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Lecture 26: Distribution-free Tests

Relevant textbook passages:
Larsen–Marx [8]: Chapter 14

26.1 Distribution-free tests

All of the significance testing we have discussed so far has been based on likelihood functions.
That is we assume we know the function f(x; θ). There are hypothesis test that do not rely such
knowledge. Instead they rely on the fact (Glivenko–Cantelli Theorem 7.10.3) that the empirical
cdf is approximately the same as the cdf of the data generating process. Since the empirical cdf
is a step function with jumps at the sample values, the jumps occur at the order statistics of
the sample, and the next set of tests rely heavily on order statistics. This material is covered
in Larsen–Marx [8, Chapter 14], but Breiman [1, Chapters 8–9], Hogg and Craig [3, § 9.6], and
van der Waerden [13, § 63–64] provide more detail.

26.2 A test for the median
Larsen–
Marx [8]:
14.2

If we have a sample from a continuous pdf, there is a simple test for the null hypothesis

H0 : median f = θ0, against the alternative H1 : median f ̸= θ0.

By definition the probability of exceeding the median is 1/2, so for an independent sample
X1, . . . , Xn, the statistic

T = |{i : xi > θ0}|

has a Binomial(n, 1/2) distribution, which has mean n/2 and variance n/4.
For the two sided alternative the test takes the form: choose a critical value k∗ and reject

the null hypothesis if
T ⩽ k∗ or T ⩾ n − k∗.

Unless you want to use a randomized rule, you are unlikely to find to find a k∗ that will give
you a significance level, of say 0.05, but you can compute the Binomial(n, 1/2) probability of
P (T ⩽ k∗ or T ⩾ n − k∗) to get the size of the test.

Or if n is large enough (⩾ 10) you could use the Normal approximation and treat z =
(T − n/2)/

√
n/4 as a standard Normal and reject the null if |z| ⩾ zα/2, to get a test of size α.

One-sided tests are analogous.

26.3 Testing the equality of two distributions

Suppose we have two random samples x1, . . . , xn and y1, . . . , ym, and want to know if they came
from the same continuous distribution. The null hypothesis and the alternative are

H0 : fX = fY H1 : fX ̸= fY .

This exposition is based on Breiman [1, pp. 290–298].
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26.3.1 A simple test

If n+m is even, a simple idea to test the null hypothesis is this: Let m̄ be the sample median. If
the null hypothesis is true, then the number N of the xis that are less than m̄ should be about
half of the xis, namely n/2. In fact, the exact distribution of N is given by

P (N = k) =

(
n
j

)(
m

n+m
2 −j

)(
n+m

nm
2

) .

This is known as the hypergeometric distribution. It is equivalent to the following experi-
ment. An urn contains n red balls and m white balls. A sample of size (n + m)/2 is drawn at
random without replacement. Then P (N = k) is the probability that k of them are red. See,
e.g., Pitman [11, p. 125].

For large n, m this is approximately normal with mean n/2 and variance
(
nm/(n+m−1)

)
/4.

This can be used as a basis for a test in the usual fashion. However this test is very inefficient.
To be fair, this is really only a test of the hypotheses

H0 : median fX = median fY , against the alternative H1 : median fX ̸= median fY .

26.4 The Wilcoxon–Mann–Whitney test

A better test, known as the Wilcoxon rank test or the Mann–Whitney test, is based on
the order statistics. (According to William Kruskal [5], this test was independently discovered
at least seven times, dating back to Deuchler [2] in 1914.) Array the combined sample from
smallest to largest, sort of like this:

x3 < x7 < y4 < · · · y2 < x5,

and assign them ranks from 1 to n + m starting with the smallest. (In the event of ties, assign
each tied spot the average of the ranks.) Let

si = |{j : yj > xi}|, ri = |{j : xj > xi}|.

With no ties, the rank ti of xi is just n + m − si − ri. The Wilcoxon test statistic is

T =
n∑

i=1
ti.

If the null hypothesis is true, then T has the same distribution as the sum of n numbers drawn
at random without replacement from the set 1, . . . , n + m. The Mann–Whitney test statistic 1

is
U =

n∑
i=1

si.

The relationship with T is straightforward:

T =
n∑

i=1
(n + m − si − ri), U =

n∑
i=1

si,

so
T + U = n(n + m) −

n∑
i=1

ri,

1 Van der Waerden [13, p. 275] defines the Mann–Whitney statistic by U =
∑n

i=1(m − si).
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but a moment’s reflection should tell you that
n∑

i=1
ri = (n − 1) + (n − 2) + · · · + 1 + 0 = n(n − 1)/2.

