We can reduce
modulo p. Then  (xp)= ( (x))p= f(x)h(x) so some irreducible factor r(x) of f(x) dividies  (x)
in Fp[x]. Then r(x)2 divides 'n(x) = f(x) (x) 2Fp[x] contradicting that xn ¡ 1 has no mutiple
roots in Fp. �

Proof. (of prop 27) Let 2Prim(n) and let f=m be its irreducible polynomial. By the lemma we
also have f(p1���pl)=0 where pi are any primes coprime to n. All numbers 16 k6n and coprime
to n can be expressed as p1 ��� pl with pi coprime to n. Hence deg f =deg 'n(x) and so they must
be equal. �

And now the primitive element theorem in characteristic 0
Let k!F be an extension. An �2F is called primitive if F=k(�).

Theorem 28. Let char(k) =0 and let k! F be a �nite extension. Then F contains a primitive
element.

The proof boils down to the following lemma

Lemma 29. Let char(k)=0 and let F=k(�; �) with �; � algebraic over k. Then for all but �nitely
many c2F the element =�+ c� is a primitive element.

Proof. Let f=m� and g=m�. Let L be extension where f ; g split completely with roots �=�1; :::;
�k and �= �1; :::; �n. Because char(k)= 0 the �i and �j are distinict. Now consider the lies lij in
L2 given by y=�ix+ �j. Let c1; :::; cs2L denote the x coordinate of the �nite number of pairwise
intersections of lij \ li0j 0

Now let c2 k be any value which iso not c1; :::; cs. and let =�c+ �=�1c+ �1.

Let F 0=k(). If �2F 0 then F 0=F because �= ¡ c� .

Consider h(x)= g(¡ cx)2F 0[x] and let d=gcd(f ;h)2F 0[x], then d=
Q

(x¡�i)jh
(x¡�i). We

would like to show d=(x¡�1) because then �=�12F . It su�ces to show h(�i)=/ 0 for i=/ 1. We
must check that  ¡ c�i=/ �j where i=/ 1. That is we need c�1+ �1=/ c�i+ �j which is true by
choice of c.

�

4 Week 4

4.1 Algebraic Closure
A �eld F is algebraically closed if every f 2F [x] has a root in F .

An easy consequence is: if F is algebraically closed then and f 2F [x] factors into linear factors.

An extension F!F� is called an algebraic closure of F if it is an algebraic extension and any
f 2F [x] factors into linear factors in F�.
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Informally, F� is the union of all splitting �elds of f(x)2F [x].

Lemma 30. An algebraic closure F� of F is algebraically closed

Proof. Let f 2F�[x]. Let �1; :::; �n be the coe�eicnts of f . Then f 2F (�1; :::; �n)[x] and there is
a �nite extension F (�1; :::; �n)!L such that f has a root �2L. Then F (�1; :::; �n; �) is a �nite
extension over F hence algebraic. Therefore � is algebraic over F and �2F�. �

We would like to prove that algebraic closures exist. The �rst step is

Proposition 31. Any �eld k is contained in an algebrically closed �eld L.

The idea of this proof is a little tricky. Let's this normally how we add elements to a �eld.

Start with a polynomial, say x2+12Q[x]
Take an irreducible factor and form Q[x]/(x2+1)

What if we wanted to add a solution to x4+1 at the same time?

(x2+1; y4+1)�Q[x; y]. This ideal is not the unit ideal. If it is not maximal, then at least it
is contained in a maximal ideal m. Then F =Q[x; y]/m is a �eld where both x4+1; x2+1 have
a solution.

The idea of the proof is a doubly in�nite version of this.

Proof. Form the in�nite polynomial ring: k[xf: f 2 k[y]nk] e.g. For k=Q this would be

Q[xy+1; x2y+1; :::; xay+b;; :::; xay2+by+c; :::; ]

Inside this ring form the ideal I generated by f(xf). In my example

I =(xy+1+1; :::; ayax+b+ b; :::; axay2+by+c
2 + bxay2+by+c+ c; :::; )

I claim I is not the unit ideal. Otherwise a �nite sum g1f1(x1) + ��� + gmfm(xm) = 1 where for
simplicity we set xi=xfi. There is an extension k!L where fi has a root �i. Set xi=�i and any
other variables xh that appear equal to 0 then we get 0= 1, contradiction.

Hence I is contained in a maximal ideal m. Then we have an extension

k!L1= k[xf: f 2 k[y]¡ k]/m

is a �eld and every f 2 k[y] ¡ k has a root in L1. In the same way we can form an extension
L1!L2 such that every f 2L1[y]¡L1 has a root in L2. Let L1=[i>1Li. Then L1 is a �eld and
algebraically closed: if f 2L1[y] then f 2Li so f has a root in Li+1�L. �

Theorem 32. Let K be an algebraically closed �eld containing a �eld F.
Then kalg= f�2K j� is alg: over/F g is an algebraic closure of F. An algebraic closure of F is

unique upto isomorphism.

Proof. We already know that kalg is a �eld. Suppose f 2 k[x]. Then f splits in K[x] so f =
c
Q
(x¡�i). Then �i is algebraic over k so �i2 kalg hence f splits in kalg[x].
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Let F1; F2 be two algebraic closures of k. Consider the set
n
(L1�F1; L2�F2)j9L1!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !k¡iso

L2

o
.

This set is non empty, ordered by inclusion and closed under chains. By Zorn's lemma there is
a maximal element (L10 ; L20 ). If Li0 =/ Fi then we can take � 2 F1nL10 . At least � is algebraic over
L1
0 with minimal polynomial f1. Let f2 be the image of f1 under the iso L10 [x]! L2

0 [x]. Then by
prop 21 above the splitting �elds Li00 of fi (which contain Li0) are isomorphic by a k¡map which
contradicts the maximality of Li0. Thus F1 and F2 are isomorphic. �

4.1.1 C is algebraically closed

We will prove this later. If we grant it for now then we can conclude that Q� is algebraically closed.
Here is a sketch:

Theorem 33. If f 2C[x] then f has a root in C.

Proof. (sketch) We may assume f=xn+ cn¡1x
n¡1+ ���+ c1x+ c0 and c0=/ 0. Consider f(rei�)

and note two things

1. where r� 0 we have f(rei�)� rnein�

2. when jc0j� r > 0 we have f(rei�)� c0+ rc1
In the �rst case 0 is in the interior of the curve de�ned by f(rei�) and in the second case 0 is
outside the tiny curve f(rei�) centered around c0. At some intermediate value the curve must pass
through 0. �

4.2 Types of extensions
So far we have

k!F can be generated by transcendental elements
algebraic

gen bymixture of tran:and alg: elements
�nite

splitting �eld

We introduce now separable and inseparable extensions.

An f 2 k[x] is called separable if it has no multiple roots. Otherwise it is inseparable.

(x¡ 2)32Q[x] is inseparable. Any irreducible polynomial over Q is separable.

An irreducible polynomial can be inseparable: Consider x2¡ t2F2(t)[x]. This polynomial has
no root in F2(t) so it is irreducible. But in its splitting �eld x2¡ t=

¡
x¡ t
p �

2

A �eld k is pefect if either char k=0 or char k= p and xp¡ a has a root in k for ever a2 k.

Fp is perfect.

An extension k! F is separable if every � 2 F is the root of a separable poly f 2 k[x] or the
rather the minimal polynomial of every �2F is separable. If F is not separable over k then it is
called inseparable.

F2(t)!F2

¡
t
p �

is inseparable.
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Proposition 34. Every irreducible polynomial over a �eld of characteristic 0 is separable. Apolyno
al over such a �eld is separable if and only if it is the product of distinct irreducible polynomials.

Proof. Because char(k)=0 we have (f ; f 0)=1 for f irreducible. Hence f is separable. A general
f is separable if and only if it has no multiple roots if and only if it has no repeated irreducible
factors. �

Lemma 35. Let k be a �nite �eld of char p and f 2k[x] an irreducible poly. Then f is inseparable
if and only if f=f1(xp)

Proof. d

dx
f1(x

p) = 0 hence f = f1(x
p) will have a multiple root. Conversely if f is inseparable

then (f ; f 0) =/ 1 but f is irreducible so if f 0=/ 0 then (f ; f 0) = 1 hence we must have f 0=0 which
implies f = f1(x

p). �

Let char(k)= p and suppose f(x)2k[x] is irreducible and inseparable. Then f = f1 (x
p). Then

f1(x) is either separable or f1(x)= f2(x
p) so that f = f2(x

p2). Continuing in this way we see that
any irreducible f 2 k[x] is of the form f(x) = fk(xp

k
) where fk(x) is separable.

Proposition 36. Finite extensions of perfect �elds are separable.

Proof. let k!F be such an extension and �2F . Set f =m�. If f is not separable then f = g(xp)
and because all the coe�cients of g have a pth root we have f = h(x)p which contradicts that f
is irreducible. �

4.3 Beginning Galois theory
Let f be an irreducible polynomial in k[x] and let F be a splitting �eld. Let �1; :::;�n be roots of f .

Then for any i; j we know there is an automorphism

F ¡! F
" "

k(�i) ¡! k(�j)
- %

k

but so far we don't really know what happens with the rest of the roots.

Galois theory is concerned with answering this question.

For a �nite extension k!F we will focus our attention on Autk(F )=Aut(F /k). (notation
from book). Let F again be the splitting �eld of f so F =k(�1; :::;�n) and let �2Aut(F /k). Then
�(�i) is also a root of f . In otherwords � induces a permurtation of the �i.

Proposition 37. There is an injectivce group homomorphism Aut(F /k)!Perm(�1; :::; �n)�Sn.

Proof. As F is generated by �i any automorphism � is determined by �(�i). If �(�i) = �i then
�= id hence Aut(F /k) embeds as a subgroup of Sn. �
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1. Suppose k! k
¡

D
p �

with D 2 k and char(k) = 2. Then m D
p =

¡
x ¡ D
p �¡

x + D
p �

=

x2¡D.Aut
¡
k D
p

/k
�
=Z/2. By the proposition there can be at most two elements and we

can �nd two di�erent elements: id and D
p
!¡ D
p

. A special case: Aut(C/R) =Z/2

2. (x2¡�)(x2¡ �), assume x2¡� is irreducible in k( �
p

) and vice versa.
We can �nd 4 automorphisms:

id � ! � � ! ¡� � ! ¡�
� ! ¡� � ! ¡� � ! ¡�
�1 �2 �1�2

It turns out theres are all the isomorphism so Aut(k(�; �)/k)=Z/2�Z/2

3. Let F =F2[x]/(x
2+x+1) then again Aut(F /F2)= 2 because x2+x+1 is separable.

4. F2(t)!F2

¡
t
p �

. Then Aut
¡
F2

¡
t
p �

/F2(t)
�
=1

5. Q!Q(21/3) (the real cube root) ?

Notice that whenever the polynomials were separable we had [F : k] =jAut(F /k)j.

This will be true in general.

Notice the order is equal to the degree. That doesn't always happen.

Look at Q!Q(21/3) (the real cube root)

Extensions to groups: k!F goes to Aut(F /k)

Subgroups to extensions: H �Aut(F /k) goes to FH

This association is inclusion reversing.

