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SOLUTIONS, ASSIGNMENT #F

1) It is clear that H is r.e. We know that there is a TM M̃0 on {1, , } with

undecidable halting problem, i.e., {n : ϕ
gM0
1 (n) ↓} is not recursive. For each

n, let Mn be a TM on {1, , } such that on the empty input Mn terminates
with output n. Clearly we can construct Mn so that n 7→ 〈Mn〉 is recursive.

Let M ′
n be the concatenation of M̃0 with Mn, so that on the empty input M ′

n

terminates iff ϕ
gM0
1 (n) ↓. Again h(n) = 〈M ′

n〉 is recursive. Thus

ϕ
gM0
1 (n) ↓⇔ H(h(n)),

so H is not recursive.

Another proof can be given using Rice’s Theorem (consider the property
P (f)⇔ f(0) ↓.)
2) First we find f . Let e0 be such that the function ϕe0 has range the set of all
〈e, x, y〉 such that ϕe(x) = y. Then let e1 be such that ϕe1(e, n) = (ϕe0(n))1,
if (ϕe0(n))0 = e; undefined, otherwise. Then put f(e) = S(e1, e), where S is
the appropriate S-m-n function.

Next we define g. Let P be a recursive relation such that:

ϕe(y) = x⇔ ∃zP (e, y, x, z).

Let e0 be such that:

ϕe0(e, x) = µtP (e, (t)0, x, (t)1).

Then let g(e) = S(e0, e).

3) Let e0 be such that ϕe0(n, x) = n2. Then ϕs(e0,n)(x) = n2. Put f(n) =
s(e0, n).

Let e1 be such that ϕe1(x, y) = (ϕy(x))y(= (ϕ(y, x))y). Then ϕs(e1,x)(y) =
(ϕy(x))y, so put g(x) = s(e1, x).

Let e2 be such that ϕ(e2, n, x) = ϕx(ϕn(x)) (= ϕ(x, ϕ(n, x))). Let again
h(n) = s(e2, n).

4) i) If R is r.e., so is
R′(x)⇔ ϕx = ∅,
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i.e., the property of partial recursive functions

P ′(f)⇔ f = ∅

is r.e. But then, by Rice-Shapiro, P ′(f)⇔ ∃π ⊆ f(π finite & P ′(π)), which
is clearly false.

If R is co-r.e., so is
R∗(x)⇔ ϕx = p

where p(0) ↑, p(n) = 0 if n > 0. Thus the property

¬P ∗(f)⇔ f 6= p

must be r.e., which again contradicts (easily) Rice-Shapiro. (¬P ∗(p) is false,
but ¬P ∗(π) is true for any finite π ⊆ p.)

So R is neither r.e. or co-r.e.

ii) Consider the property

Q(f)⇔ f is not total recursive.

Then a straightforward application of Rice-Shapiro shows that S is not r.e.
and Q is not r.e., i.e., S is neither r.e. nor co-r.e.

iii) We cannot use Rice-Shapiro here since, as opposed to i), ii) P (x)
depends on x itself and not just on ϕx.

It is first clear that P (x)⇔ ϕ(x, x) = 0 is r.e. We will show that it is not
co-r.e., i.e., that P is not recursive.

Assume P is recursive, towards a contradiction. Let

f(x) =

{
0, if ¬P (x)

1, if P (x).

Clearly f is total recursive, so for some e0, f = ϕe0 , so f(e0) = ϕ(e0, e0).
If ¬P (e0), then f(e0) = 0, so ϕ(e0, e0) = 0, i.e., P (e0), a contradiction. If
P (e0), then ϕ(e0, e0) = 0 but f(e0) = 1, a contradiction.
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