
Math 5c Problems

1. Let R be an integral domain that contains a �eld F as subring and that is tinite-dimensional
when viewed as vector space over F . Prove that R is a �eld.

2. Let n>1 be an integer and let n=
P

i=0
j ai2

i be it's binary expansion; ai2f0;1g. Prove the
following identity holds in F2[x]:Y

i=0

j

(1+ aix
2i) = (1+x)n

3. Suppose

p(x)=a7x7+ a6x6+ a5x5+ a4x4+ a3x3+ a2x2+ a1 x+ a02Z[x]

with ai odd and suppose
P

ai is not divisible by 4. Then prove that p(x) is irreducible.
Now take speci�cally

p(x) =1+3x+5x2+7x3+5x4

Let � be any complex root of p(x); there is for example one ��0.133¡1.23i. Set F=Q(�)

and prove that for any k� 1 the equation
P

j=1
k �j

2=¡1 has no solution with �j 2F . Hint:
problem 2 could be helpful.

4. Let F be a �nite �eld of characteristic p>0. Prove or give a counterexample: For any �2F
the quotient ring F [x]/(xp¡�) is not a �eld.

5. Set f =x3+2x+1 and g=x3+x2+2.

1. Show that f ; g are irreducible in F3[x].

2. Let F1 =F3[x] / (f) and F2 =F3[x] / (g). Show that x! 2x + 2x2 de�nes an F3-
isomorphism F1!F2. Count the number of such isomorphisms.

6. Letm;n2Z be square free integers and let �= m
p

+ n
p

. Letm� be its minimal polynomial
over Q

a) show that degm�=4 if and only if mn
p

2Z.

b) let p2Z be a prime and ':Z!Fp the mod p map. Show at least one of x2¡ '(n),
x2¡ '(m); x2¡ '(nm) is reducible in Fp[x]

c) Assume that degm�=4. Show that the image of m� in Fp[x] is always reducible.

7. DM 13.2 #22

8. Calculate the number of irreducible degree 3 polynomials in F3[x];F4[x];F5[x]. Prove your
numbers are correct. It is not necessary to give a list of irreducible degree 3 polynomials.

9. Let A2GL2(Z) be a matrix of �nite order; An=
�
1 0
0 1

�
. Prove that n2f1; 2; 3; 4; 6g and

show that all values occur. Hint: let Mn�n(Z) denote n�n matrices with entires in Z and

consider a ring homomorphism Z[x]!Mat2�2(Z) which sends 1!
�
1 0
0 1

�
and x!A...

10. Recall GLn(Z) = fA 2 Mn�n(Z)jdet(A) =/ 0 and A¡1 2 Mn�n(Z)g. For p prime consider
mod p:GLn(Z)!GLn(Fp) which sends A=(aij)16i;j6n to Amod p := (aijmod p)16i;j6n.
This map is a group homomorphism (you should check this but you don't have to turn in
a proof of it). The goal of this problem is to investigate when the mod p map is surjective.

1. Show for in�nitely many p and n>1 the mod p map from GLn(Z)!GLn(Fp) cannot
be surjective.

2. Show that there is an element � 2 Fp2 whose minimal polynomial m� 2 Fp[x] is of
the form x2+ ax+1.

1



3. Show that mod p: SL2(Z) ! SL2(Fp) is surjective. Hint: I suggest you use your
knowledge of �eld theory and part 2 of this problem. Let H be the image of SL2(Z)
in SL2(Fp) and try to show jH j= jSL2(Fp)j by �nding subgroups in H. One way to
compute jSLn(Fp)j is to compute jGLn(Fp)j and make use of det:GLn(Fp)!Fp

�.

4. (Extra Credit): Show mod p: SLn(Z)!SLn(Fp) is surjective for n> 2.
11. Suppose k if a �eld of characteristic 0 and f 2 k[x] is irreducible. Let �; � be roots of f is

some extension of k. Show that �¡ � 2 k.
12.

a) Suppose f 2 k[x] has degree n and suppose F is the splitting �eld of f . Show that
[F : k] divides n!.

b) Let f =(x2¡2x¡1)(x2¡2x¡7)2Q[x]. Let F be the splitting �eld of f . Compute
the group of all automorphism of F .

13. Let � = e2�i/13. Determine the degree of over Q of the �eld generated by the following
elements:

a) � + �12

b) � + �2

c) � + �5+ �8

d) �2+ �5+ �6

e) � + �5+ �8+ �12

f) � + �2+ �5+ �12

g) � + �3+ �4+ �9+ �10+ �12

14. This problem gives a quick way to �gure out discriminants for some polynomials. Let
char(k)=0 and let e1; :::; en be the elementary symmetric polynomials in n variables x1; :::;
xn. We weight the variables xi with weight 1 and weight the variables ei by setting the
weight of ei to be i. The weight of a monomial x1

m1 ���xnmn is
P

i=1
n

mi and f 2 k[x1; :::; xn]
is homogeneous if it is a sum of monomials of the same weight. Similarly a monomial
e1
m1 ��� enmn has weight