A �nite extension k!F is Galois if [F : k] = jAut(F /k)j

4.4 Symmetric Polynomials and Primitive Elements
We will need to some results about symmetric polynomials. These results are not di�cult to prove
but we will skip the proofs for now so we can dive into deeper into the ideas of Galois theory.

The symmetric group Sn acts on the variable x1; :::; xn so it acts on all polynomials in R[x1; :::;
xn] for any commutative ring R. Denote by R[x1; :::; xn]Sn the polynomials which are �xed under
the action of Sn.

The elementary symmetric functions in x1; :::; xn are :

ek(x1; :::; xn) =
X

16j1<���<jk6n
xj1 ���xjk

For n=3 they are
e0(x1; x2; x3) = 1
e1(x1; x2; x3) = x1+x2+x3
e2(x1; x2; x3) = x1x2+x2x3+x1x3
e3(x1; x2; x3) = x1x2x3

Week 4 19



It is straightforward to see that ek(x1; :::; xn)2R[x1; :::; xn]Sn.

Theorem 38. R[x1; :::; xn]Sn=R[e1; :::; en]

A proof of this thm is outlined in the optional excercises.

A small example x12+ ���+xn2 2R[x1; :::; xn]Sn and x12+ ���+xn2 = e12¡ e2.

The ei are particularly important when it comes to splitting �elds. Suppose f 2 k[x] is monic
and separable and suppose in its splitting �eld the roots are �1; :::; �n then

f(x) =
Y
i=1

n

(x¡�i)=
X
i=0

n

(¡1)iei(�1; :::; �n)xn¡i

Hence ei(�1; :::; �n)2 k and by the theorem, if g 2 k[x1; :::; xn]Sn then g(�1; :::; �n)2 k

One small application is the descriminant of a polynomial. Write f = xn + c1xn¡1 + ��� + cn.
Consider the element D=

Q
i<j (�i¡�j)

2. This symmetric (we need the exponent of 2 to ensure
this). By what we have just said D2k and there is also a�2k[c1; :::; cn] such that D=�(c1; :::; cn).

A small example: f =x2+ c1x+ c2 and say it has roots �1; �2. Then

D=(�1¡�2)2=�12+�22¡ 2�1�2=(�1+�2)2¡ 4�1�2= c12¡ 4c2

We will revisit this later

A more signi�cant application is the following somewhat surprising result:

Theorem 39. Suppose F is the splitting �eld of f 2k[x]. Assume g2k[x] is irreducible and suppose
g has a root in F. Then g splits into linear factors in F [x].

Proof. Let �1; :::; �n 2 F be the roots of f and �12 F be the root of g. As F = k[�1; :::; �n] we
have �1= p(�1; :::; �n). The symmetric group Sn acts on f�1; :::; �ng hence on F . Let f�1; :::; �lg
be the orbit of �1. Consider h(x)= (x¡ �1) ��� (x¡ �l). Then h(x) splits into linear factors in F [x]
so if h2 k[x] then g divides h and it will follow that g splits as well.

We will need elementary symmetric functions in the �i and �j. To avoid double use we denote
elementary symmetric funcitons in �j as "i. Set ai = "i(�1; :::; �n) then ai 2 k (they are the
coe�cients of f); by thm 38 we have k[�1; :::; �n]Sn = k[a1; :::; an] = k. The coe�cients of h are
bi := ei(�1; :::; �l); we will show bi2 k[�1; :::; �n]Sn.

If (�i1; :::; �ik) is any permuation of (�1; :::; �k) then ei(�1; :::; �k) = ei(�i1; :::; �ik) because
ei is symmetric. If � 2 Sn then � permutes the �i so �(�1; :::; �k) = (�i1; :::; �ik). Therefore
�ei(�1; :::; �k)= ei(�i1; :::; �ik)= ei(�1; :::; �k). It follows that ei(�1; :::; �k)2 k[�1; :::; �n]Sn. �

A quick corollary:

Corollary 40. Suppose F is the splitting �eld of some f 2 k[x]. If F = k() and g 2 k[x] is the
minimal polynomial for  then F is the splitting �eld of g as well.

More generally an extension k!F is called normal if any irreducible f 2k[x] which has a root
in F actually splits in F [x] into linear factors.

4.5 Fixed Fields
Let F be a �eld and let G�Aut(F ) a �nite subgroup.

Lemma 41. The set FG= f�2F jg(�) =�8g 2Gg is a �eld.
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Proof. The set FG contains 1;0 and is closed under addition and multiplication so it is a subring.
Also if �2FGnf0g then 1= g(�¡1)g(�)= g(�¡1)� hence g(�¡1)=�¡1 for every g2G so �¡12FG

and FG is a �eld. �

Proposition 42. Let G�Aut(F ) as above and let �1 2 F and let f�1; :::; �kg be the orbit of �1
under G. Then f(x) = (x¡ �1) ��� (x¡ �k) is the irreducible poly for �1 over FG. Moreover �1 is
algebraic and deg(�1) divides jGj.

Proof. First f(x)2FG[x] because the coe�cients are the elementary symmetric functions ei(�1; :::;
�k) which are left �xed by G. Let h2FG[x] be any polynomial such that h(�1)=0. Note g(h(x))=
h(x) 8g 2G and there exists a g 2G such that g(�1) = �i hence 0 = g(h(�1)) = h(g(�1)) = h(�i).
Thus f(x)jh(x) in F [x]. Since both have coe�cients in FG it is also true in FG[x]. Thus f(x)
generates the ideal of all polys with �1 as a root, so it is the minimal polynomial and hence
irreducible.

We see that deg(�1)= jorbit(�1)j= k. Also jGj= k � Stab(�1). �

Recall if char(k)= 0 then any �nite extension k!F is of the form F = k(�). This is also true
if k is �nite:

Proposition 43. If char(k)=0 or jk j<1 then every �nite extesnion of k has a primitive element.

Proof. We already proved the char(k) = 0 case so we assume k =Fq with q = pn. Let F =Fqm.
Then Fqm

� is cyclic; let � be a generator. Then Fqm=Fq(�). �

Remark 44. We will prove later that this is also true for �nite seperable extensions.

Lemma 45. If [F : k] =1 and k! F is algebraic and char(k) = 0 or jk j <1 then F contains
elements whose degree over k is arbitrary large.

Proof. F cannot be genereated by �nitely many elements so we can form an in�nite strict chain
k!k(�1)!k(�1;�2)!��� . Since each extension is strict [k(�1; :::;�n):k]�2n. But by the primitive
element theorem k(�1; :::; �n)= k(n) hence deg n� 2n. �

Theorem 46. Let G�Aut(F ) a �nite group suppose char(F )=0 or jFGj<1. Then FG!F is
a �nite extension and [F :FG] = jGj.

Proof. Prop 40 shows the extension is algebraic and the order of every element divides jGj hence
by the lemma it must be a �nite extension. Therefore there is a primitive element . We have
deg() = [F : FG]. On the other hand if g 2G and g() =  then g= id since  generates F over
FG. Therefore Stab()= id and [F :FG] = deg() = jorbit()j= jGj. �

Let's collect some properties

Proposition 47. Assume jk j<1 or char(k)= 0.

1. If k!F is a �nite extension then jAut(F /k)j divides [F : k]

2. If G�Aut(k) then kG! k is a Galois extension and Aut(k/kG)=G

3. Suppose F = k(1). Let f = m1;k and let 1; :::; n be the roots which are in F. Then
there is a unique automorphism sending 1! � and these are all the k-automorphisms so
jAut(F /k)j=n. (in general n could be di�erent from deg f.

Proof. 1) Set H =Aut(F /k). Then k�FH so k!FH!F so [F :FH] = jH j divides [F : k]
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2) Certainly G�Aut(k/kG) so jGj divides jAut(k/kG)j which in turn divides [k: kG] = jGj so
we must have G=Aut(k/kG).

3)We know there is an isomorphism F = k(1)!!!!!!!!!!!!!!!!
�i

k(i) and k(i)�F so in fact k(i)=F and
�i2Aut(F /k). Let � 2Aut(F /k). Then �(1)= i for some i hence �i

¡1�(1)= 1 hence it is the
identity so � =�i and Aut(F /k)= f�1; :::; �ng. �

Theorem 48. Let char(k) = 0 or assume jk j < 1. Let k ! F be a �nite extension and G =
Aut(F /k). The following are equivalent

1. k!F is Galois

2. FG= k

3. F is a splitting �eld for some f 2 k[x]

Proof. We show �rst that 1,2 are equivalent. Set G=Aut(F /k) then from [F :FG][FG:k]= [F :k]

and thm 46 we get [F : k] = jGj[FG: k] hence k!F is Galois if and only if [FG: k] = 1.

Now we show 1; 3 are equivalent. Write F = k() and let 1; :::; n be the roots of m;k that
lie in F . First we show F is a splitting �eld if and only if n=degm;k. If F is a splitting �eld by
cor 40 m;k splits in F [x] and n= degm;k and conversely if n=degm;k then F is the splitting
�eld of m;k.

Set G = Aut(F /k) as before. By Prop 47 part 3 we have jGj = n and [F : k] = deg m;k. So
k!F is Galois if and only if n=degm;k if and only if F is a splitting �eld. �

5 Week 5

I want to begin by stating some theorems that we will prove later and then start looking at
examples.

Recall we stated a theorem last time that characterized Galois extensions. For the proof we
used several times the existence of a primitive element. We will prove later:

Theorem 49. Any �nite, seperable extension has a primitive element.

With this theorem we have that

Theorem 50. Let k! F be a �nite, seperable extension and G = Aut(F /k). The following are
equivalent

1. k!F is Galois

2. FG= k

3. F is a splitting �eld for some f 2 k[x]

You should think of these as a criterion for identifying Galois extensions.

The equivalence of 1) and 3) is not di�cult:

Proposition 51. Let F be the splitting �eld of a polynomials f 2 k[x]. Then jAut(F /k)j6 [F : k]
with equality if and only if f is a seperable polynomial.
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Proof. We prove the more general statement that in the diagram

F1 !!!!!!!!!!
�

F2
" "
k1 !!!!!!!!!!!!

'
k2

the number of extensions � of ' is 6[F1:k1] where F1 is a splitting �eld of f and F2 is a splitting
�eld of '(f).

Use induction on [F1: k1]. The case [F1: k1] = 1 being clear we suppose now [F1: k1]> 1. Then
there is an �2F1nk1 which is a root of f . Let � 2F2 be any root of '(f) then we have

F1 !!!!!!!!!!� F2
" "

k1(�) !!!!!!!!!!!!!!!!!!'1 k2(�)
" "
k1 !!!!!!!!!!!!

'
k2

conversely any � 2 Iso(F1; F2) gives rise to such a diagram. Moreover �=/ � 0 implies for some � we
have �(�)=/ � 0(�) so it is enough to show the number of such digrams is 6[F1: k1].

By induction we have to count the number of possible '1. We have a choice of any root � and
there are 6deg(m�) = [k2(�): k2] with equality exactly when f and '(f) are seperable. We are
done by induction and the multiplicative property of extensions.

�

Corollary 52. The splitting �eld of a separable polynomial is a Galois extension.

