
1. Let A = C[t]/t2, and let A be the category of A-modules and P ⊂ A the full subcategory of
projective A-modules. Show that the complex

· · · → 0→ A
t→ A

t→ A
t→ · · ·

is not K-projective in K(A). This example shows that for a general in general K∗(P) 6= ⊥K∗(A)acyc

for ∗ = ∅,+.

2.

(1) Let D be a triangulated category, and X ∈ D. Let D′ ⊂ X be a strictly full triangulated
subcategory. Show that the right derived functor RD′(id) of the identity functor id : D → D

exists if and only if Q : D → D/D′ admits a right adjoint ι, or equivalently (D′, D′⊥) form
an admissible pair (by HW 2, Problem 2). In this case RD′ id = ι.

(2) Let A,B be two abelian categories, and F : A → B an additive functor. Assume that
for ∗ = ∅,+, (K∗(A)acyc, (K∗(A)acyc)⊥) form an admissible pair of K∗(A). Recall that
we can then form the derived functors RF := RK(A)acyc(Q ◦ K(F )) : D(A) → D(B) and

R+F := RK+(A)acyc(Q ◦ K+(F )) : D+(A) → D+(B). Show that the restriction of RF

to D+(A) is canonical isomorphic to the composition of R+F and the natural embedding
D+(B)→ D(B).

3. Recall that now we have two definitions of H1(X,G) for a sheaf of abelian groups (one via
the isomorphism classes of G-torsors, and one via derived functors). Show that the two definitions
coincide.

4. An abelian category A is called a Grothendieck abelian category if

(a) arbitrary coproducts exists in A;
(b) the filtered collimits of exact sequences are exact;
(c) A possesses a generator, i.e. there exists G ∈ A such that Hom(G,−) : A → Ab is faithful.

Grothendieck abelian categories enjoy many nice categorical properties: arbitrary limits and col-
imits exist; there are enough injectives; there are enough K-injectives......

(1) Let (X,OX) be a ringed space. Show that the category of OX -modules is a Grothendieck
abelian category. (Hint: check that ⊕U⊂X open(jU )!OU is a generator.)

(2) Let X be a noetherian scheme. Show that the category Qcoh(X) of quasi-coherent sheaves
is a Grothendieck abelian category by the following steps:
(i) Show that coproducts exist in Qcoh(X), and therefore colimits exist;
(ii) Show that the forgetful functor Qcoh(X)→ OX−Mod commutes with taking colimits.

Conclude that filtered colimits of exact sequences in Qcoh(X) are exact.
(iii) Show that every quasi-coherent sheaf on X is a union of coherent sheaves (This

Hartshorne (II. Ex. 5.15). If you did not do this exercise before, you need to do
it.).

(iv) Show that the isomorphism classes of coherent sheaves on X form a set.
(v) Let F be the direct sum over a set of representatives of coherent sheaves on X. Show

that F is a generator.
N.B., the category of quasi-coherent sheaves on any scheme X is a Grothendieck abelian
category. If X is qcqs, one only needs to replace coherent sheaves in (iii) by locally finitely
presentable OX -modules (basically the same argument applies.) For more general X, one
needs to replace (iii) by a result of Gabber.
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