P
i=1
n

imi and g 2k[e1; :::; en] is weighted homogeneous if it is a sum
of monomials of the same weight.

a) Prove if f 2 k[x1; :::; xn]Sn is homogeneous in the xi show that it is weighted
homogeneous when expressed in terms of the ei.

b) Prove that the discriminant of a polynomial h2k[x] is homogeneous when expressed
as a polynomial in the roots and therefore is weighted homogeneous in the ei. Deter-
mine this weight. Suppose f =xn+ ax+ b then the discriminant of f is of the form
c1a

m+ c2b
m0. Determine the values of m;m0 and by choosing speci�c polynomials in

Q[x] whose roots you know determine the values of c1; c2 for n=3; 4; 5.

c) Using the formula n=3 in a) can be used to �nd the discrimnant of a general cubic
f(x) = x3 + ax2 + bx + c. Show that the discrimnant of f(x) is equal to that of
f(x¡ d) for any d2 k and show there exists d such that f(x¡ d)=x3+ a0x+ b0.

15. Let f =x4+ax3+ bx2+ cx+d be an irreducible polynomial with roots �1; :::;�4. Recall the
associated cubic is g(x)= (x¡ �1)(x¡ �2)(x¡ �3) with �1=�1�2+�3�4, �2=�2�3+�1�4
and �3= �3�1+ �2�4. It can be shown that g(x) = x3¡ bx2+ (ac¡ 4d)x¡ (d(a2¡ 2b) +
c2¡ 2bd). Verify part of this by showing that e2(�1; �2; �3) = ac¡ 4d. Show also that the
discriminant of f is equal to the disriminant of g. Together with part c) of the previous
problem this gives a strategy to compute the discriminant of a general degree 4 polynomial.

16. Compute the Galois group of the splitting �eld of x4 ¡ 4x2 + 2. There are multiple
approaches here. Besides calculating discriminants, it is also possible to �nd the roots
explicitly.



17. In class we discussed the polynomials f =x4+8x+12. Its discriminant is D=34212 and its
associated cubic is g(x) = x3¡ 48x¡ 64 which is irreducible. Thefore if F is the splitting
�eld of f then G=G(F /Q) =A4.

a) (optional, not graded) Let L be the splitting �eld of g(x). We showed thatG(L/Q)=
A3. Galois theory thus tells us that L�Q[�] where � is any root of g(x). Two of
the roots are � =8 cos(�/9) and � 0=8 cos(5�/9). Find polynomials p; q such that
p(�)= � 0 and q(�)= � 00 where � 00 is the third root.

b) Let �1+�2+�3+�4 be the roots of f(x) and let H1=f1; (123); (132)g�A4. Show
that H is not normal and that FH1=Q(�1+�2+�3). Also compute Aut(FH1/Q)

c) Determine all the intermediate sub�elds of FH1!F .

d) Let H2 = f1; (12)(34)g then is routine to see that L � FH2 so we have a tower of

extensions Q!!!!!!!!
3
L!!!!!!!!

2
FH2!!!!!!!!

2
F . For each �eld k in the tower give the factorization

of f considered as element of k[x].

18. DM 14.3 #9; note a Galois extension is cyclic if the Galois group is cyclic.

19. DM 14.2 #5

20. DM 14.2 #28

21. DM 14.6 #14

22. DM 14.6 #33.

23. Let Q(�3)!F be a �eld extension such that �72F . Determine degm�7;Q(�3).

24. Here you will give an alternative proof to Prop. 21 in 14.4 of the textbook. Speci�cally let
k!F1;k!F2 be Galois extensions. SetH=f(�;�)2G(F1/k)�G(F2/k)j� jF1\F2=� jF1\F2g
we showed in class there is an injective group homomorphism G(F1F2/k)!H. Give a direct
argument that this homomorphism is also surjective. That is begin with an element (�; �)
of H and construct an automorphism � 0 2 G(F1F2/k) which maps to (�; �). You cannot
use corollary 20 or proposition 21 of 14.4.

25. Let f =x3+3x+12Q[x]. Let F =Split(f). Choose a basis of F over Q and write out the
matrices for the action of G(F /Q) on F .

26. DM 18.1 #5

27. DM 18.1 #6

28. The minimal polynomials of 2+ 23
pq

and 2+ 2
p3

p
are f1 = x6 ¡ 6x4 + 12x2 ¡ 10

and f2 = x6 ¡ 4x3 + 2. Consider these polynomials in Q(�3)[x]. Set F1 = Split(f1) and
F2= Split(f2). Compute G(F1/Q(�3)) and G(F2/Q(�3)).

29. DM 18.3 #4

30. Let G be a �nite group and k a �eld. Set R=k[G] and let �:G!GL1(k) be a representation.
De�ne e= 1

jGj
P

g2G �(g
¡1)g 2R. Show that e2= e. Set V =Re. Then V is an R module

and so V is a representation of G. Show that V is isomorphic to k as a G representation
via �:G!GL1(k).

31. DM 19.1 #1

32. DM 19.1 #2

33. DM 18.2.13 #13


