
Ma/CS 6b: Problem Set 5

Due noon, Tuesday, February 21st

1. Let P be a set of n points in the plane such that no line contains four (or more)
points of P. Use a probabilistic proof to show that there exists a subset P ′ ⊂ P such that
|P ′| ≥

√
n/2 and no line contains three points of P ′. There exist simple non-probabilistic

proofs for this claim — You are not allowed to use these (hint: First prove that there are
less than n2/2 lines that contain three points of P. Then use the alternation method).

2. Prove that for any set of positive integers A, there exist two disjoint sum-free subsets
B,C ⊂ A such that |B| + |C| ≥ 2|A|/3 (hint: You might first like to prove the weaker
restriction |B|+ |C| ≥ |A|/2).

3. Let G = (V,E) such that the distance between every two vertices v, u ∈ V is at most
two. Let n = |V |. Prove that G has a dominating set of size at most c

√
n log n, where c is

a constant that does not depend on n (hint: Consider the minimum degree of G, and there
is no need to use probability).

4. Consider an even n ≥ 6, and let Cn be a cycle of length n. For each vertex v of this
cycle, we add an edge between v and the vertex that is at a distance of n/2 from v in Cn.
This yields a 3-regular graph Gn with 3n/2 edges. Find cr(Gn) and prove why your value
is correct.

5. Let P be a set of n points in the plane. Prove that the number of triangles that have
their three vertices in P and an area of one is at most cn7/3, where c is a constant that does
not depend on n. We use the standard definitions of distance and area in the Euclidean
plane (hint: For two fixed points of P, figure out where a third point needs to be to form
a triangle of area one. Then use incidences).
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