
Math 120b Galois Theory
Homework Set 4

Due Wednesday 3/9/16 at 5pm
(Note: per the course webpage, the free extension is only for two days, to avoid finals)

1. Let R be a ring on which the finite group G acts as ring automor-
phisms. Show that R is integral over the invariant subring RG, and
that if R is integrally closed in its field of fractions, then so is RG.

2. Let R := Z[x1, . . . , xn] be the ring of n-variable polynomials over Z.

(a) Show that R is integrally closed in its field of fractions.

(b) Let S := Z[e1, . . . , en] ⊂ R be the subring generated by elemen-
tary symmetric polynomials. Show that for any (commutative)
S-algebra A, R⊗S A is integral over A and finitely generated as
an A-module. (You may use the fact that polynomial rings over
Noetherian rings are Noetherian, though there are approaches
that don’t use this fact.)

(c) Conclude that for any ring A and any monic polynomial p(t) ∈
A[t], there is a commutative ring integral over A over which p(t)
factors into (monic) linear factors.

3. Let p be a prime, and let ζ be a primitive p-th root of unity.

(a) Show that Z[ζ] is integrally closed in its field of fractions.

(b) Show that there is an ideal J in Z[ζ] such that Jp−1 is equal to
the ideal generated by p, and that this is the unique prime over
p in Z[ζ].

(c) Let l be a prime such that l has order d in F∗
p. How many prime

ideals in Z[ζ] lie over l?

(d) Describe the decomposition and inertia groups of the ideals in (b)
and (c).

4. Again let ζ be a primitive p-th root of unity, with p an odd prime.

(a) Show that
�

1≤i<j<p(ζ
i − ζj)2 = (−1)p(p−1)/2pp−2, and conclude

that Q(ζ) contains Q(
�

(−1)(p−1)/2p). (Hint:
�

0≤i<j<p(ζ
i−ζj)2

is much easier to compute)

(b) Let σm be the Galois automorphism σm(ζ) = ζm. Show that σm
fixes

�

(−1)(p−1)/2p iff the image of m ∈ F×
p is a square.
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(c) Let l be another odd prime. Show that σl fixes
�

(−1)(p−1)/2p iff
(−1)(p−1)/2p is a square in F×

l .

(d) Conclude the main part of quadratic reciprocity: l is a square mod
p iff (−1)(p−1)/2p is a square mod l.

(e) Show that 2 is a square mod p iff p mod 8 ∈ {1, 7}.

(f) Show that −1 is a square mod p iff p mod 4 = 1.

(g) Show that the polynomial x4 + 1 is reducible over every finite
field.
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