5.1 The Main Theorem of Galois theory
Let k!F be a �nite extension and G=Aut(F /k). If H �G is any subgroup then we get a tower
of �elds k!FH!F where FH is the �xed �eld of H. Conversely if k!L!F is an intermediate
�eld then H=Aut(F /L) is a subgroup of G.

Notice this correspondence is inclusion reversing: H1 � H2 � G implies FH2 � FH1 and
k!L1!L2!F implies Aut(F /L2)�Aut(F /L1).

It is helpful to picture this as follows:

k ! L ! F

Aut(F /k) Aut(F /L) Aut(F /F )
jj jj jj
G  H  1

Let Sub(G)=fH�GjHa subgroupg and Int(F /k)=fk!L!F jL isa�eldg and recall if k!F
is a Galois extension then we denote Aut(F /k) =G(F /k)

Theorem 53. Let k!F be a Galois extension and G=G(F /k)

1. There is a bijection Int(F /k)$Sub(G) given by L!Aut(F /L) and inverse FH H which
is inclusion reversing

2. If H �G and L=FH then the degree of the extensions are k!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !
[G:H]

L!!!!!!!!!!!!!!!!!!!!!!!!!!
jH j

F. In particular
L!F is a Galois extension.

3. k! L= FH is Galois if and only if H is a normal subgroup and then Aut(L/k) =G/H.
More generally if k� is an algebraic closure containing F then the embeddings Embk(L; k�)
are in bijection with G/H as a set.

Week 5 23



4. If L1 ! F and L2 ! F are sub�elds with H1 = G(F / L1) and H2 = G(F / L2) then
G(F /L1\L2)= hH1; H2i and G(F /L1L2)=H1\H2.

Remark 54. We will show Embk(L; F ) = Embk(L; k�) but it is a slightly stronger statement so
work with Embk(L; k�).

Before we discuss the proof let's look at examples

1. char(k)=/ 2 , k!F = k
¡

D
p �

; this coverse all degree 2 extensions. G = G(F /k)=Z/2 the
only subgrouops are f1; Gg with �xed �elds fF ; kg.

2. Let's look at biquadratic extensions: again take char(k) =/ 2 and k! k
¡

a
p

; b
p �

which is

the splitting �eld of (x2¡ a)(x2¡ b). Let's assume a
p
2k
¡

b
p �

and b
p
2k( a
p

) so we have
this picture:

k
¡

b
p �

!!!!!!!!
2

F = k
¡

a
p

; b
p �

"2 "2 k ! k
¡

ab
p �

! F

k !!!!!!!!2 k( a
p

)

Set �( a
p

)=¡ a
p

and �
¡

b
p �

= b
p

. We argued before this was an automorphism. Similarly

we have �( a
p

) = a
p

and �
¡

b
p �

= ¡ b
p

. Thus f1; �; � ; �� g � G=G(F /k). But this is
Galois extension so G=G(F /k) has order 4 so G= f1; �; � ; �� g. This is the Klein 4 group
�Z/2Z�Z/2Z. Its subgroups are f1; <� >; <� >; <�� >; Gg corresponding to the �xed
�elds

�
F ; k

¡
b
p �

; k( a
p

); k
¡

ab
p �	

. The theorem says these are the only subgroups. So
for example k

¡
a
p

+ b
p �

must be one of these subgroups. Look at its orbit under G. It is�
� a
p
� b
p 	

so this de�nes a degree 4 extension.

3. Suppose k=Q and F is the splitting �eld of a cubic of the form f =x3¡ px+ q. If the roots
of f are �1; �2; �3 then G=G(F /k) so G � S3 and also k! k(�1)! F so 3j[F : k] so the
only possiblities are jGj=3 or jGj=6. If jGj=3 we must have G=A3 the normal subgroup
of even permutations and k(�1) =F . Thus if k(�1) =/ F then G=S3. For example if f has
only 1 real root and two complex ones then G=S3. If f has 3 real roots it is more di�cult
to �gure out what is the case. But according to the main theorem if G=S3 then there is a

�eld k!!!!!!!!2 L=FA3!F . So if we can �nd such an L then G=S3.

Now consider x3¡ 3x+12Q[x].

To �gure out the Galois group we can use the descriminant of a polynomial. Write f =
xn+ c1x

n¡1+ ���+ cn. Consider the element D =
Q

i<j (�i ¡ �j)
2. This symmetric (we need the

exponent of 2 to ensure this). By what we have just said D2 k and there is also a �2 k[c1; :::; cn]
such that D=�(c1; :::; cn).

A small example: f =x2+ c1x+ c2 and say it has roots �1; �2. Then

D=(�1¡�2)2=�12+�22¡ 2�1�2=(�1+�2)2¡ 4�1�2= c12¡ 4c2

It turns out for f=x3¡ px+ q we have

D=4p3¡ 27 q2

In our example we get 4(3)3¡ 27=34=92

D 2 k always and sometime D
p
2 k this is useful:

Write �=
Q

i<j (�i ¡ �j) 2 F . Note that ��= sign(�) � so that � 2 FA3 but if G=S3 then
� 2FG= k. Therefore if � 2 k then G=A3
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5.2 Degree 4 polys
To warm up let's review what we know so far. Our basic goal is to �nd the solutions to a polynomial
equation f(x)= 0 with f(x)2 k[x].

In degree 2 we have the quadratic formula for x2+ ax+ b=
¡
x¡ a

2

�
2+
�
b¡ a2

4

�
=0 namely

x=
a
2
� a2¡ 4b
p

2

Recall D = a2 ¡ 4b is the Discriminant so in terms of �eld theory we can say the solution to
x2+ ax+ b=0 lives in the extension k! k

¡
D
p �

.

Said another way, if we know the solution of a polynomial equation lives in k
¡

D
p �

then we
know there is an expression for it in terms of square roots. More generally we can ask for formulas
expressible in terms of nth roots, we call these expressions by radicals.

Here is a formal de�nition. A polynomial f 2 k[x] is solvable by radicals if there is a tower
of extensions k=F0!F1!F2!���!Fn¡1=Fn=F such that F is the splitting �eld of f(x) and
Fi is obtained from Fi¡1 by adjoining a pth root.

Remark 55. If k=Q and we look at k=F0!F1!F2!���!Fn¡1=Fn=F where Fi=Fi¡1( r
p

)
for r2R>0 then we get the set of coordinates of geometric shapes that are constructible with ruler
and compass.

We will see that a general degree 5 polynomial is not solvable by radicals.

For similplicity let's take k=Q as we explore degree 3 and degree 4 polys.

A general cubic x3+ Px2+ Qx+R can be turned into x3¡ px+ q via x! (x¡ P /3). This
makes the discriminant easier to compute: D=4p3¡ 27q2. Then depending D we say the splittng
�eld was either deg 3 or a a deg 2 extension followed by a degree extension

k!!!!!!!!3 F OR k!!!!!!!!2 k
¡

D
p �

!!!!!!!!3 F

We will show using Kummer extensions these degree 3 extension can be obtained by adjoining a
cube root �3

p
. In any case we can verify directly that this is possible by Cardano's Formula:

x3¡ px+ q=0
has solutions x=u¡v

where

u= ¡q
2
+

�
q
2

�
2
+
�
p
3

�
3

r
3

s

v=
q
2
+

�
q
2

�
2
+
�
p
3

�
3

r
3

s
Let's tackle degree 4. Let f 2k[x] be an irreducible degree 4 polynomiall. Let F be the splitting

�eld and G=G(F /k). We know G�S4 we �rst use the discriminant to determine if G�An

In general we have:
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Proposition 56. Suppose F is the splitting �eld of f 2 k[x]. Let �1; :::; �n be the roots of f. Set

�=
Y
i<j

(�i¡�j)

If � 2 k then G(F /k)�An.

Proof. If G(F /k)�An then G contains an odd permutation �. Then �(�)=/ � hence � 2 k �

Going back to a degree 4 cubic we know G�S4. There are many subgroups but not all of them
could be Galois groups. We know the G orbit of �1 is f�1; �2; �3; �4g. So for example G=/ h(123)i.

In fact the only subgroups of S4 that are transitive are:

S4; A4; C4; D4; V = f(1); (12)(34); (13)(24); (14)(23)g

D4 = h(1324); (12)i

We also know C4; D4�A3. To go further we use another trick:

Consider �1=�1�2+�3�4. The S4 orbit of �1 is

�1; �2=�1�3+�2�4; �3=�1�4+�2�3

Consequently g(x)= (x¡ �1)(x¡ �2)(x¡ �3)2FG[x] =k[x].

Now OrbitS4(�1) = f�1; �2; �3g but OrbitG(�1) may be smaller. For example if OribtG(�1)
might just be �1. Then G�Stab(�1) =D4

We therefore get the following table:

� 2 k � 2 k
g(x) irreducible A4 S4

g(x) reducible V D4; C4

To explain the left corner: If � 2 k then G�A4. But if g(x) is irreducible then jGj is divisible
by 3 but jV j=4 hence we cannot have G=V .

Coe�cients of g(x):

¡e1(�1; �2; �3) = ¡"2(�1; �2; �3; �4)
e2(�1; �2; �3) = "1(�1; �2; �3; �4)"3(�1; �2; �3; �4)¡ 4"4(�1; �2; �3; �4)

= "1"3¡4"4

¡e3(�1; �2; �3) = "4("1
2¡ 2"2)+ "32¡ 2"2"4

A small example:

f=x4+8x+ 12 then D=34212 so �= D
p
2 k hence G�A4.

Then g(x)=x3¡48x¡ 64. Turns out this is irreducible. So G=A4.

Now g(x) has 3 real roots and its discriminant is actually the same, so if L is the splitting �eld
of g(x) then G(L/k) =A3 and clearly L�F

We have k!!!!!!!!3 L!!!!!!!!4 F . We always have L!F is Galois but in this case we also have that k!L
is Galois

26 Section 5



Consider H = h(12)(34)i. Note H is not normal

k!!!!!!!!
6
FH2!!!!!!!!

2
F

Now �1+�22FH2 and

OrbA4(�1+�2) = f�1+�2; �3+�4; �2+�3; �1+�3; �1+�4; �2+�3g

so k(�1+�2) is a degree 6 extension.

Let a1="1(�1; �2; �3; �4)2 k then �3+�4=a1¡�1¡�22 k(�1+�2)

In our examplem�1+�2;k=x
6¡48x2¡64= g(x2). It follows that FH is a degree 2 extension of L:

k!!!!!!!!
3
L= k(�1)!!!!!!!!

2
k(�1+�2)=F

H!!!!!!!!
2
F

Can you see why �1�22 k(�1+�2)?

Let's calculate jAut(F /FH)j. We need to compute the size of OrbA4(�1 + �2) \ k(�1 + �2).
We know the answer divides 6, is at least 2 and is less than 6.

But if ij =�i+ �j then ij + i0j 0=a12 k. Thus if k(�1+ �2) contains more than 2 roots it
actually contains at least 4 which is a contradiction. Hence jAut(k(�1+�2)/k)j=2.

6 Week 6

We discussed some examples of Galois extension over Q. Let's quickly look at �nite �elds. Any
�nite �eld is a splitting �eld so any extension Fq!Fqn is Galois.