Therefore
U + T = n(n + m) − n(n − 1)

2
= nm + n(n + 1)

2
,

so knowing one statistic tells us the other.
It turns out the Mann–Whitney statistic U is more convenient to work with. Let h(x, y) be

the indicator of x < y. That is

h(x, y) =

{
1 if x < y

0 otherwise.

Then, if the null hypothesis is true, P (X < Y ) = 1/2, so

U =
n∑

i=1

m∑
j=1

h(xi, yj), so E U =
n∑

i=1

m∑
j=1

E h(xi, yj) = nmP (X < Y ) = nm/2.

A tedious computation along the same lines shows that

Var U = mn(n + m + 1)
12

.

Moreover, it can be shown that the standardized U ,

U − mn
2√

mn(n+m+1)
12

is approximately Normal(0, 1) when m and n are both large. [13, p. 277]. (The proof uses the
Second Limit Theorem 11.8.1.)

It is possible to get a recursive formula for the exact distribution of U and it can be used
when n and m are small. Here is the argument [9]: Let φ(u; m, n) denote the probability that
U = u under the null hypothesis. There are two ways U = u can occur. Case 1: The largest
value is an x, so it contributes nothing to the sum that is U . The probability of this is just
n/(n+m). Case 2: The largest value is a y, so that if we were to drop it, each si would decrease
by 1. This happens with probability m/(n + m). Thus

φ(u; m, n) = n

n + m
φ(u, n − 1, m) + m

n + m
φ(u − n, n, m − 1).

There are some simple to compute boundary cases: φ(u; 0, k) = φ(u; k, 0) = 1 if u = 0 and = 0
if u > 0 and k ⩾ 1. And φ(u; n, m) = 0 if u < 0.

Note that U/mn is an unbiased estimate of P (X < Y ). Mann and Whitney [9] proposed it
as a test of the following hypotheses:

H0 : fX = fY H1 : fY stochastically dominates fX ,

where, as you may recall, Y dominates X if for all t, P (Y > t) ⩾ P (X > t). For such hypotheses,
a one-sided test is appropriate, and the null should be rejected for large values of U .
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26.5 The Kruskal–Wallis test

The Wilcoxon rank test can be extended to several samples. It is best suited to testing location
of distributions.

Start with a continuous density f . Define
fθ(x) = f(x − θ).

Then fθ and fθ′ differ only in their location parameter θ.
For example, the mean µ of a normal distribution is a location parameter (for σ2 fixed).
Consider k ⩾ 2 independent samples of sizes n1, . . . , nk from distributions fθ1 , . . . , fθk

.
How can we test the hypothesis

H0 : θ1 = · · · = θk

against the alternative
H1 : not all θjs are equal.

The idea behind the Kruskal–Wallis test is that if the location parameters are all the same,
then the values of from each sample ought to be “evenly distributed” among the set of values.
So arrange the n = n1 + · · · + nk values in order from smallest to largest, and assign each its
rank in the list (average out ties). Let Rij denote the rank of xij , the ith observation of the jth

group, in the overall list. Define

R•j =
nj∑

i=1
Rij .

Under the null hypothesis, we would expect the average rank R•j/nj to be about the same for
each j. In fact, under H0 the test statistic

B = 12
n(n + 1)

k∑
j=1

R2
•j

nj
− 3(n + 1)

is approximately χ2 with k − 1 degrees of freedom. The null hypothesis H0 should be rejected
at the α-level of significance if B > χ2

1−α,k−1. [8, Theorem 14.4.1]

26.5.1 Example (Case study 14.4.1, pp. 678, [8]) The first Vietnam war draft lottery
was held on Dec 1, 1969. The lottery was conducted by putting capsules with birthdays in an
urn (actually a plexiglass cylinder), mixing it up, and then drawing them out. The first birthday
drawn got rank 1, the next 2, on down to rank 366. Men who were born from 1944 through
1950 were subject to the draft in order of their rank. (Low ranks first.) The last birthday called
for service was the 195th.

An unusual pattern emerged. The later months in the in the year had much lower average
ranks than the early months. Only five birthdays in December had ranks greater than 195. It
turns out the urn had been loaded with January on the bottom, then February, etc., and not
very thoroughly mixed.

A Kruskal–Wallis test of the hypothesis that the month averages are equal yielded a χ2(11)
statistic of 25.95, which has a p-value of 0.006602.

