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5. An overview of class field theory

The statements of class field theory become easier to understand once placed in their historical
contexts. The background below is meant to provide the early history and the motivation for
constructing abelian extensions of number fields. Much of the material comes from Keith Conrad’s
history of class field theory:

http://www.math.uconn.edu/∼kconrad/blurbs/gradnumthy/cfthistory.pdf

See also the references at the end. We will survey some results from global class field theory with
examples, before discussing any proofs.

Historical Background

Recall the Kronecker-Weber theorem, which identifies the maximal abelian extension of Q as
generated by roots of unity.

Theorem 5.1 (Kronecker-Weber).— Every finite abelian extension of Q is contained in Q(ζn)
for some n.

The origin of this result may be traced as far back as modern number theory itself. In Dis-
quisitiones Arithmeticae, Gauss begins his book with the definition of modular arithmetic, and in
seven sections develops “higher arithmetic,” which we now call number theory. Section VI con-
tains the famous proof of quadratic reciprocity by induction. In the final section Gauss applies
this higher arithmetic to geometry, by showing how to construct a seventeen-sided regular polygon
using only a ruler and compass. A reader familiar with Galois theory will easily recognize that the
number-theoretic fact underlying his construction (published ten years before Galois was born) is
the isomorphism

Gal(Q(ζn)/Q) ∼−→ (Z/nZ)×, (ζn 7→ ζan)←− [ a (mod n).

The connection to geometry is by taking the corners of the polygon to be the 17th roots of unity
as they lie on the unit circle,

ζk17 = cos

(
2πk

17

)
+ sin

(
2πk

17

)
.

Gauss begins Section VII with claims that recur occasionally throughout the book, that much of
his results can be generalized but there’s only room to do the basic case. This time however Gauss
leaves a hint [1]:

“The principles of the theory which we are going to explain actually extend much
farther than we will indicate. For they can be applied not only to circular functions
but just as well to other transcendental functions, e.g. to those that depend on the
integral

∫
1/
√

1− x4dx and also to various types of congruences. Since, however,
we are preparing a manuscript on transcendental functions ... we have decided to
consider only circular functions here.”
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The manuscript on transcendental functions never seems to have been completed. Abel, who
developed the theory of elliptic functions, was said to have been fascinated by this remark. The
function

F (t) =

∫ t

0

1√
1− x4

dx

is the arclength of the lemniscate, which is the plane curve described by the equation

(x2 + y2)2 = x2 − y2.

Its graph resembles the symbol ∞. Abel proves that the lemniscate can be divided into n equal
parts using a ruler and compass, if n is a power of 2, multiplied by distinct Fermat primes [2]. The
Galois theoretic fact that underlies this construction is an isomorphism

Gal(K/Q(i)) ' (Z[i]/nZ[i])×/U,

where K is obtained by adjoining to Q(i) the coordinates of points on the lemniscate, and U is the
multiplicative subgroup {±1,±i}. Thus Abel essentially constructs an abelian extension of Q(i), as
Gauss does for Q.

When Kronecker later picks up this trail of ideas, thanks to Abel and Dedekind he has at his
disposal the theory of elliptic functions and algebraic number theory. The elliptic j-function, whose
well-known expansion begins with

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + · · · , q = e2πiτ

was already known by this time.

Theorem 5.2 (Kronecker).— If K = Q(τ) is quadratic imaginary over Q, j(τ) is an algebraic
integer. If H = K(j(τ)), the extension H/K is abelian, and its Galois group is isomorphic to the
ideal class group of K.

Furthermore, after working out some examples Kroneceker observed that H/K is unramified,
and that every ideal of K becomes principal in H. Later Hilbert will incorporate these properties
into his work on class fields.

In a letter to Dedekind in the late 1800s, Kronecker reminisces about working on this topic in his
30s, and mentions that his youthful dream (Jugendtraum in German) was to construct all abelian
extensions of quadratic fields by the same method. The Jugentraum will later become Hilbert’s
twelfth problem. Hasse in the 1930s will fulfill Kronecker’s dream for quadratic imaginary number
fields, using the theory of complex multiplication. But along with the Kronecker-Weber theorem,
this remains to this day the only case where we know how to explicitly construct all abelian exten-
sions of a number field. There has been some partial progress, for instance the work of Shimura on
abelian extensions of CM fields (generalizations of imaginary quadratic fields) and the conjectures
of Stark for real quadratic extensions.

