
Ma/CS 6a: Problem Set 5

Due noon, Tuesday, November 15th
TA in charge: Cosmin Pohoata

November 14, 2016

1. Biscuit, Cosmin, and Adam play a game such that Biscuit and Cosmin are on one
team, and Adam is their adversary. There are 100 boxes numbered 1–100 and 100 notes
containing the numbers 1 to 100 (that is, each number is on exactly one note). The game
goes as follows:

• First, only Adam and Biscuit are in the room. Adam places one note in each box.
• Biscuit sees Adam’s actions and may afterwards pick two boxes and switch the notes

in them (with each other). He may only perform one such switch.
• Adam sees the actions of Biscuit and then chooses a number N ∈ {1, 2, . . . , 100}.
• Biscuit leaves the room while Cosmin enters (they cannot exchange information during

this process). Adam tells Cosmin the number N .
• Finally, Cosmin needs to find the box that contains the note with the number N . For

this purpose, he may open up to 50 boxes.

If Cosmin chooses the 50 boxes at random, his probability of success is obviously 0.5.
Explain how Biscuit and Cosmin can agree on a strategy in advance so that they always
win (no matter what Adam does).

2. Let G be a group of order m whose elements are permutations of {1, 2, . . . , n} (under
standard composition of permutations). Assuming that not all of the permutations of G
are even, find the number of permutations in G that are odd. Prove your answer.

3. Let T be a set of
(
n−1
2

)
+ 1 transpositions from Sn, for some n ≥ 3. Prove that every

element of Sn can be written as a composition of elements from T . A transposition may
appear more than once in this composition (hint: What can you say about a graph with n
vertices and

(
n−1
2

)
+ 1 edges?)

4. Prove or disprove: If m and n are not relatively prime, then Cm×Cn is not isomorphic
to Cmn (where Cm is the cyclic group of order m).

5. Let β be an isomorphism from the group Q under addition to itself.1 Prove or disprove:
There exists a rational number c such that β(x) = cx (hint: First show that this holds for
Z).

1Recall that Q is the set of rational numbers.
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