
Ma/CS 6b: Problem Set 1

Due noon, Tuesday, January 17

1. Let G = (V,E) be a connected graph, where V = {v1, v2, . . . , vn}. We create a bipartite
graph G2 whose two vertex sets are are U = {u1, u2, . . . , un} and W = {w1, w2, . . . , wn}. In
G2 there is an edge between vertices ui and wj if and only (vi, vj) ∈ E. Note that G2 has
exactly 2|E| edges.

Prove or disprove: G2 is connected if and only if G is not bipartite.

2. Prove that every graph G = (V,E) can be turned into a bipartite graph by removing
at most half of the edges of E (hint: Show that V can be partitioned into two disjoint sets
V1 ∪ V2 = V such that at least half of the edges of E touch a vertex of V1 and a vertex of
V2. Start with an arbitrary partition and “fix” it).

3. Consider a bipartite graph G = (V1∪V2, E). In class we proved that if G satisfies Hall’s
condition then it contains a matching of size |V1|. Provide another proof for this claim by
using König’s theorem1 (hint: Prove the contrapositive statement).

4. Let G = (V1 ∪ V2, E) be a bipartite graph, let M1 and M2 be two matchings of G (not
necessarily of the same size), let X be the set of vertices of V1 that are matched in M1,
and let Y be the set of vertices of V2 that are matched in M2. Prove that there exists a
matching of G in which all of the vertices of X ∪ Y are matched.

5. Consider a bipartite graph G = (V1 ∪ V2, E). Prove that the same set of vertices is
matched in every stable matching of G (hints: (i) Use proof by contradiction. (ii) Build the
symmetric difference of two matchings as done in class).

1König’s theorem was studied in the second part of the second class.
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