
Optional Problems

DM stands for Dummit and Foote, 3rd ed.

1. DM 13.1 #8

2. DM 13.2 #13

3. DM 13.2 #9

4. This problems explores functions �elds: extensions of k(x) where x is transcendental over x.

a) Let R be a domain and K=Frac(R) the fraction �eld. Let f 2R[y] be a nonconstant
polynomial. Let (f)0 denote the principal ideal in K[y] generated by f and let (f)
the ideal in R[y] generated by f . Then show that the kernel of the composition
R[y]!K[y]!K[y]/(f)0 is equal to (f).

b) Let F =C(x). Set f = y2¡x3+x2F [y]. Let L=F [y]/(f). Then L is a vector space
over F . Compute dimFL and show that L is a �eld.

c) Show that the ideal (f)�C[x; y] is a prime ideal.

d) Find the minimal polynomial for 1+ y 2L over F .

5. DM 13.2 #18. I suggest a di�erent strategy than in the book. Recall f 2 k[x1; :::; xn]

is homogeneous of degree d if f is a �nite sum of the form
P

i1+���+in=d ci1:::inx1
i1 ��� xnin.

Consider two variables t0; t1 and set t= t0/ t1. Show that elements of k(t) can be represented

by a pair (a(t0; t1); b(t0; t1)) which corresponds to the element a(t0/t1; 1)

b(t0/t1; 1)
2 k(t). If �:

k(t)!k(t) is an element of Aut(k(t)/k) then describes how � acts on pairs (a(t0; t1); b(t0; t1))
and argue by degree that � has to be of the form described in #18.

6. DM 14.6 #37 to #43

7. Let k be a �eld of characteristic 0. This problem will explore the discriminant of a cubic
polynomial and symmetric polynomials in k[a; b; c]. Recall that e1(a; b; c) = a + b + c,
e2(a; b; c)=ab+ bc+ac and e3(a; b; c)=abc. A calculation shows that a2+ b2+ c2=e12¡2e2.
In fact this is true in any number of variables as can be easily checked.

a) Express a3+b3+c3 as an element in k[e1; e2; e3]. Hint: �rst write a3+b3 as polynomial
in a+ b and ab. Then subsitute a! a+ b and b! c

b) Express e1(ab; bc;ac); e2(ab; bc; ac); e3(ab; bc;ac) as polynomials in e1(a; b; c); e2(a; b;
c); e3(a; b; c) and use these expressions with part a) to expresss (ab)3+(bc)3+(ac)3

as a polynomial in e1(a; b; c); e2(a; b; c); e3(a; b; c).

c) Let f 2 k[x] be a cubic polynomial with roots �; �;  in the splitting �eld of f .
Show that there are constants A; B 2 k such that the discriminant D is expressible
as D=A(�3¡B)(�3¡B)(3¡B). Hint: use that the Discrimiant of x2+ ax+ b is
a2¡ 4b. The expression for the cubic discriminant expands out to

D=A�3�33¡AB(�3�3+ �33+�33)+AB2(�3+ �3+ 3)¡AB3

d) Use parts b),c) to give an expression for the discriminant of f = x3+ ax+ bx+ c.
You can check your formula using e.g. wikipedia.
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