Abelian Extensions of Number Fields

Let K be a number field with ring of integers A. Let L be an abelian extension of K of degree
n, with ring of integers B, and put G = G(L/K). Let p ⊂ A be a prime ideal that is unramified in
L. In other words

pB =
∏
i

Pi,

where the Pi are distinct primes in B.
Recall that the decomposition group of a prime ideal P ⊂ B is

DP = {s ∈ G : s(P) = P}.
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Since G acts transitively on Pi, the subgroups DPi are conjugate to each other in general. But
for G abelian they all coincide, and we denote it Dp.

Fixing P over p, put κ′ = B/P and κ = A/p. Let s ∈ Dp. For each x = x + P ∈ κ′, the map
s(x) = s(x) + P is well-defined, and induces an isomorphism

Dp
∼−→ G(κ′/κ), s 7→ s.

Since κ′ is a finite field, the group G(κ′/κ) is cyclic, generated by a Frobenius mapping x 7→ xq,
where q = #κ′ = f(L/Q). Thus for each unramified prime p of A there exists a distinguished
generator of Dp ⊂ G(L/K), called the Frobenius of L/K at p, and denoted(

L/K

p

)
or Frobp.

Let m be the product of a finite set of prime ideals of K, including all the ramified primes. Let
Im be the subgroup of the ideal group IK generated by all the other prime ideals, in other words
primes p that don’t divide m. For any such p, Frobp ∈ G(L/K) is well-defined, so we have a map

ϕm : Im → G(L/K), p prime 7→
(
L/K

p

)
.

By the Cebotarev density theorem, each element of G(L/K) is equal to Frobp for infinitely many
p. It follows that ϕm is always surjective.

For each prime p ∈ Im, the order of Frobp in G is the residue degree fp. Thus ϕm(Pfp) = 1 for
all p ∈ Im. On the other hand, we have N(P) = pfp for the norm map

N = NL/K : IL → IK .

Thus the kernel of ϕm contains every norm ideal (that is prime to m). Put

Nm := {a = NK/L(A) : A ∈ IL, a ∈ Im}.

Then we have a surjective map

Im/Nm � G(L/K),

induced by the Frobenius p 7→ Frobp.
A key hard fact underlying the theorems of global class field theory is that it’s possible to choose

m such that the kernel of the map above is generated by a certain subgroup Pm of the principal
ideals, which depends only on m. Then we will have

Im/PmNm
∼−→ G(L/K). (1)

Now this group can be written as a quotient of Im/Pm by the subgroup generated by Nm. Suppose
now that the same m makes (1) an isomorphism for several abelian extensions Li. Then the Galois
groups G(Li/K) will be isomorphic to quotients of Im/Pm by the corresponding norm subgroups.
Thus we will obtain a correspondence between Galois groups of certain abelian extensions of K,
and certain quotients of Im/Pm.

Such extensions L/K were first called class fields, having the special property that their Galois
groups are isomorphic to Im/PmNm. Teiji Takagi, who proved almost all the outstanding conjectures
in class field theory in isolation, showed that in fact all abelian extensions are class fields for some
m and suitable Pm. Thus today global class field theory is considered a classification of the abelian
extensions of a number field, but those who worked on it at first thought they were studying very
special extensions. Before making these concepts precise, we will discuss some examples.

The Hilbert class field

Definition 5.1. The maximal unramified abelian extension of K is its Hilbert class field.



MA 160B NOTES: FRIDAY JAN. 13, (DAY 5) 4

Let H be the Hilbert class field of K. It is always a finite extension of K. Let m = (1), so
that Im = K. It will turn out that for the Hilbert class field, N(1) ⊂ PK , and that ϕ(1) induces an
isomorphism IK/PK → Gal(H/K).

Example 5.1. Let K = Q(
√
−5), and H = Q(

√
−5, i) = K(i). Then H is the Hilbert class field of

K. As an exercise, show that the ideal (3, 1 +
√
−5) becomes principal in IH .
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