
MA 160B NOTES: WED. JAN. 18, (DAY 6)

Last lecture we looked at class field theory from the point of view of constructing abelian exten-
sions of number fields. Now we look at it from the point of view of class groups and class fields,
exemplified by the work of Weber. Most of the material in this section comes from Keith Conrad’s
history of class field theory.

6. Class Fields According to Weber

For a polynomial f(X) ∈ Z[X], and prime number p, let np denote the number of roots of f(X)
modulo p. A theorem of Kronecker from 1880 is as follows.

Theorem 6.1.— Suppose f(X) has r irreducible factors in Z[X]. Then

lim
s7→1+

∑
p np/p

s∑
p 1/ps

= r.

This is a (weighted) Dirichlet density result. Suppose that K/Q is a Galois extension, and
K = Q(α) for a primitive element α. Let f ∈ Z[X] be the minimal polynomial of α. Since α
generates K, every other root β of f is a rational function of α. In other words

β = g(α) =
P (α)

Q(α)
, P (X), Q(X) ∈ Q[X].

Now P (X)
Q(X) makes sense modulo p for all but finitely many p dividing the various denominators of

the coefficients. Moreover, the same is true for all other roots of f(X). Then for all but finitely
many p, if np 6= 0, np = deg(f) = [K : Q]. Let S be the set of primes p such that np 6= 0. By
Kronecker’s theorem, we have

lim
s→1+

∑
p∈S

1/ps∑
p

1/ps
=

1

[K : Q]
.

On the other hand, by the (refined form of) Hensel’s lemma, if f(X) factors into irreducibles
mod p as f1 · · · f r, then f = f1 · · · fr in Zp[X], for some irreducible fi lifting f i. Then we have

Qp ⊗Q K = K1 × · · · ×Kd,

with Ki = Qp[X]/(fi) the different completions of K. In particular, for all but finitely many p, p
splits completes in K if and only if f factors completely in Fp, which is to say p ∈ S.

For any Galois extension L/K, let

Spl(L/K) = {p ⊂ K prime : p splits completely in L}.
Then by Kronecker’s theorem we have:

Corollary 6.1.1.— Spl(K/Q) has (Dirichlet) density 1/[K : Q].
�

This result has striking implications. For instance in a chain of strictly increasing Galois number
fields

Q ( K1 ( K2 ( K3 · · · ,
The set-valued function Spl(–/Q) is strictly increasing, so it can distinguish between a number field
and its proper subfields. Before we formulate the consequence of this, we remark that the same
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arguments work for L/K in place of K/Q, in particular Spl(L/K) has Dirichlet density [L : K]−1

in the set of all prime ideals of K.
Theorem 6.2 (Bauer, 1903).— Let L1, L2 be finite Galois extensions of a number field K.

Then L1 ⊂ L2 if and only if Spl(L2/K) ⊂ Spl(L1/K).

Proof. It’s clear that if L1 ⊂ L2, we have Spl(L2/K) ⊂ Spl(L1/K). Now suppose Spl(L2/K) ⊂
Spl(L1/K) and put L = L1L2. We have

Spl(L/K) = Spl(L1/K) ∩ Spl(L2/K) = Spl(L2/K).

It follows immediately that the inclusion L2 ⊂ L is not proper, i.e. L = L1L2 = L2, so L1 ⊂ L2. �

Remark 1: Note that the assumption Spl(L2/K) ⊂ Spl(L1/K) can be weakened by allowing
finitely many exceptions, since that doesn’t change density.

Remark 2: In fact, only L2 needs to be Galois in the theorem. This follows from the same

argument, plus the fact Spl(L̃1/K) = Spl(L1/K), where L̃1 is the Galois closure of L1.

Thus a Galois extension of number fields L/K is completely characterized by the set of primes
of K that split completely in L. For instance Q(i) is the only number field in which primes
p ≡ 1(mod 4) split completely. Therefore one approach to studying number fields is to characterize
the sets Spl(L/K). Class field theory gives a complete description of this set for abelian extensions
L/K.