We can check this directly for Fp!Fpn. We computed earlier that Aut(Fpn/Fp)=f1;�;�2; :::;
�n¡1g where �(�)=�p is the Frobenious automorphism.

In fact before we proved Aut(Fpn/Fp) = f1;�;�2; :::;�n¡1g using properties of the minimial
polynomial but we can give a shorter proof now:

Proposition 57. Aut(Fpn/Fp) = f1;�;�2; :::;�n¡1g

Proof. As Fp!Fpn is Galois we have jAut(Fpn/Fp)j= n thus it su�ces to show f1; �; �2; :::;
�n¡1g are distinct automorphisms. This follows because the images of a generator for Fpn

� are sent
to distinict elements. �

Corollary 58. Aut(Fpn/Fp) is a cyclic group of order n.

A Galois extension is called cyclic if its Galois group is cyclic.

6.1 Proof of the main theorem
Let us review some results that are key to proving the main result:

I used the primitive element to give a short proof of some results when char(k)=0 or when the
�elds were �nite. However this doesn't cover the most general case.

Week 6 27



In general a Galois ext is equivalent to a �nite seperable extension which is a splitting �eld.
However I think it would be too distracting to give the full proof at this point.

(1)Thm : if k!F is a splitting �eld)jAut(F /k)j6 [F : k]
equality,F is separable

(2)Thm:G�Aut(F ) and jGj<1:Then [F :FG] = jGj ((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((( (
easy proof

k!F has primitive
(long proof without primitive element thm;DM14.2Thm9) element

+
ThmA:G�Aut(F ) and jGj<1:Then
Aut(F /FG)=Ghence ext isGalois (

)

+ Thm: k!F has
ThmB: If k!F is a �nite; sep: ext �nitelymany intermed:

(1) k!F Galois, (2)FG= k, (3)F = a splitting �eld �elds

(
= *

Main theoremofGalois theory =) Thm: k!F �nite; sep
then9only �nitely
many intermediate

�elds

The main thing we will use is Thm A which we have proved for �nite �elds and characteristic 0.
Let us now prove:

Theorem 59. Let k!F be a Galois extension and G=G(F /k)

1. There is a bijection Int(F /k)$Sub(G) given by L!Aut(F /L) and inverse FH H which
is inclusion reversing

2. If H �G and L=FH then the degree of the extensions are k!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !
[G:H]

L!!!!!!!!!!!!!!!!!!!!!!!!!!
jH j

F. In particular
L!F is a Galois extension.

3. k! L= FH is Galois if and only if H is a normal subgroup and then Aut(L/k) =G/H.
More generally if k� is an algebraic closure containing F then the embeddings Embk(L; k�)
are in bijection with G/H as a set.

4. If L1 ! F and L2 ! F are sub�elds with H1 = G(F / L1) and H2 = G(F / L2) then
G(F /L1\L2)= hH1; H2i and G(F /L1L2)=H1\H2.

Proof. We go in order:

1. We check that Int(F /k)! Sub(G)! Int(F /k) is the identity and the same is true in the
other direction: Let L 2 Int(F /k) then L! F is Galois because its a splitting �eld. Set
H=G(F /L): By Thm B we have FH=L. Conversely, let H 2Sub(G) and set L=FH then
G(F /FH)=H by Thm A. We have already seen that it is inclusion reversing.

2. This follows from 1 and the multiplicative property.

3. First note that Embk(L; F ) � Embk(L; k�). Let � : L! k� be any embedding. Then by the
extension thm for splitting �elds we can extend � to �:F!k�. Let �2F then �(�) is another
root of m�;k hence �(�) 2 F thus � and hence � lands in F . Therefore f�(L) : � 2Gg $
Embk(L; F ) = Embk(L; k�). Similarly if � 2 Aut(L/k) then � lifts to a � 2 G. Now for
any � 2 G we have G(F /�(L)) = �H�¡1 thus if we let NG(H) = fg 2 GjgH = Hgg be
the normalizer then there is a map NG(H) ! Aut(L / k) and it is surjective with kernel
H. It follows that k! L is Galois if and only if H is normal. Now G acts transitively on
f�(L) :� 2Gg and the stabilizer of L is H therefore we have in general that Embk(L;F ) is
in bijection with G/H.
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4. Let H =G(F /L1 \ L2) then if � 2H1 it preserves L1 hence preserves L1 \ L2 so H1�H.
Similarly H2�H hence hH1; H2i�H. On the other hand F hH1;H2i�L1 and hH1; H2i�L2
thus F hH1;H2i�L1\L2=FH and by part 1 we have hH1;H2i�H so they are equal. For the
other statement note H1\H2�G(F /L1L2)=H. On the other hand if � 2H then � 2H1

and � 2H2 hence � 2H1\H2 thus H =H1\H2.

�

Some comments about the proof.
We repeatedly used the following result we proved some time ago:

Proposition 60. Let f1 2 k1[x], �: k1! k2 and isomophism of �elds and f2= �(f1). Let F1 be a
splittinf �eld of f1 and F2 a splitting �eld for f2. Then there is an isomorphism �:F1! F2 such
that �jk1=�.

For example we used this result to show Embk(L; F ) = Embk(L; k�). We also use it to show
Emb(L; F ) is in bijection with f�(L) : � 2 G=G(F /k)g. In fact what we mean by this is that
Emb(L;F )= f� jL:L!F j� 2Gg.

Set H=G(F /L). The group G naturally acts on f� jL:L!F j�2Gg here are observations we
used in the proof

1. � jL=id if and only if � 2H

2. F �H�¡1=�(FH)=�(L)

3. �(L)=L if and only if � 2NG(H) = f� j�H�¡1=Hg

4. If k!L is Galois then �(L)=L for every � 2G

The last one follows from this theorem that we proved before:

Theorem 61. Suppose F is the splitting �eld of f 2k[x]. Assume g2k[x] is irreducible and suppose
g has a root in F. Then g splits into linear factors in F [x].

We also repeatedly use the fact that if we want to show H1 � H2 then it is enough to show
FH2�FH1.

Example 62. Let �= 2
p

+ 3
p

+ 5
p
2Q� . What is [Q(�):Q]?

Galois theory can tell us the answer quickly. Set F=Q
¡

2
p

; 3
p

; 5
p �

. This is the splitting
�eld of (x2¡ 2)(x2¡ 3)(x2¡ 5) so it is a Galois extension. Note also that 5

p
2Q

¡
2
p

; 3
p �

which
can be proved by contradiction easily. So Aut

¡
F /Q

¡
2
p

; 3
p ��

just switches � 5
p

. In general
G=G(F /Q) consists of the 8 elements that sends a

p
to � a

p
for a=2; 3; 5.

Thus the orbit of � under G consists of the 8 elements � 2
p
� 3
p
� 5
p

hence [Q(�):Q] = 8
and Q(�)=F .

However we should really justify 5
p
2Q

¡
2
p

; 3
p �

even though it may seem intuitively obvious.
Galois theory can help us.

We start withQ
¡

2
p �

with Galois group f1;�2g with �2
¡

2
p �

=¡
p
2. If 3
p
2Q

¡
2
p �

then since
we know its minimal polynomial must be x2¡ 3 we must have �2

¡
3
p �

=¡ 3
p

hence 3
p

= a 2
p

with a2Q and this is a contradiction.

Week 6 29



In this way we can determine that G
¡
Q
¡

2
p

; 3
p �

/Q
�
= f1; �2; �3; �2�3g and �2

¡
3
p �

= 3
p

etc. Replacing 2; 3 with 2;5 or 3;5 we can show that f1; �2; �3; �2�3g�G
¡
F=Q

¡
2
p

; 3
p

; 5
p �

/Q
�

and �2
¡

5
p �

= 5
p

and �3
¡

5
p �

= 5
p

. Now suppose 5
p
2Q

¡
2
p

; 3
p �

then F =Q
¡

2
p

; 3
p �

and
G(F /Q)= f1; �2; �3; �2�3g but then 5

p
is in the �xed �eld Q which is a contradiction.

Example 63. Let F be the splitting �eld of x8¡ 2.
Set �= 28

p
2R and �= exp(2�i/8)= 2

p

2
(1+ i)

Then F =Q(�; �)=Q(�; i) and i2Q(�)�R.

Now if � 2G(F /Q) then �(�) and �(i) are roots of x8¡ 2 and x2+1. There are 8 choices for
�(�) and 2 choices for �(i) leading to 16 possible choices. This means that jG(F /Q)j6 16.

But we can also calculate [F :Q] =[Q(�; i):Q(�)][Q(�):Q] = 16 :

Thus G consists of all the elements f�! � j�with j=1; :::; 8; i!�ig

Note however m�;Q = x4 + 1 and it is still true that �(�) is another root of x8 ¡ 2 and
�(�) is another root of x4 + 1. This means that there are 32 possibilities but they can't all be
automorphisms. So we must be careful when identifying automorphisms.

This is because, for example, �4= � + �7= 2
p

so if I wanted to send �! �� and �! � then �4!¡�4 but � + �7! � + �7 which contradicts
�4= � + �7= 2

p
.

This example is worked out in the book. If we set �(�)= �� and �(i)= i then �(�)= �5.
if we set � to be complex conjugation �(i)=¡i then

G(F /Q)= h�; � j�8=1; �2=1; �� = ��3i

6.2 Primitive Element theorem

Proposition 64. Let k! F be a �nite extension. Then F = k() if and only if there are only
�nitely many sub�elds of F containing k.

Proof. Suppose F = k() and suppose k! L! F is an intermediate �eld. Let f = m;k and
g=m;L. Notice that g jf in L[x]. Write g=

P
i=0
n cix

i and set L0= k(c1; :::; cn). Then L0�L and
since g 2L0[x] we actually have m;L0= g and also [L: k] = deg g= [L0: k] hence L=L0. Thus any
intermediate �eld comes from the coe�cients that appear in factorizations of f . There can be only
�nitely many factorizations.

Suppose now there are only �nitely many intermediate �elds. We can assume jk j =1 since
�nite �elds always have primitive elements.

Assuming k is in�nite it su�ces to show k(�; �)=k(). Consider the sub�elds k(�+ c�)�k(�;
�). Since there are in�nitely many c and only �nitely many sub�elds we have c=/ c0 such that

k(�+ c�)= k(�+ c0 �)

then �+ c0� 2 k(�+ c�) hence (c0¡ c)� and also � 2 k(�+ c�) and therefore also � 2 k(�+ c�)
hence =�+ c� is a primitive element. �
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Theorem 65. If k!F is �nite and separable then F = k().

Proof. Let �1; :::;�n be a basis for F over k. Then F =k(�1; :::;�n). Let fi=m�i;k and f=
Q

i=1
n fi

and let L be the splitting �eld of f . Any sub�eld k!E!F is a sub�eld of L and k!L is Galois
so there are only �nitely many sub�elds of L and only �nitely many sub�elds of k! F . By the
previous result F = k(). �

6.3 Kummer Extensions

Proposition 66. Suppose char(k) = p and suppose p jn and k contains all nth roots of unity.
Then k!F = k( an

p
) is a cyclic extension and [F : k] divides n.

Remark 67. The condition on the characteristic is so xn¡ 1 is separable.

