
Math 120b Galois Theory
Homework Set 2

Due Friday 2/3/17 at 5pm

1. Let L/K be an algebraic extension such that every nonconstant ele-
ment of K[x] has a root in L. Show that L is algebraically closed.

2. Let Q̄ be an algebraic closure of Q. Let E be a maximal subfield of
Q̄ not containing

√
2. (Why does this exist?) Show that every finite

extension of E is cyclic.

3. Let k a field such that every finite extension is cyclic (so in particular
separable).

(a) Show that there is an automorphism σ of k̄ whose fixed field is k.

(b) Show that Gal(k) is generated by σ as a topological group; i.e.,
the subgroup generated by σ is dense in the absolute Galois group.

(c) Conclude that Gal(k) is a quotient of Ẑ by a closed subgroup.

(d) Show that Ẑ ∼=
∏

p Zp where for any prime p, Zp denotes the
inverse limit of the groups Z/prZ.

(e) Show that Gal(k) ∼=
∏

p Zp/p
mpZp, where mp ∈ N ∪ {∞}, with

p∞ := 0.

(f) Determine when k has an extension of degree n, and show that,
if it exists, such an extension is unique up to isomorphism.

4. Using Hilbert’s Theorem 90 for Gal(Q(i)/Q), show that any rational

solution of a2 + b2 = 1 has the form ( t
2
−1

t2+1
, 2t
t2+1

) for t ∈ Q.

5. (a) Show that the cyclotomic polynomial Φn(x) splits over Fp iff p ≡ 1
(mod n).

(b) Let f ∈ Z[x] be a nonconstant polynomial. Show that the image
of f in Fp has a root for infinitely many p.

(c) Show that if Φn(x) has a root mod p, then it splits mod p.

(d) Conclude that there are infinitely many primes congruent to 1
mod n.

6. Show that for any finite abelian group G, there is a square-free integer
N and a subfield K ⊂ Q(ζN ) such that Gal(K/Q) ∼= G. (You may use
the result from the previous exercise.)
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