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SOLUTIONS, ASSIGNMENT #G

1) We show that for each k there is n > k such that ϕh(n) = ϕn. Indeed find
c such that ϕc 6= ϕn,∀n ≤ k. Let then h′(n) = c, if n ≤ k; h′(n) = h(n), if
n > k. If ϕh′(n) = ϕn, then n > k and so h′(n) = h(n).

2) Let S be the appropriate S-m-n function and let q(i) be a total recursive
function such that ϕq(i)(d, x) = ϕi(S(d, d), x). Then p(i) = S(q(i), q(i))
works.

The second part follows easily from the first.

3) First one can find a total recursive g such that φg(y)(x) = y and g(y) 6= y,
for all y. To see this, let ψ(e, x) = {e}(x) be the standard acceptable effective
enumeration (via Turing machines). By the Rogers Isomorphism Theorem
there is a recursive permutation π of N such that φe = ψπ(e). Now it is
easy to find a total recursive function h such that ψh(y)(x) = {h(y)}(x) = y
and h(y) 6= π(y). Let g(y) = π−1(h(y)). Then φg(y)(x) = ψh(y)(x) = y and
g(y) = π−1(h(y)) 6= y.

Now by the Second Recursion Theorem, find n such that φn(x) = g(n)
and let m = g(n) 6= n. This clearly works.

4) a) First to find s(x). It is clearly enough to have ϕs(x) = ϕh(x,s(x)). Let
r be total recursive such that ϕr(x)(e, y) = ϕ(h(x, e), y). Then if p is in 2)
above, s(x) = p(r(x)) works.

b) Following the hint, it is enough to find an s satisfying the property
stated there. Because then the function g(x) = f(s(x)) has the property
that if x /∈ A, then g(x) is defined and g(x) /∈ P (otherwise Ws(x) ⊆ P , so
g(x) = f(s(x)) /∈ Ws(x)). Also if x ∈ A, then Ws(x) ⊆ P , so g(x) is defined
and g(x) ∈ P .

c) To find the s that we want, we will apply part a) to an appropriate
h(x, y). Indeed, we claim that there is a total recursive h such that for x ∈ A,
Wh(x,y) = ∅ and for x /∈ A, Wh(x,y) = {f(y)}, where {f(y)} is understood
to be empty if f(y) is undefined. This is clearly enough. To find h, let e0
be such that ϕ(e0, x, y, z) = 0, if x /∈ A and z = f(y); undefined otherwise.
Then take h(x, y) = S(e0, x, y).
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