Proof. Let �n denote the group of nth roots of unity. Then �n�k and f� an
p
j� 2 �ng�F are the

roots of xn¡a. Thus F is a splitting �eld and hence Galois. If �2G(F /k) then �( an
p

)=�� an
p

for
some ��2 �n. Then there is an injective homorphism G(F /k)!�n given by �! ��. Any subgroup
of �n is cyclic so we are done. �

There is a converse to this statement:

Proposition 68. Suppose �n�k and char(k)= p does not divide n. Suppose k!!!!!!!!!!n F is cyclic then
F=k( an

p
) for some a2 k.

The proof for general �elds is given in the book 14.7 prop 37. However when k�C we can give
a shorter proof:

Proof. Let �2G(F /k) be a generator. F is a k vector space so with a choice of basis �2GLn(k)�
GLn(C). As � generates a �nite subgroup it is a fact from linear algebra that � is conjugate to a
unitary matrix and hence diagonalizable.

Then �n = 1 so the eigenvalues of � are roots of unity. At least there are eigenvalues �ni 2
Prim(ni) such that lcm(ni) = n. Then � =

Q
�ni 2 Prim(n) and if �i are the eigenvectors

�(�i)= �ni�i then �(�)= ��.

Then �(�n)=�(�)n=(��)n=�n�n=�n. Thus a=�n2k. Now k(�)=k( an
p

)�F and [F :k]=n.
In fact k(�) =F because [k(�): k] = degm�;k= jOrbitG(�)j and the orbit consists of all the roots
of xn¡ a. Equivalently, the stabilizer of � is trivial so k(�)=FTrivialGroup=F . �

Corollary 69. Let k!F be a Galois extension of prime degree p such that p=/ char(k) and assume
�p� k. Then F=k( a

pp
).

Proof. jG(F /k)j=p so it must be a cyclic group. �

7 Week 7

If f 2 k[x] then to save time I'm going to write F = Split(f) for the splitting �eld of f .

Here is an example of the proof of prop 68.

Example 70. f(x) =x3 ¡ 3x+1 2 Q(�3)[x]. F = Split(f). We calculated before that G(F /
Q(�3))=A3. Actually we calculated it over Q but the argument is the same. By the corollary, F is
obtained by adding a cube root. We can �nd it. Let �1; �2; �3 be the roots of f . Then f1; �1; �2g
is a basis. Let �2G(F /Q(�3)) be a generator that is the permutation (123). Recallm�3=x

2+x+1
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Then the matrix of � is

�=

0@ 1
¡1

1 ¡1

1Aand

0@ 1
¡1

1 ¡1

1A0@ 0
1
¡�3

1A=
0B@ 0

�3
¡�32

1CA= �3

0@ 0
1
¡�3

1A
so �=�1¡ �3�2 satis�es �32Q(�3).

It turns out that �3=3(1¡ �3). A way to compute this using the roots is outline in the optional
exercises.

Now �3=
¡1+ i 3

p

2
so �3=33¡ i 3

p

2
. So the roots of f are a polynomials in 3

3¡ i 3
p

2

3
q

.

Here is one result on Compositum and Galois extensions:

Proposition 71. If k ! F is Galois and k ! L is any extension then L ! LF is Galois and
G(LF /L)�G(F /F \L) is a subgroup of G(F /k)

Proof. F = Split(f) for some f 2 k[x]�L[x] hence LF is also Split(f) and so it is Galois over k
and over L. For any � 2G(LF /L) we have � jF :F!FL in fact we because F is a splitting �eld
the image is contained in F : let �2F and g=m�;k then �(g)= g because the coe�cients are in k.
Then �(�) is another root of g but F contains all the roots. Therefore there is a restriction map
G(LF /L)!G(F /k) which sends �!� jF . The kernel is f� 2G(LF /L) such that� jF=idg but �
is also the identity on L thus � is the identity on all of LF and G(LF /L)!G(F /k) is injective.

Let the image beH of G(LF /L) in G(F /k). For �2G(LF /L) we have � jL=id thus � jF\L=id
hence F \L� FH. For the reverse inclusion note that FHL is �xed by G(LF /L) thus FHL=L
so FH�F \L. �

7.1 The quintic
Recall f(x)2 k[x] is solvable by radicals if there is a chain of �elds

k=F0!F1!F2!���!Fm!Fm+1=Split(f)

such that Fi+1=Fi( ai
ni
p

) with ai2Fi.

Lemma 72. Suppose char(k) = p is coprime to all ni then we can arrange for each extension
Fi!Fi+1 to be Galois and in particular a cyclic extension.

Proof. Set �i= ai
ni
p

. Then Fi!Fm+1 is Galois so xni¡ai2Fi[x] splits completely in Fm+1. The
roots are �i; �ni�i; :::; �ni

ni¡1�i2Fm+1 so �ni=
�ni�i

�i
2Fm+1. In particular k(�ni)�Fm+1 for all i.

So we can replace Fi with Fi(�ni) and assume �ni�Fi.

By a straightforward argument we see that Fi+1=Split(xni¡ai) and xni¡ai is separable hence
Fi!Fi+1 is Galois and cyclic (Proposition 66).

�

Recall a group G is solvable if there is a sequence of subgroups

1=Gm+1!Gm!���!G1!G0=G

such that Gi+1 is a normal subgroup of G and Gi/Gi+1 is abelian.

Some facts: if 1!H!G!G/H! 1 is a short exact sequence then H;G/H are solvable if
and only if G is solvable.
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Lemma 73. If jGj<1 then G is solvable if and only if there is a sequence as above with Gi/Gi+1

solvable.

Proof. Since Gi/Gi+1 is �nite and Abelian it is Cd1�����Cdl by the structure theorem for �nite
groups. Then there is a surjection Gi! Gi /Gi+1 ! Cd1. Replace Gi+1 with the kernel of this
homomorphism. �

Theorem 74. Let f 2 k[x] and G=G(Split(f)/k). Assume char(k) does not divide jGj. Then f
is solvable by radicals if and only if G is a solvable group.

Proof. If f(x) is solvable by radicals then from the sequence

F0 ! F1 ! ��� ! Fm ! Fm+1=L
we get
G= G(L/F0) � G(L/F1) � ��� � G(L/Fm) � 1

jj
G0 � G1 � ��� � Gm

By the lemma we can assume Fi!Fi+1 is cyclic and because Gi+1 is normal we also have

Fi !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !
Gi/Gi+1

Fi+1 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !
Gi+1

L

Thus Gi/Gi+1�G(Fi+1/Fi) is cyclic hence Abelian. Therefore G is solvable.

Now suppose G is solvable. Then from

G= G0 � G1 � ��� � Gm � 1
weget
k= LG0 ! LG1 !! ��� ! LGm ! L

using the lemma we can assume Gi / Gi+1 is cylic. Also we have Galois extensions
LGi !! LGi+1 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

Gi+1
L. Now because Gi+1 is normal we have a group homomorphism ': G !

G/Gi+1. We also have a group homorophism 'jGi: Gi! G/Gi+1 and ker('jGi) = Gi+1. Hence
Gi+1 � Gi is a normal subgroup and thus LGi ! LGi+1 is Galois with Galois group Gi /Gi+1,
which is cylcic.

Set ni= [LGi+1:LGi] and let K = k(�n1; :::; �nm). We now replace LGi with KLGi. We observe
that each subextension is still Galois by proposition 71 and each Galois group KLGi!KLGi+1 is
a subgroup of a cyclic group hence cylic. Hence by Kummer theory (i.e. propsoition 68) KLGi+1

is obtained from KLGi by adding an nith root. So f is solvable by radicals. �

It now remains to exhibit a polynomial with a non solvable Galois group. We will use the
following facts

-Sn and An are not solvable for n� 5
-If G�S5 and G contains a transposition and a 5-cycle then G=S5

Lemma 75. If f 2 k[x] is irreducible of degree 5 then G(Split(f)/k) contains a 5-cycle.

Proof. Let �1 be a root of F the jGj = jStab(�1)j jOrbit(�1)j = jStab(�1)j5. Thus G contains a
group of order 5 (since no higher powers of 5 divide jS5j). This group must be generated by a 5
cycle. �
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Corollary 76. Suppose f 2Q[x] is degree 5, irreducible and has exactly three real roots. Then its
Galois group contains a transposition and it is not solvable by radicals.

Proof. Let �1; �2; �3 be the real roots and F = Split(f). Then Q(�1; �2; �3) =/ F so there is a
nontrivial group H � G(F /Q) which �xes �1; �2; �3. The only possibility is that H permutes
the complex roots �4; �5. Then G contains a transposition and a 5 cycle so G= S5 which is not
solvable. �

x5 ¡ 16x = x(x2 ¡ 4)(x2 + 4) has three real roots. By adding a small constant we get an
irreducible polynomial such as x5¡ 16x+2. By the corollary this is not solvable by radicals.

7.2 Cyclotomic extensions
Let �n= exp(2�i/n) then Q(�n)= Split('n(x))= Split(xn¡ 1).

Recall

1. Prim(n)� �n are the primitive roots of unity

2. 'n(x)=
Q

�2Prim(n) (x¡ �)2Z[x]

3. G(Q(�n)/Q) permutes Prim(n) and is determined by the image of �n

4. if � 2Prim(n) then �m2Prim(n) if and only if (m;n)= 1.

5. (n;m)= 1 if and only if m maps to a unit in Z/nZ

Here is the proof of the last one: (n;m)=1) 9a; b such that an+ bm=1 hence bm=1 in Z/nZ.
Conversely, bm=1modn means bm=1¡ an for some a hence (n;m)= 1.

The group of units in Z/nZ is denoted (Z/nZ)�

This is an important property because if m 2 Z/nZ is not invertible then �n
m 2 Prim(n) and

�n! �n
m is then not an automorphism. We can state this as a lemma:

Lemma 77. There is a �m2G=G(Q(�n)/Q) such that �m(�n)= �nm if and only if m2 (Z/nZ)�

Proof. This is a combination of 3,4,5 �

The following result is easy but important so I'll call it a theorem.

Theorem 78. G=G(Q(�n)/Q)� (Z/nZ)�. In particular G is Abelian, Cyclic and if n=
Q
pi
mi

then by the Chinese remaineder theorem G�
Q
(Z/pi

miZ)�

Proof. By the lemma there is a homomorphism

(Z/nZ)� ¡! G(Q(�n)/Q)
m 7! �m

It is really a homomophism: �l��m(�n)= (�nm)l= �n
m+l=�l+m(�n). It is injective and both groups

have the same size '(n) �

Here is another straightforward lemma:

Lemma 79. �m(�)= �m for every � 2Prim(n) and �ml (�)= �m
l
.

Proof. � = �n
l for some l. Then �m(�)=�m(�n)l=(�n

m)l=(�n
l )m= �m �
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Here is another result which is not di�cult to prove but also not too interesting to prove so I'll
skip it:

Theorem 80. Let G be a �nite abelian group. Then there is an integer n and a sub�eld K�Q(�n)
such that G(K /Q)=G

Proof. see 14.5 corollary 28 �

There is on the other hand a converse to this statement which is much more di�cult to prove

Theorem 81. (Kronecker-Weber) Let K be a Galois extension of Q. If G(K /Q) is Abelian then
K �Q(�n) for some n.