Class fields according to Weber

Weber was interested in generalizing Dirichlet’s theorem on the infinitude of primes in arithmetic
progressions. For a character χ : (Z/mZ)× → C×, Dirichlet had defined the L-function

L(χ, s) =
∑
n

χ(n)

ns
,

with χ(r) = 0 if (r, n) 6= 1. Using the fact that L(χ, 1) 6= 0 if χ 6≡ 1, Dirichlet had proved that each
residue class in (Z/mZ)× contains infinitely many primes.

Weber’s idea was to generalize this proof to number fields K. He replaced m with a non-zero
integral ideal m of K, and defined the subgroup Im ⊂ IK , generated by prime ideals not dividing
m. Then instead of (Z/mZ)×, he considered finite quotients Im/H of Im.

Let P+
m be the subgroup of Im generated by principal ideals of K that have a totally positive

generator. In other words each a ∈ P+
m can be written as (r), where r ∈ K and ϕ(r) > 0 for every

embedding ϕ : K ↪→ R. Then Im/P
+
m is a finite group.

Thus for Im/H to be finite, it’s enough that P+
m ⊂ H contains P+

K . Weber called such an H an
ideal group with modulus m. The quotient Im/H is then a generalized ideal class group. By taking
characters χ : Im/H → C× and forming an L-function similar to Dirichlet’s he proved the following
theorem.

Theorem 6.3.— Let K be a number field, m a non-zero integral ideal of K, and H an ideal
group with modulus m. Suppose there is a finite Galois extension L/K such that H contains all but
finitely primes in Spl(L/K). Then

[Im : H] ≤ [L : K].

The above is an equality if all but finitely many primes in H also belong to Spl(L/K). In that case
each class in Im/H contains infinitely many primes.

Thus to conclude that each class of Im/H contains infinitely many primes, it’s sufficient to find
a number field L such that for almost all primes p of K, p ∈ Spl(L/K) if and only if p ∈ H.
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Definition 6.1. Let H be an ideal group with modulus m. The (Weber) class field over K for H
is a finite Galois extension L/K such that for all p 6 |m

p ∈ Spl(L/K) ⇐⇒ p ∈ H.

Note that a class field for H is unique if it exists, since H determines Spl(L/K) up to finitely
many exceptions. (See Remark 1 of Theorem 6.2)

Example 6.1. When m = (1), H = P+
m , the group C+

K = Im/H = IK/P
+
K is called the narrow

class group of K. If K has no real embeddings, it is the same as the class group. In general, the
narrow class group surjects onto the class group: IK/P

+
K � IK/PK . The cardinality of CK+ is

called the narrow class number, denoted h+K .

Let K = Q(
√
d) for a square-free integer d. Denote by dK the discriminant of K. Let p ∈ Z be

an odd prime not dividing dK , so that (p) is unramified in K. Recall the criteria for (p) splitting
in K:

p splits in K ⇐⇒
(
dK
p

)
= 1

Now assume h+K = 1. Let α, β be a Z-basis for the ring of integers of K. Then Q(x, y) =
NK/Q(αx + βy) is a quadratic form. If p = Q(x0, y0), we have (p) = (NL/K(π)) = N((π)), for
π = αx0 + βy0. This implies that (p) splits in K (e.g. by Problem 1 of Homework #2).

Conversely, suppose (p) splits in K, so that (p) = ppσ = N(p), where 〈σ〉 = G(K/Q). Since
h+K = 1, p = (π) for some π ∈ K that is totally positive if dK > 0. Then we have NL/K(π) = ±p. If
dK < 0, NL/K is always positive. If dK > 0, we have NL/K(π) = ππσ > 0 since π is totally positive.
Therefore NL/K(π) = p in either case. Writing π = αx0 + βy0 for integers x0 and y0, we obtain
p = Q(x0, y0).

Thus if K = Q(
√
d) has narrow class number 1, and p is an odd unramified prime, we have shown:

p = Q(x, y) for some x, y ∈ Z ⇐⇒ p splits in K ⇐⇒
(
dK
p

)
= 1.


