
1. Show that in a valuation ring, any finitely generated ideal is principal.

Solution:
Let I = 〈a1, ..., an〉 be a finitely generated ideal and consider principal ideals 〈ai〉. We claim
that for indices i and j, we either have 〈ai〉 ⊂ 〈aj〉 or 〈aj〉 ⊂ 〈ai〉. Note that either ai/aj or
aj/ai is in the ring which means that either ai is multiple of aj or the other way around. The
claim follows. Now consider the principal ideal 〈ai〉 with the most number of other principal
ideals included in it. If 〈ai〉 ⊂ 〈aj〉 then 〈aj〉 has more principal ideals in it, hence all other
ideals are included in 〈ai〉 and 〈ai〉 is equal to I.

2. Show that if R is a valuation ring, and M is an R-module, then M is flat over R if and only
if M is torsion free, i.e. a 6= 0, m 6= 0 implies am 6= 0.

Solution:
If M is flat, tensor product with M is exact so Tor1(•,M) ' Tor1(M, •) vanishes. By problem
3 of set 4 we know that set of a-torsions is equal to Tor1(A/aA,M) which only includes zero.
By assumption a is nonzero, hence m can not be nonzero.

For the other direction we use the following criterion for flatness. An A module M is flat if for all
finitely generated ideals I, Tor1(M,A/I) = 0, i.e. I⊗M → A⊗M is injective. By the problem
1, I is principal and by symmetric property of Tor we only need to check Tor1(A/aA,M) = 0
which is equivalent to M being torsion free.

3. If R is a one dimensional valuation ring with field of fractions K, show that there R is
maximal as a subring of K. Conversely, show that a maximal proper subring of a field is a
valuation ring of dimension 1.

Solution:
Let R be a one dimensional valuation ring with unique maximal ideal m which is equal to
complement of units in R. Let R′ be a subring of K that contains R. Then R′ is also a
valuation ring with field of fractions equal to K and has a maximal ideal m′. Note that m′ is
contained in m since any unit in R is a unit in R′. m′ is prime in R′ hence it is also prime in R.
Note that elements in K \R are inverses of the non units in R. Inclusion of R in R′ is proper so
we can choose an element x ∈ R′ \R. Then 1/x is in m but not in m′ and the inclusion m′ ⊂ m
is proper. m′ can not be zero either since R′ 6= K. We get a chain of prime ideals 0 ⊂ m′ ⊂ m
which is in contradiction with R having dimension one.

We correct the problem by choosing a maximal subring with field of fraction equal to K. Denote
this ring by R. Since field of fraction of R is not equal to R, R has a non unit which is contained
in a non trivial maximal ideal m. By Theorem 10.2 of Matsumura, there exits a valuation ring
R′ in K that contains R with unique maximal ideal that intersects R at m. Therefore the
unique maximal ideal in R′ is non-zero and inclusion of R′ in K is proper. Since R is maximal
R′ = R and R is valuation ring and m is the unique maximal ideal in it. Suppose we have
non trivial prime ideal p contained in m. Since R is an integral domain we have R ⊂ Rp ⊂ K.
Since p is nontrivial, Rp can not be K and by maximality of R, Rp = R which means that all
elements in the complement of p are units in R i.e. p = m. Thus the dimension is equal to one.

4. If v is a valuation of a field K, and if x, y are elements of K with v(x) 6= v(y), then
v(x + y) = min{v(x), v(y)}.

Solution:
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Without loss of generality we can assume v(x) > v(y). Note that v(0) =∞ so y 6= 0. Let R be
the valuation ring corresponding to v with maximal ideal m. We have v(x/y) > 0 so x/y ∈ m.
Therefore x/y + 1 6= m and is a unit with valuation 0. We have x + y = y(x/y + 1) hence
v(x + y) = v(y) + 0 = min{v(x), v(y)}.

5. If v is a valuation of K and we have a collection of elements of K satisfying x1 + · · ·+xn = 0,
show that there must be two elements xi and xj with the same valuation.

Solution:
The problem makes sense when n > 1. We prove it by induction. The base case is n = 2. By
previous problem if x1 and x2 have different valuations the minimum of their valuation is equal
to v(0) =∞. Therefore both of them have valuation equal to ∞!

Now suppose xi’s have different valuations and pick the first two of them x1 and x2. v(x1 +x2)
is equal to their minimum so is different from v(xi) for i = 3, . . . n. We construct a new sum
with n− 1 terms of the from

(x1 + x2) + x3 + · · ·+ xn = 0.

By induction step we have either v(xi) = v(xj) for i, j ∈ {3, . . . , n} or v(xi) = v(x1 + x2) =
min{v(x1), v(x2)} for i ∈ {3, . . . , n}. In either case
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