
1. Suppose that a ring A has the property that for every prime ideal p of A, the local ring Ap
contains no nonzero nilpotents. Show that A contains no nonzero nilpotents. If each Ap is an
integral domain, is A necessarily an integral domain?

Solution:
Suppose a is nilpotent in A. Consider the ideal ann(a) = {x ∈ A : xa = 0}. If a is nonzero
then this ideal does not contain 1 so it is a proper ideal. Let m be a maximal ideal containing
ann(a) and consider the localization by m. Note that a/1 is nilpotent in Am and hence it is
zero. Which means a/1 = 0/1 in Am or equivalently there exists s ∈ A \m such that sa = 0.
But the complement of m does not intersect ann(a). Contradiction!

For the integral domain there are counter examples. Let A = Z/2 × Z/2. Which is not an
integral domain, e.g. (1, 0)(0, 1) = 0. By previous homework we know that prime ideals are
0 × Z/2 and Z/2 × 0. We consider the first case in which we invert (1, 0). Note that after
localization we have (1, 0)/(1, 1) = (1, 1)/(1, 1) and (0, 1)/(1, 1) = (0, 0)/(1, 1), hence the re-
sulting localized ring has two elements and is equal to Z/2 which is obviously an integral domain.

2. For a ring A and a multiplicative subset S, show that an S−1A module is the same thing as
an A module on which the elements of S act as automorphisms. In particular, the natural map
from M to S−1M is an isomorphism if and only if every element of S acts invertibly on M .

Solution:
One direction is trivial, given a S−1A module we have actions of elements of A, i.e. a acts as
multiplication by a/1. Elements of S are invertible in S−1A so they act as automorphisms.

On the other hand given an A module M where elements of S acts as automorphisms, we can
give M the structure of a S−1A module. We define action of a/s to be multiplication by a
composed with inverse of automorphism given by multiplication by s. We need to check that
this is well defined. We denote the automorphism corresponding to s by φs. a/s = b/t iff there
exists r ∈ S so that r(at − bs) = 0. This implies that φr ◦ aφt = φr ◦ bφs. Since φr is an
automorphism we can remove it from both side. We compose the equality by φ−1t on the left
and φ−1s on the right. We get that aφ−1s = bφ−1t . The corresponding actions of a/s and b/t
are aφ−1s and bφ−1t which are equal. We also need to check that this definition gives us module
structure, i.e. it commutes with addition and multiplication in S−1A. These two properties
easily follow from the fact that φ−1s is an A-module morphism.

An element m ∈M goes to zero if m/1 = 0 in S−1M , i.e. there exists s ∈ S such that ms = 0.
Hence the kernel of the natural map from M to S−1M is ∪sker(φs) where φs is multiplication
by s. On the other hand m/s is in the image if m/s = n/1 or equivalently mt = nst for t ∈ S
and n ∈ M . This is equivalent to φt(m) ∈ Im(φt ◦ φs). Now assume that elements of S act
invertibly. Then their kernel is zero and their image is M , hence both statements above are
valid and the map from M to S−1M is an isomorphism. For the other direction suppose that
the natural map is isomorphism then union of the kernels is zero and all φt’s are injective. Since
φt is injective and φt(m) = φt ◦ φs(n), we have m = φs(n), i.e. φs is surjective. So all φs are
surjective and injective.

3. We say a ring R is Z-graded if we have an infinite direct sum decomposition

R = · · ·R−2 ⊕R−1 ⊕R0 ⊕R1 ⊕ · · ·
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and Ri.Rj ⊂ Ri+j . (A common situation is when all the negative terms vanish, in which
case we would say R is a graded ring.) An element of R is called homogeneous if it lies in
one of the Ris. Note that by definition, every element f in R can be written uniquely in the
form f =

∑
i fi as a finite sum of homogeneous elements which are called the homogeneous

components of f . In a graded or Z-graded ring, an ideal is called homogeneous if it is generated
by homogeneous elements.
(a) Show that an ideal I is homogeneous if and only if for every f in I, all the homogeneous
components of f are in I.