Example 82. Consider F =Q(�11) then [F :Q]= 10. The Galois group is generated by �: �! �2

which has order 10. A basis is 1; � ; :::; �9.

Then �2 has order 5 and �5 has order 2. These are the only possible subgroups so the interme-
diate �elds are

F<�2> !!!!!!!!
5

F with F = Split(x11¡ 1)
"2 "2
Q !!!!!!!!5 F<�5>

�5(�)= �2
5
= �¡1

ThusQ(z+z-1)�F<�5> andm�;Q(�+�¡1)=x
2¡ (�+ �¡1)x+1 Thus we have [F :Q(�+ �¡1)]=2

and [F :F<�5>] = 2 so Q(� + �¡1)=F<�5>

Next: �2(�)= �4 and the orbit of � is �! �4! �5! �9! �3 so �= �+ �4+ �5+ �9+ �3 is �xed
by �2. Moreover �(�) =/ � so �2Q. But �(�+ �(�)) = �(�) + � 2Q and �(��(�)) = �(�)� 2Q
thus degm�;Q=2 thus F<�2>=Q(�).

Using a computer or using a lot of patience we can compute
m�+�¡1;Q=x

5+x4¡ 4x3¡ 3x2¡ 3x+1
which gives an example an irreducible degree 5 polynomial which is solvable by radicals.

Example 83. Consider F = Q(�5). Then m�;Q = x4 + x3 + x2 + x + 1, a basis is 1; � ; �2; �3

G=G(F /Q) is cylcic of order 4. There is only one nontrivial proper subgroup of order 2 given by

Q(� + �4) so we have Q!!!!!!!!
2

Q(� + �4)!!!!!!!!
2
F .

Here things are small enough to compute: m�+�4;Q=(x¡ (� + �4))(x¡ (�2+ �3))=x2+x+1

which has discriminant 5. This gives � + �4=¡1

2
� 5
p

2

Also m�;Q(�+�4)=(x¡ �)(x¡ �4)=x2¡ (� + �4)x+1 which has discriminant

(�4¡ �)2= �3+2+ �2=1¡ (�4+ �)=
3

2
� 5
p

2

This gives � = �+ �4

2
� 1

2
1¡ (�4+ �)

p
So we have solved x4+x3+x2+x+1 explicitly:

� =
¡1/2� 5

p

2
� 1

2

3

2
� 5
p

2

q
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Example 84. Consider F =Q(�31) then G(F /Q) is cyclic of order 30 with generator �: �! �3

because 3 2F31 has order 30. Then �5 generates a group of order 6. We compute the orbit of �
under �5. Then �! �26! �25! �30! �5! �6

Let � be the sum of the orbit then m�;Q=x
5+x4¡ 12x3¡ 21x2+x+5

7.3 Loose Ends

Proposition 85. Let F1; F2 be Galois extensions of k. Then

1. F1\F2 is Galois over k

2. F1F2 is Galois over k

3. G(F1F2/k) is the subgroup H �G(F1/k)�G(F2/k) given by

H = f(�; �)j� jF1\F2=� jF1\F2g

Proof. 1) Let �2F1\F2 and set f =m�;k. Then f splits in F1 and F2 hence it splits in F1\F2.
Thus F1\F2 is a �nite, seperable and normal extension thus it is Galois.

2)We can write F1=Split(f1);F2=Split(f2) for seperable polys f1; f2. Then F1F2 is the splitting
�eld of the square free part of f1f2.

3) Set L= F1F2, G=G(L/k) and Hi=G(L/Fi) then G(Fi/k) =G/Hi so there is a natural
map G!G/H1�G/H2. The kernel is H1\H2. We have Fi=LHi so LH1\H2=LH1LH2=F1F2=L.
Thus H1\H2=1. So G is a subgroup of G/H1�G/H2 and clearly maps into the group H above.
You will show the map G!H is also surjective on the next assignment.

�

De�nition 86. Let k ! F be a �nite separable extension inside k�. Then the Galois closure is
de�ned to be the smallest Galois extension k!E inside of k� containing F.

Corollary 87. Galois closures exist.

Proof. Take the intersection of all Galois extensions containing F . �

Here is a formula for the discriminant. Suppose �1; :::; �n are the roots of f 2 k[x], that is
f(x)=

Q
(x¡�i). Let D=/ i=

Q
j=/ i

(�i¡�j). ThenY
i=1

n

D=/ i=
Y

i;j;i=/ j

(�i¡�j)=
Y
i<j

(�i¡�j)(�j ¡�i)= (¡1)
n(n¡1)

2

Y
i<j

(�i¡�j)2=�D

On the other hand f 0=
P

i=1
n Q

j=/ i
(x¡�j) and so f 0(�i)=D=/ i

therefore Y
i

f 0(�i) =�D

where the sign is (¡1)
n(n¡1)

2 .

8 Week 8; 9
Let V be a vector space over a �eld k a representation is

�:G!GL(V )
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� in general is not surjective or injective.

If V has a basis then �:G!GLn(k); that is � assigs to each g 2G an n�n matrix.

De�nition 88. If V is a G represntation then a subrepresentation W �V is a G-stable subpace.

Consider V =k � k and let G= (k; +) then there is a representation G! GL2(k) given by
a!

�
1 a
1

�
. Notice that W= Span(e1) is a G stable subspace.

Lemma 89. If W is a subrepresntation then V /W is a represntation of G

Proof. V !!!!!!!!!!
�
V /W . Let v 2 V /W . Set g(v): =�(gv 0) where v 0 2 �¡1(v). Suppose v 00 2 �¡1(V )

then v 0¡ v 002W thus �(g(v 00)) =�(g(v 0+(v 00¡ v)))=�(g(v 0)+ g(v 00¡ v 0))=�(g(v 0)) �

Let g 2G and v 2V /W . Let v 0 be a

De�nition 90. Let V be a G representation

1. V is irreducible if the only subrepresentations are f0; V g, otherwise V is reducible.

2. V is indecomposible if V =/ V1�V2 where V1; V2 are proper subrepresentations

3. V is completely reducible if it is the direct sum of irreducible representations

In paticular an irrep is completely reducibe.

Example 91. Any � 2 Sn has a sign de�ned brie�y as sign(�) = 1 if � 2 An and sign(�) = ¡1
otherwise. Then �! sign(�) gives a homomorphism Sn!GL(V ) for any 1 dimensional V over a
�eld of characteristic not 2.

For simplicity let's take k=Cn. Then Sn acts naturally on Cn by permuting the basis vectors.
Let v be the vector

P
i=1
n ei and V = Span(v). Then V is a subrepresentation. The quotient

Cn /V is also a representation. We will see later that it is isomorphic to the subrepresenation
f(a1; :::; an)2Cnj

P
ai=0g.

De�ntion Group algebra over a �eld k

kG= k[G] = f
P

�nite aigijai2 kg

Multiplication
P
aigi
P
bjhj=

P
g2G;gihj=g (aibj)g

De�nition 92. Let M be an R module:

1. M is irreducible or simple if only submodules of M are f0;M g. Otherwise M is reducible

2. M is indecomposable if M=/M1�M2 for two proper submodules

3. M is completely reducible if it can be expressed as the direct sum of irreducible modules

{kG module} <�>{G rep V over k}

Note that Q!Q
¡

2
p �

gives a two dimensional representation over Q. It is not a representation
over R. However we can extend scalars to get a representation over R but this does not mean we
get a degree 2 extension over R.

Week 8; 9 37



Example 93. f= x5¡ 1
x¡ 1 and F=Split(f) then [F :Q] = 4 and G(F /Q) is a cyclic group and F is

a representation of G(F /Q)

generated by � ! �2 with �= exp(2�i / 5). The matrix of this automorphism in the basis
f1; � ; �2; �3g is 0BB@

1 0 ¡1 0
0 0 ¡1 1
0 1 ¡1 0
0 0 ¡1 0

1CCA
it's eigenvalues are �1;�i so it is diagonalizable.

Theorem 94. (Maschke) Let G be a �nite group and let k be a �eld such that char(k)j jGj. If V
is any k[G] module and U is any submodule of V then V has a submodule W such that V =U �W.

The proof of this result uses an important idea called the Reynolds Operator, or averaging over
the group. If V is any representation that it always has a subrepresentaiton V G of vectors �xed
by G. If jGj is invertible in k then there is a map V !V G

vinv=
1
jGj

X
g2G

g(v)

The factor 1

jGj has the added bene�t that if v is already invariant then v=vinv whereas without

it we would get vinv= jGjv.

Recall Hom(V ;W ) is a G represention by '!fv! g'(g¡1v)g

By de�nition a map ': V ! W is an k[G] module homomorphism if the following diagram
commutes:

V !!!!!!!!!!!!
'

W V !!!!!!!!!!!!
'

W

�V (g)  
¡

 
¡ �V (g) equivalently �V (g
¡1) ¡!  

¡ �V (g)

V !!!!!!!!!!!!' W V !!!!!!!!!!!!' W

the second says '= g'g¡1, or that '2Hom(V ;W )G, that is '= 'inv

Therefore Homk[G](V ; U) =Homk(V ; U)G

Suppose G= �n and G acts on C by �n: �(�)= �n. Lets call this representation C(n). For there
to be a map C(n)!C(m) we would need

C(n) ! C(m) 1 ! '(1)
#� #� # #

C(n) ! C(m) �n !!!!!!!!? �m'(1)

that is '(�n) = �n'(1)= �m'(1) so this happens if and only if n=m

G= �3 acting on C2 by �!
�
�

�¡1

�
then hom(C2;C2)=

�
C(0) C(2)
C(¡2) C(0)

�
.

Homk[G](C
2;C2)�C2 and Hom(C2;C2)�C4.
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Proof. We can prove the result if we can construct a k[G] homomorphism �:V !U such that

1. � jU=id

2. �2=� (although (1) implies (2))

If this is the case then set W = ker�. Let v 2V then �(v)2U and v¡ �(v)2W because

�(v¡�(v))=�(v)¡ �(v) =0

thus v=�(v)+ (v¡�(v)) and V =U +W . Also if v 2U \W then 0=�(v)= v so V =U �U .

Let �0:V !U be any projection to U . Then �02Hom(V ;U). Apply the Reynolds operator to
get �=

P
g2G g�0=

P
g2G g�0g

¡1. Note that if u2U then g�0(g¡1u)= gg¡1u=u. Then �(u)=u
and we are done. �

Suppose V is a G representation. So we have �:G!GL(V ). Then V !!!!!!!!!!!!!!!!!!!!!!!!!!!!! !�(g)
V . We can construct

a dual representation ��:G!GL(V �) with V �= hom(V ; k)

(If V = kn represented as column vectors then V �= kn represented as row vectors)

Then G acts on V �= hom(V ; k) as follows. If V !!!!!!!!!!!!
'
k then

��(g)(')= '� �(g¡1)
in pictures:

V !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !�(g¡1)
V

��(g)(')& #'
k

Why the inverse? We need ��(gh) = ��(g)��(h) and

��(gh)(') = '� �((gh)¡1) = '� �(h¡1) � �(g¡1)

��(g)��(h)(') = ��(g)('� �(h¡1)) = '� �(h¡1) � �(g¡1)

In fact this is special case of the fact that if V ;W are G representations then hom(V ;W ) is a
G representation. '2hom(V ;W ) then g(') is the linear map:

V !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !�V (g¡1)
V !!!!!!!!!!!!' W !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !�W(g)

W

with elements: '!fv! g'(g¡1v)g, g'g¡1

Remark 95. Remember our friend the tensor product? If V1; V2 are G representations given by
�1; �2 then V1
V2 is a G representation given by �(g)(v
w)= �1(g)v
 �2(g)w.

