
Ma/CS 6a: Problem Set 6

Due noon, Tuesday, November 29th
TA in charge: Cosmin Pohoata

November 18, 2016

Unlike the previous assignments, two problems in this assignment do require a somewhat
long calculation.

1. In this problem we will prove that there exist infinitely many primes (in case you were
not satisfied with the previous proofs). Consider a prime p and let q be a prime divisor of
2p − 1. Consider the group {1, 2, . . . , q − 1} under multiplication mod q, and then prove
that 2 has order at most p in this group. Then use this to prove that there are infinitely
many primes (hint: Use two results from the beginning of the quarter).

2. We have a regular three-dimensional cube C (that is, a cube that is composed out
of six identical squares), and four colors. We wish to choose a color for each of the eight
vertices of C (note that we do not color the faces!). Two colorings of C are considered
identical if one can be obtained from the other by a series of rotations (but not reflections).
Use the counting method that is based on orbits and stabilizers to count how many distinct
colorings of C exist.

3. The sequence an satisfies is defined by a0 = 0, a1 = 1, and an − 5an−1 + 6an−2 = 5n.
Use generating functions to find a non-recursive formula for an.

4. Let bn denote the number of sequences of ones and zeros that are of length n and have
the ones only occurring in groups of three or more. Find a recurrence relation for bn such
that the number of elements in this relation does not depend on n (for example, in the
recurrence relation that we derived for the Catalan numbers, the number of elements did
change according to n). Prove your answer.

5. For positive integers k and n, let Sn,k be the set of all ordered k-tuples of the form
(a1, . . . , ak) ∈ Nk that satisfy a1+· · ·+ak = n. Find the expression

∑
(a1,...,ak)∈Sn,k

a1a2 · · · ak.
Your solution is not allowed to contain infinite sums but may include binomial coeffi-
cients

(
a
b

)
with negative a (hint: For a fixed k, study the generating function B(X) where

bj =
∑

(a1,...,ak)∈Sj,k
a1a2 · · · ak).
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