
1. Let G be a sheaf of abelian groups on a topological space. In this problem, we define H1(X,G)
as the set of isomorphism classes of G-torsors on X. Let F be a G-torsor, and F ′ be a sheaf of
sets with an action by G. Recall that we defined F ×G F ′ as the sheafification of the presheaf that
assigns every open subset U ⊂ X the set (F(U) ×G(U) F(U ′)) = F(U) × F ′(U)/ ∼, where the
equivalence relation is given by (mg,m′) ∼ (m,m′g) for m ∈ F(U), m′ ∈ F ′(U), g ∈ G(U). Now
let F1 and F2 be two G-torsors.

(1) Show that F1⊗F2 := F1×G F2, equipped with the G-action on the first factor, is a natural
G-torsor.

(2) We define a sheaf Hom(F1,F2) whose sections over U ⊂ X as G|U -torsor homomorphisms
from F1|U to F2|U . Show that Hom(F1,F2) is a natural G-torsor.

(3) Show that the map (F1,F2) 7→ F1 ⊗F2 endows H1(X,G) with an abelian group structure.
(Hint: the inverse of F is Hom(F ,G).)

Let G′ → G be a homomorphism of sheaves of abelian groups.

(4) Let F be a G′-torsor. Show that F ′×G′G has a natural G-torsor structure. This construction
defines a map H1(X,G′)→ H1(X,G)

(5) Show that the above map is a group homomorphism.

Let 0 → G′ → G → G′′ → 0 be an short exact sequence of sheaves of abelian groups on X. Recall
in class we constructed a map Γ(X,G′′)→ H1(X,G′).

(6) Show that this is a group homomorphism.
(7) Show that there is a six-term exact sequence

0→ Γ(X,G′)→ Γ(X,G)→ Γ(X,G′′)→ H1(X,G′)→ H1(X,G)→ H1(X,G′′)

2.

(1) Recall that a sheaf G on a topological space is called flasque if F(V )→ F(U) is surjective
for every U ⊂ V . Show that H1(X,G) = 0 for every flasque sheaf G.

(2) Recall that a sheaf G on a paracompact Hausdorff space X is called fine if for every locally
finite covering {Ui} of X, there exist a family of endomorphisms ϕi : G → G such that
{x ∈ X | (ϕi)x 6= 0} ⊂ Ui, and that

∑
ϕi = 1. Show that H1(X,G) = 0 for every fine sheaf

G. Conclude that if X is a smooth manifold and AX is the sheaf of smooth functions on
X, then H1(X,AX) = 0.

3. Let X be a topological space equipped with a sheaf of commutative rings OX . Let O∗X denote
the sheaf of invertible elements of OX , i.e. O∗X(U) = OX(U)∗. Recall the Picard group Pic(X)
is defined as the group of isomorphism classes of invertible OX -modules (with the group structure
given by tensor product of OX -modules).

(1) Let F be an O∗X -torsor. Show that F ×O∗X OX is a natural invertible OX -module. This
construction defines a map H1(X,O∗X)→ Pic(X).

(2) Show that the above map is an isomorphism of abelian groups.
(3) Now assume that X is an integral scheme. Let KX denote the sheaf of rational functions

on X. I.e. KX(U) is the fractional field of the integral domain OX(U). Using the short
exact sequence 0→ O∗X → K∗X → K∗X/O∗X → 0 to concluded that that there is a canonical
isomorphism CaCl(X) ' Pic(X).

4.

(1) Let A be a pre-additive category. Show that finite products are also coproducts.
(2) Prove that being an additive category is a property rather than an additional structure of

a category. That is, every category admits at most one additive structure.
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