If V is �nite dimensional then Hom(V ;W )�W 
V � so this gives another way to get the same
representation on Hom(V ;W ).

Lemma 96. Finitely genereated k[G] modules are �nite dimensional vector spaces over k.

Corollary 97. If G if a �nite group and char(k)j jGj then every �nitely genereated k[G] module
is completely reducible.

8.1 Characters
For now I'm going to skip the section on Wedderburn's Theorem. If we went through it here are
the main things we would learn:
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Theorem 98. Let G be a �nite group

1. C[G]�
Q

i=1
m Matni�ni(C)

2. C[G] has m disticint irreducible modules Vi of dimension ni

3.
P
ni
2= jGj

4. m is the number of conjugacy classes in G

A key point if there there is a �nite list of irreps and we know any �nite dimensional represen-
tation is completely reducible. So if V is any G rep then V �

L
i=1
m Vi

ni

Characters are a tool that will help us �gure out this decomposition.

Naively if dim V = r then to specify V as a G rep amounts to giving r � r matrices for every
g 2G. That's a total of jGjr2 numbers. Using characters we can reduce this to 6jGj numbers.

Example 99. G=S3 then G= h�; � j�2= �2=1; (��)3=1i

1
� =(12) � =(23) ��� =(13)
�� =(123) �� =(132)

These are also the conjugacy classes: f1g; f�; � ; ���g; f�� ; ��g

The permuation representation C3 is given by �!

0@ 1
1

1

1A and �!

0@ 1
1

1

1A
There is a subrepresentaiton U = Span

0@ 1
1
1

1A.
Let's use the proof of Maschke's theorem to �nd a complement to U . Write U = Cv with

v =

0@ 1
1
1

1A. Take the projection C3 !!!!!!!!!!!!!!!!!!�0 U given by

0@ a
b
c

1A! a

0@ 1
1
1

1A. Then �0 is represented

by the row vector ( 1 0 0 ). Then ker �0 is not a subrepresentation of C3 because for example0@ 0
1
0

1A2 ker�0 but �
0@ 0

1
0

1A=
0@ 1

0
0

1A2 ker�0. For Maschke's theorem we need to compute

g�0g
¡1:C3!!!!!!!!!!!!!!!!!!!!!!!!!!!!

g¡1

C3!!!!!!!!!!!!!!!!!!
�0

U !!!!!!!!
g
U

But in fact U is the trivial representation so we just need to compute g¡1�0 which is just the top
row of the matrix g¡1. We �nd:

1 ! ( 1 0 0 )

� ! ( 0 1 0 )

� ! ( 1 0 0 )

�� ! ( 0 1 0 )

�� ! ( 0 0 1 )

��� ! ( 0 0 1 )

so �= 1

6
( 2 2 2 )= ( 1/3 1/3 1/3 ).

In any case W = ker�= Span

8<:e1=
0@ 1
¡1
0

1A; e2=
0@ 0

1
¡1

1A9=;.
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�e1=

0@ ¡11
0

1A=¡e1 and �e2=
0@ 1

0
¡1

1A= e1+ e2
�e1= e1+ e2 and �e2=¡e2 so we get a 2 dimensional representation

� !
�
¡1 1

1

�
� !

�
1
1 ¡1

�

�� !
�
0 ¡1
1 ¡1

�

Let's describe this example using character theory.

For g 2G set C(g). The sets C(g) partition G.

Character Theory says the following: If �:G!GL(V ) is a representation then to describe � do
the following

1. Find representative elements g1; :::; gm2G such that G=tiC(gi)
2. calculate ��(gi)=Tr(�(gi))

Then character theory says � can be recovered by knowing ��(gi) and amazingly we can �gure
out ��(gi) without knowing � before hand.

Example 100.

G = C(1) t C(�) t C(��)

�
C3

= 3 1 0
jj

�trivial = 1 1 1
�

�ker � = 2 0 ¡1

Let's begin a formal treatment. If G is a group and k is a �eld then

De�nition 101. A class function f :G!k is any function that is constant on conjugacy classes.
If �:G!GL(V ) is a rep then the character of � is ��:G! k given by ��(g)=Tr(�(g)); it is a

class function.

The reason �� is a class function is that Tr(A) is equal to a coe�cient of characteristic poly fA
of A. The roots of fA are eigenvalues of A and BAB¡1 have the same eigenvalues so fA= fBAB¡1.

Nice properties of characters:

Proposition 102. Let � be the characters of a representation �:G!GL(V ) of a �nite group G.

1. �(1)=dimCV

2. If g 2G has order k then the eigenvalues of �(g) are in �k; �(g) is sum of elements in �k.

3. �(g¡1)= �(g) the complex conjugate of �(g)
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4. the character of a sum of �� �0 is the sum ��+ ��0

5. Isomorphic representations have the same character.

Proof. The proof is straightforward

1. �(1)=TrV (id)= dim(V )

2. If � is an eigenvalue of �(g) then �k is an eigenvalue of �(gk)= id so �2 �k and �(g) is the
sum of the eigenvalues of �(g).

3. Let �1; :::; �d be the eigenvalue of �(g) then the eigenvalue of �(g¡1) are �1
¡1; :::; �d

¡1. By
part 2, j�ij2=�i�i� = 1 so �i

¡1=�i� thus �(g¡1) =
P

i�i
¡1=

P
i�i
� = �(g).

4. Straigtforward

5. same as 4. �

The next remarkable fact about characters is that there is an inner product on characters:

De�nition 103. If �; �0 are characters of G then

h�; �0i := 1
jGj

X
g2G

�(g)�0(g)

If C1; :::; Cr are the conjugacy classes and gi2Ci and ci= jCij then

h�; �0i= 1
jGj
X
i=1

r

ci�(gi)�
0(gi)

This is what is called a Hermetian inner product, which means it satis�es the following prop-
erties:

1. C-linear in the second variable.

2. C anti linear in the �rst variable

3. h�; �0i= h�0; �i

Let's look at S3. Recall a character is a collection of three numbers �(1); �((12)); �((123))

# 1 3 2
id (12) (123)

�triv= �1 1 1 1
�sign= �2 1 ¡1 1
�
W
= �3 2 0 ¡1

Recall that W was a 2 dimensional representation that appeared in the standard representation
C3=Ctriv�W

h�3; �3i =
1
6
(22+2(¡1)2)= 1

h�3; �1i =
1
6
(2+ 2(¡1))= 0

h�3; �2i =
1

6
(2+ 2(¡1))= 0

So we see that with respect to this pairing �3 is orthogonal to �1; �2. We are now ready for the
main theorem on Characters. Recall if G is a �nite group then by Wedderburn's theorem there
are �nitely many complex irreducible representations, equal to the number of conjugacy classes in
G. Also recall the Kronecker delta function: �ij = f1 if i=j

0 if i=/ j.
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Theorem 104. Let G be a �nite group. Let �i be an irreducible representation of G and �i= ��i.

1. (Orthongonality) The �i are orthogonal: h�i; �ji= �ij
2. There are �nitely many �1; :::; �r and r is the number of conjgacy classes

3. The dimension di= �i(1) divides G and jGj= d12+ ���+ dr2

Remark 105. We wont prove this but note that 2 and the second part 3 we already know from
Wedderburn's theorem.

Lemma 106. The irreducible characters �i are linearly independent and if CC(G) denote the
complex class functions on G then �i form a basis of CC(G).

Proof. The orthogonality relations imply that �i are linearly independent. Also dimC CC(G) is
equal to the number of conjugacy classes in G which is the same as the number of �i. �

Using the main theorem however we can prove

Corollary 107. Let � be the character of a �nite dimensional representation of G. Let �1; :::; �r
be the irreducible characters of G. Set ni= h�; �ii then

1. �=
P
ni�i

2. �=
L

�i
�ni

3. If �; �0 are representations then �� �0 if and only if ��= ��0

Proof. � is a class function so by the lemma �=
P

i�i�i but then for every i we have

ni= h�; �ii=
X
j

�jh�j ; �ii=
X
j

�j�ij=�i:

Also by Maschke's theorem �=
L

�i
�mi for some integers mi but then �=

P
mi�i and so we must

have mi=ni. Thus 1,2 are proved which shows that � is determined by �� hence 3. �

The real fun however is to use the main theorem to compute all the irreducible characters of a
group. These are typically assembled into a table called the character table, which we did for S3.

9 Week 10: Examples

Example 108. Let's look at the character table for G=S4. Representatives for the conjugacy
classes are 1; (12); (123); (1234); (12)(34).

We know there are we have the trivial representation and the sign representation so the class
equation is 24=1+1+a2+ b2+ c2 with a; b; c2f1; 2; 3; 4g.

If one value is 4 then we have 6=a2+ b2 which has no integer solutions
setting the rest of the values equal to 2 doesn't reach 24 so at least one value must be 3

assume c=3 then 13=a2+ b2 which has the unique solution a=2; b=3
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Thus the character table looks like this:

# 1 6 8 6 3
1 (12) (123) (1234) (12)(34)

�1 1 1 1 1 1
�2 1 ¡1 1 ¡1 1
�3 2
�4 3
�5 3

Here is a trick: Let C(12)(34) be the conjugacy class of (12)(34). Then N=1[C(12)(34) is a group,
in fact the Kelin 4 group. Moreover because it is a union of conjugacy classes it is actually normal.

H=G/N is a group of order 4 and
S3 � S4
& #

H

Because S3\N=1 we have that S3�H. So we can use our knowledge of the character table for
S3. In particular there is a 2 dimensional representation W

The chacter of G!S3!GL(W ) must be �3. We have �3((12))=0 and �3((123))=¡1

Now (1234) (14)= (234) and (234)(24)= (34) so (1234)(14)(24)= (34) or (1234)= (34)(24)(14)

so �3((1234))=0 so our character table now looks like

# 1 6 8 6 3
1 (12) (123) (1234) (12)(34)

�1 1 1 1 1 1
�2 1 ¡1 1 ¡1 1
�3 2 0 ¡1 0 2
�4 3
�5 3

Also we have the permutation rerpresentation on C4. Notice that �C4(g) =#of �xed points
We also know C4=Ctriv�W where W is a three dimensional representation

1 (12) (123) (1234) (12)(34)
�C4 4 2 1 0 0
�1 1 1 1 1 1
�W 3 1 0 ¡1 ¡1

We compute h�W ; �W i= 1

24(9+6+6+3)=1 so �W is irreducible, let's call it �4. Now all that
remains is one row which we can determine by orthogonality.

# 1 6 8 6 3
1 (12) (123) (1234) (12)(34)

�1 1 1 1 1 1
�2 1 ¡1 1 ¡1 1
�3 2 0 ¡1 0 2
�4 3 1 0 ¡1 ¡1
�5 3 ¡1 0 1 ¡1

But in fact �5=�4�2. In fact if �i=��i for representations G!!!!!!!!!!!!!!
�i GL(Vi) then V5=V4
V2!