The lotteries conducted in later years, for later birth cohorts were better designed. □

26.6 Testing for trends

26.6.1 Kendall’s τ

Suppose we have an ordered sample of random variables X1, . . . , Xn and we wish to test whether
there is a noisy trend. The are a coupl of ways to formalize this. We could, as with Kruskal–
Wallis problem assume that

Xk ∼ f(x + θk),
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and test the null hypothesis
H0 : θ1 = θ2 = · · · = θn

against the one-sided alternative

H1 : θ1 < θ2 < · · · < θn

or
H ′

1 : θ1 > θ2 > · · · > θn.

Or we might have the less specific null hypothesis that

H0 : fX1 = fX2 = · · · = fXn

versus a vague alternative such as

H ′′
1 : i > j =⇒ Xi stochastically dominates Xj .

Either way, given a sample x1, . . . , xn, define

ukj =


1 zk > zj

0 zk = zj

−1 zk < zj

and, for each k = 1, . . . , n define

sk = uk1 + uk2 + · · · + uk,k−1.

That is, sk is the count of the number of predecessors of xk that are less than xk minus the
number of predecessors that are greater than xk. If there is an upward trend then we intuitively
expect each si to be positive. With no trend we expect each si to about zero. (If k is odd and
there are no ties, then of course, sk ̸= 0, but the average ought to be zero.) Finally, set

Ŝ =
n∑

k=1

sk =
∑
j<k

ukj .

If z1 < z2 < · · · < zn, then Ŝ is maximized and

Ŝmax = n(n − 1)
2

.

If z1 > z2 > · · · > zn, then Ŝ is minimized and

Ŝmin = −n(n − 1)
2

.

This suggest the following normalization. Define

τ̂ = Ŝ
n(n−1)

2

,

which is named Kendall’s τ , or Kendall’s rank correlation coefficient. Clearly

−1 ⩽ τ̂ ⩽ 1.

So to test the null hypothesis H0 : fX1 = fX2 = · · · = fXn
versus the one-sided alternative

H1 : upward trend, we would reject the null if τ̂ is “close” to one.
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How close is close? That of course depends on the distribution of τ̂ . According to Breiman [1,
p. 278], under the null hypothesis H0 : fX1 = fX2 = · · · = fXn , for n > 10, the statistic
τ̂ is approximately distributed as a Normal distribution with mean zero and variance σ2 =
(2/9)(2n + 5)/

(
n(n − 1)

)
. So

Z = τ̂√
(2n + 5)/

(
n(n − 1)

) ∼ N(0, 1).

So to test H0 versus the one-sided alternative of an increasing trend at the α-level of significance,
you reject the null if Z > zα, where, as you recall, Φ(zα) = 1 − α.

The other one-sided alternative or the two-sided re tested in a simlar fashion: reject if
Z < −zα of |Z| > zα/2.

26.6.2 Spearman Rank Correlation

Spearman [12] proposed a measure of association based on ranks. It can be used to test for
trends: Given an ordered sample x1, . . . , xn, compute the correlation between the index k in the
sample and the rank tk of xk in the set of order statistics. If there is no trend there should be
no correlation.

Define
R̂ =

n∑
k=1

(k − k̄)(tk − t̄) =
n∑

k=1

k(tk − t̄),

where t̄ = k̄ = (n + 1)/2.
If x1 < · · · < xn, then tk = k, so

R̂max =
n∑

k=1

k(k − t̄) =
n∑

k=1

k2 − t̄
n∑

k=1

k = n(n + 1)(2n + 1)
6

− n(n + 1)2

4
= n(n2 − 1)

12
.

If x1 > · · · > xn, then tk = n + 1 − k, so

R̂min =
n∑

k=1

k(n + 1 − k − t̄) = −n(n2 − 1)
12

.

So normalizing leads us to Spearman’s ρ or Spearman’s Rank Correlation Coefficient,

ρ̂S = 12R̂

n(n − 1)

Clearly −1 ⩽ ρ̂S ⩽ 0. This leads to a test of the form: Reject the null hypothesis of identical
distributions if |ρ̂S | is “too large.” For n ⩽ 30, the critical values of the test have been tabulated,
and you can find them for instance in Breiman [1, Table 9, p. 387], which is based on Olds [10].
For n ⩾ 30, the distribution under the null hypothesis is approximately Normal with mean zero,
and variance 1/(n − 1).
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