Solution:
Suppose that I is homogeneous and generated by the set {aα}α∈A. Then any element of f of
I is of the form

∑
α fαaα. Each element fα can be written as a sum of homogeneous elements∑

i fα,i. Combining these two we can write f as a sum of homogeneous component where all
them are in I. For the other direction we can replace each generator by all of its homogeneous
components.

(b) Show that the radical of a homogeneous ideal is homogeneous.

Solution:
We use part (a) to prove this. Let x be an element in

√
I, we prove homogeneous components

of x are in
√
I. If x is homogeneous then there is nothing to prove. By contradiction assume

there exists a x with not all homogeneous components in
√
I. Among all of them choose one

where number of components of x is minimal. Then we can write x = a + b where b has the
maximal degree and a has one less homogeneous components. (a+ b)n is in I for some integer
n. Note that this is equal to bn plus lower degree terms. Since I is homogeneous bn is in I and
b is
√
I. But this implies that a is

√
I since

√
I is an ideal. Since number of components of a

is one less all homogeneous components of a are in
√
I and so is b. Contradiction!

(c) Show that a homogeneous ideal I is prime if and only if for all homogeneous elements f , g
in R, we have fg ∈ I if and only if f ∈ I or g ∈ I.

Solution:
The only if part is trivial. Suppose we have f and g in R such that fg is in I. We can
write these two elements as sum of homogeneous components. f =

∑
i fi and g =

∑
i gi. We

have fg =
∑
i,j figj ∈ I. So all homogeneous components including product of the maximal

degree components of f and g are in I. But maximal degree components are homogeneous
so one of them has to be in I. We can subtract the maximal degree part from f or g and
repeat the argument. Since there are finitely many components eventually we either get that
all homogeneous components of f or g are in I. Hence, either f or g is in I, i.e. I is prime.

4. Let R be a Z-graded ring, and f is an element of R1.

(a) Show that Rf = R[f−1] is naturally Z-graded. (What must the degree of 1/f be?)

Solution:
Since f.1/f = 1 degree of 1/f has to be −1. Elements of Rf are R linear combination of 1/fn

and for homogeneous element r of degree m, degree of r/fn is m−n. This is well defined since
degree fkr/fk+n is equal to degree of r/fn and we have

deg(r/fn.s/fm) = deg(rs)− n−m = deg(r)− n+ deg(s)−m = deg(r/fn) + deg(s/fm).
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(b) Let A be the degree zero graded piece of Rf . Show that Rf ∼= A[x, x−1] , the ring of Laurent
polynomials with coefficients in A.

Solution:
There is natural map from A[x, x−1] to Rf sending xk to fk. We show that this map is an
isomorphism. This is obviously a morphism of rings, we are just evaluating a polynomial at f
and that respects addition and multiplication. Any homogeneous element of Rf is of the form
r/fn with r homogeneous of degree m. This is the image of the element

r

fm
xm−n

. Hence all homogeneous elements are in the image and the map is surjective. Now assume we
have a polynomial that goes to zero, i.e.

F (x) =
∑
i

ri
fni

xi, F (f) =
∑
i

ri
fni

f i = 0

where degree of ri is equal to ni. The elements of the right hand side are homogeneous of
degree i. Since the sum is zero all of them are zero, which implies that for some Ni, f

Niri is
zero. But this is equivalent to ri/f

ni being zero. Therefore, the polynomial is itself zero and
the morphism is injective.

(c) Show that A ∼= R/(f − 1).

Solution:
We have A ∼= A[x, x−1]/(x − 1), since the kernel of natural map from A[x, x−1] sending x to
1 is (x − 1). But A[x, x−1] is isomorphic to Rf with morphism sending x to f . We get that
A ∼= Rf/(f − 1)Rf . We can first quotient by f − 1 and then invert f but f is unit in R/(f − 1)
and we get the A ∼= R/(f − 1).

3