Notice that �3=�3�2 so that V3�V3
V2.

Example 109. We can use the character table for S4 to also get the character table for A4.
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We know that N � A4 but in fact the conjugacy class of (123) splits into 2. This is because
(23)(123)(23)= (132) so (123) is not conjugate to (132)

So representatives are 1; (123); (132); (12)(34)

The class equation is 12=1 + a2 + b2 + c3 with a; b; c 2 f1; 2; 3g. The only solution is
12=1+1+1+9.

The character table is thus

1 4 4 3
1 (123) (132) (12)(34)

�1 1 1 1 1
�2 1 a b c
�3 1 a0 b0 c0

�4 3

We have a; b2 �3 and c=�1 also from orthogonality, and b=a¡1=a2

0= h�1; �2i= 1

12(1+4a+4b+3c).

This will be impossible if a=1 so we can assume a=� = �3, b= �2 and c=1. We can similarly
determine a0; b0; c0 and then also the �nal row by orthogonality:

1 4 4 3
1 (123) (132) (12)(34)

�1 1 1 1 1

�2 1 � �2 1

�3 1 �2 � 1
�4 3 0 0 ¡1

Notice that �4 of A4 is the restriction of �4 of S4.

Also note that �2+ �3 of A4 is �3 of S4.

Example 110. If we start with a character table then we can learn quite a bit about the group.

This gives some weight to the statment that you should study a group through its representation
theory.

Suppose we start with the partial character table of a group G:

# 1 4 5 5 5
1 a b c d

�1 1 1 1 1 1
�2 1 1 ¡1 ¡1 1
�3 1 1 ¡i i ¡1
�4 1 1 i ¡i ¡1
�5

We learn that jGj=20 and so 20=1+1+1+1+d2 so d=4 and by orthogonality the missing row is

# 1 4 5 5 5
1 a b c d

�1 1 1 1 1 1
�2 1 1 ¡1 ¡1 1
�3 1 1 ¡i i ¡1
�4 1 1 i ¡i ¡1
�5 4 ¡1 0 0 0
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G has an irreducible character of dimension 4 so G cannot be abelian.
The order of b is divisible by 4 and can't be 20 so b and similarly c have order 4.
The order of d is even and by Sylow some element must have order 2 so the order of d is 2.
Also by Sylow some element must have order 5 so the order of a is 5.

We can consier �2:G!GL1(C) as a group homomorphism. Then H= ker(�2) =1 [ Ca [Cd.
So G contains a normal subgroup of order 10.

The group H doesn't have an element of order 10 so it must be D5.

Suppose N � G is a proper normal subgroup. Its order must divide 20 and be a sum of the
numbers 1; 4; 5; 5; 5. We can include at most one 5. The only possibilities are that jN j=1; 5; 10.

N=1[Ca works because then N �Z /5Z and we also have H.

If jN j= 10 then G/N � Z/2Z. Then there would be a representation of G which is 1 on N
and ¡1 on elments not in N . It must be that N=H .

So we have found all the proper normal subgroups of G.

9.1 Injectives, Projectives and Wedderburn's Theorem
Let R be a ring with unit and M and a left R module.

De�nition 111. M is projective if M is a direct sum of a free module. M is injective if every short
exact sequenc 0!M!N1!N2! 0 splits.

There are many equivalent conditions for injectivity and projectivity. The ones given are per-
haps the easiest to verify. One equivalent de�nition is that M is projective if every short exact
sequence 0!N1!N2!M! 0 splits.

Consider R=k[G] and V an R module. Maschke's theorem says that if U is a submodule then
0!U!V ! V /U! 0 splits. Therefore every R module is injective.

We are assuming all modules are left modules unless otherwise speci�ed.

Theorem 112. (Wedderburn) Let R be a nonzero ring with unit. The following are equivalent

1. Every R-module is projective

2. Every R-module is injective

3. every R-module is completely reducible

4. As a left R module R�
L

i=1
n Li with Li=Rei, ei ej=0, ei2= ei and

P
ei=1

5. As a ring R�
Q

i=1
m Matni(Di) with Di a division ring

This is a very interesting theorem but we are mainly interested in the ring k[G] and we will
skip the proof. When k is algebraically closed the Division rings that appear are all �elds:

Lemma 113. If D is a division ring which is a �nite dimensional vector space over an algebraically
closed �eld and F �Z(D) then F =D

Proof. Let �2D then F [�] is commutative hence a �eld and because dimFD<1 we have that
F [�] is a �nite extension hence F [�] =F . Since � are arbitrary then F =D. �
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Here is another basic result we can prove

Lemma 114. Let R is any nonzero ring. If M;N are irreducible modules and ':M!N is nonzero
then ' is an isomorphism. If M is irreducible then HomR(M;M) is a divison ring.

Proof. '(M) is nonzero so it must be all of N . Also ker '=/ M so it must be 0 thus ' is an iso-
morphism. If N =M then every nonzero '2HomR(M;M) is invertible hence an isomorphism. �

Combining these two lemmas we get an important but easy result

Corollary 115. (Schur's Lemma) If V is an irreducible F [G] module with F algebraically closed
and ':V !V is a module map then ' is a scalar times the identity.

Corollary 116. If an operator commutes with �(g) for every g then it is a scalar times the identity.

We now want to focus on C[G]. For the �nal statement we need some more results

Let D be a divison ring and set R=Matn�n(D). Identify Dn with n� 1 column vectors with
entries in D. Then Dn is a left R module

Proposition 117. Let R be a ring with unit and D=D1; :::; Dm be division rings.

1. If R=Matn�n(D) then Dn is an irreducible R module and every irreducible left R module is
isomorphic to Dn. Let ei;i be the n�n matrix with a 1 in position (i; i) and 0 everywhere
else. Then Rei;i is a left ideal of R and isomorphic to Dn as a left R module.

2. If R =
Q

i=1
m Ri with Ri =Matni�ni(Di) then the irreducible R modules are Di

ni where Rj

acts trivially if j=/ i.

With all these ingredients in place we have

Theorem 118. Let G be a �nite group

1. C[G]�
Q

i=1
m Matni�ni(C)

2. C[G] has m disticint irreducible modules Vi of dimension ni

3.
P
ni
2= jGj

4. m is the number of conjugacy classes in G

1) follows from Wedderburn's theorem and the fact that C is algebraically closed and the �rst
lemma above. 2) follows from the previous proposition and 3) follows from 1). Only 4) requires
some more work but I'll let the interested reader see the discussion in the book.

9.1.1 Categorical Point of View

We have see that if R=k[G] and V ;W are two Rmodules then HomR(V ;W ) is another R-module.

This generealizes: Let R be a ring with unit, not necessarily commutative/

Let R-Mod denote the category of R modules. Let M; N 2 R-Mod. Then HomR(M; N) has
the structure of an R module: ':M!N then

r' : M ! N
m 7! r'(m)

jj
'(rm)
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So there are two natrual functors we get on R¡Mod:

HomR(¡;M) : R¡Modop ¡! R¡Mod

HomR(M;¡) : R¡Mod ¡! R¡Mod

It turns out that if 0!A! B! C! 0 is an exact sequence in R-Mod then when we apply
HomR(¡;M) or HomR(M;¡) to this exact sequence we don't in general get another exact sequence,
we only get what's called a left exact sequence

0 ! Hom(C;M) ! Hom(B;M) ! Hom(A;M)

and

0 ! Hom(M;A) ! Hom(M;B) ! Hom(M;C)

But for some special modules we actually do get another short exact sequence. In this case we
call the functor exact. This leads to

De�nition 119. A module M if (left) projective if HomR(M; ¡) is exact. A module if (left)
injective if HomR(¡;M) is exact.

9.2 Orthogonality and integrality of jGj/�i(1)
Let Mm�n(C) denote the space of m�n matrices in with coe�cients in C. Let A2Mm(C) and
B 2Mn(C) then if R2Mm�n(C) then �A;B(R) :=ARB 2Mm�n(C).

Then �A;B is a linear map from Mm�n(C) to itself.

The following you can consider as an exercise

Lemma 120. Tr(�A;B)=Tr(A)Tr(B)

Let �; �0 now be representations on V ; V 0 of dimension n; m. Choose bases so that we can
identify Hom(V ; V 0)=Mm�n(C).

De�ne a linear operator on Mm�n(C) by

�(R)=
1
jGj

X
g2G

�(g¡1)R�0(g)

Proposition 121. With � de�ned as above

1. Tr�= h�; �0i
2. Tr�= dimHom(V ; V 0)G

Proof. Set �g(R) = �(g¡1)R�0(g). Then �= 1

jGj
P

g2G�g therefore

Tr(�)=
1
jGj
X

Tr(�g)=
1
jGj

X
g2G

�(g)�0(g)= h�; �0i

On the other hand we know that � is the identity on W =Hom(V ; V 0)G and in a suitable basis �

looks like
�

IdW 0
0 0

�
so Tr�= dimHom(V ; V 0)G �
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Corollary 122. If �i; �j are irreducible representations then h�i; �ji= �i;j

Proof. Let Vi; Vj be the representations associated to �i; �j then by the proposition

h�i; �ji= dimHom(Vi; Vj)= �i;j

where the last equality is Schur's lemma �

The �nal statement we have to prove is that di=dimVi divides jGj. For this let �:G!GL(V )
be an irreducible representation and � its character. Let C �G be a conjugacy class

Lemma 123. P (C) :=
P

g2C �(g)=
jC j�(g)
dimV

IdV

Proof. 8h2G we have

�(h)

 X
g2C

�(g)

!
=
X
g2C

�(hgh¡1h)=

 X
g2C

�(g)

!
�(h)

So by Schur's lemma
P

g2C �(g) is a scalar a times IdV and a dim V =
P

g2C�(g) = jC j�(g). �

Now let g1; :::; gr be representatives for the conjugacy classes and let

R=
X
i

jGj
jCgij

P (Cgi)P
�
C
gi
¡1

�
Lemma 124. �(R)= jGj2

(dimV )2
IdV

Proof. Using the previous lemma we have (notice that jCgij= jCgi¡1j b/c x!x¡1 is a bijection)

�(R) =
X
i

jGj
jCgij

jCgij2�(g)�(g)
(dimV )2

Id=
jGj

(dimV )2

�X
i

jCgij�(g)�(g)
�
Id=

jGj
(dimV )2

jGjh�; �iId �

Now P (C)2Z[G] and jGj
jCgij

2Z so R2Z[G]. Then Z[G]�ZjGj and the action of R on Z[G] is

represented by a matrix with Z coe�cients. Let f(�)2Z[�] be the characteristic polynomial.

Here are the remaining facts the �nish the job. Let d = dim V then Md(C) is a Wedderburn
factor of C[G].

� V �dimV �Md(C)�C[G]

� R acts on V �dimV by scaling by jGj2

(dimV )2

� Thus jGj2

(dimV )2
is a rational root of the monic polynomial f(�)

� It follows that jGj2

(dimV )2
is an integer hence jGj/dimV 2Z because Z is integrally closed.
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