
1. Proof the following theorem: Let X be a qcqs scheme. If for every quasi-coherent sheaf F ,
H1(X,F) = 0, then X is affine.

(1) Let A = Γ(X,OX). Show that there is unique morphism a : X → SpecA such that it induces
an isomorphism HomSch(SpecA,SpecB)→ HomSch(X,SpecB). (This is Hartshorne (II Ex.
2.4). If you did not do this problem before, you need to do it.)

(2) For f ∈ A, let Xf = a−1(D(f)). Show that if X is a qcqs scheme, then Af = Γ(Xf ,OXf
).

(This is Hartshorne (II Ex. 2.16). If you did not do this problem before, you need to do it.)
(3) Show that if the assumption of the theorem holds, there is a finite cover of X by {Xfi},

such that each Xfi is affine. In addition, the ideal of A generated by {fi} is the unit ideal.
(4) Combining (2) and (3) to show that X is affine. (This is Hartshorne (II Ex. 2.17). If you

did not do this problem before, you need to do it.)

2. Use Serre’s theorem to prove the following results.

(1) A morphism of schemes f : X → Y is called a universal homeomorphism if it is a homeo-
morphism after arbitrary base change. Show that a universal homeomorphism is an affine
morphism, i.e. f−1(U) is affine for any affine open U ⊂ Y .

(2) Let X be an affine scheme. Then show that RHomQcoh(X)(F1,F2) = RHomOX−Mod(F1,F2)
for every F1,F2 ∈ Qcoh(X). In particular, HomD(Qcoh(X))(F1,F2) = HomD(OX−Mod)(F1,F2).

3. Let A be an abelian category. A non-empty full subcategory B ⊂ A is called a weak Serre
subcategory if for any exact sequence

A1 → A2 → A3 → A4 → A5

in A and A1, A2, A4, A5 ∈ B, then A3 ∈ B.

(1) Show that a weak Serre subcategory B of A is an abelian category and the inclusion functor
B ⊂ A is exact.

(2) Let D∗B(A) = {L• ∈ D(A) | H∗(L•) ∈ B}, where ∗ = ∅,+,−, b. Show that this a naturally
a full triangulated subcategory of D∗(A).

(3) LetX be a quasi-compact and separated scheme. Show thatDb(Qcoh(X))→ Db
Qcoh(X)(OX−Mod)

is an equivalence by the following steps.
(i) Show that if X is an affine scheme, then the functor in question is fully faithful. (Hint:

use Problem 2, (2) and the truncation functor τ≤n, τ≥n from HW 2, Problem 3 to do
induction of the length of the cohomological amplitude of the complex, i.e. the length
b− a such that H i(L) 6= 0 for a ≤ i ≤ b).

(ii) Show that if X is quasi-compact and separated, the functor in question is fully faithful.
(Hint: cover X by affine opens and reduce to the previous case using Cech complex.)

(iii) Show that the functor is essentially surjective. (Hint: again, use the truncation functor
to do induction of the length of the cohomological amplitude).

(4) LetX be a quasi-compact and separated scheme. Show thatD+(Qcoh(X))→ D+
Qcoh(X)(OX−Mod)

is an equivalence by the following steps.
(i) Let A be a Grothendieck abelian category. Show that every object L in D+(A) is

isomorphic to the cone of

f :
⊕
n

τ≤nL→
⊕
n+1

τ≤n+1L,

where f sends τ≤nL to τ≤nL⊕ τ≤n+1L defined as (−id, ι).
(ii) Deduce (4) from (3).

N.B. In fact if X is qcqs, D(Qcoh(X))→ DQcoh(X)(OX−Mod) is an equivalence.
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4. Let X be a topological space, i : Z → X a closed subset, and j : U = X \ Z → X the
complement open subset.

(1) Show that Rj∗ : D∗(Ab(U)) → D∗(Ab(X)) is a full embedding with a left adjoint j−1, for
∗ = ∅,+. (Hint: show that j−1 ◦Rj∗ is isomorphic to the identity functor).

(2) It follows from HW 2 Problem 2 that (⊥D+(Ab(U)), D+(Ab(U))) forms an admissible
pair. Show that Show that i∗ : Ab(Z) → Ab(X) is exact and it induces an equivalence
i∗ : D+(Ab(Z)) → ⊥D+(Ab(U)). (Hint: first show that i∗ is fully faithful. Then using
techniques similar to Problem 3 (3) and (4) to show that i∗ is essentially surjective.)

(3) i∗ admits a right adjoint, usually denoted by i! : D+(Ab(X)) → D+(Ab(Z)). In addition,
for every F ∈ D+(Ab(X)), there is the following fundamental distinguished triangle

i∗i
!F → F → Rj∗j

−1F → .

(Hint: use HW 2 Problem 2 (2).)
(4) Show that i!(D≥0(Ab(X))) ⊂ D≥0(Ab(X)), i.e. i! is left exact. Show that i! is the right

derived functor if H0i! : Ab(X)→ Ab(Z).
(5) Now assume that X is a qcqs scheme. We endow Z with any closed subscheme structure,

defined by an ideal sheaf I ⊂ OX . Show that for a quasi-coherent sheaf F onX, i∗H
0i!(F) =

{m ∈ F | for every f ∈ I, fnm = 0 for n� 0} is quasi-coherent. In addition, the following
diagram is commutative

D+(Qcoh(X))
R(i∗H0i!)−−−−−−→ D+(Qcoh(X))y y

D+(Ab(X))
i∗i!−−−−→ D+(Ab(X))

N.B. In (2) and (3), it should be possible to replace D+ by D, but I have not checked that.

5. Now let X = SpecA, and i : Z = V (a) ⊂ X. Then for an A-module M , the local cohomology

Hj
a (M) is defined as Γ(X,Hji∗i

!M̃). Do Hartshorne (III Ex. 3.5, 3.6).

2


