
Ma/CS 6a: Problem Set 4

Due noon, Tuesday, November 8th
TA in charge: Karlming Chen

October 24, 2016

1. Prove: If G = (V,E) is a graph such that every vertex of V is of degree at most p, then
G contains a matching of size ⌈|E|/2p⌉ (p is a positive integer).

2. When Biscuit is not playing Dominoes, he likes playing the following game with
Adam. They are given a connected undirected bipartite graph G = (V1 ∪ V2, E), such that
|V1| = |V2|. Biscuit is always first, and he starts by choosing a vertex v1 ∈ V1 ∪ V2. Adam
then travels from v1 across one edge to a vertex v2 (that is, (v1, v2) ∈ E). Then Biscuit
travels from v2 across one edge to a vertex v3. The players continue to travel the graph in
this way, and they are not allowed to visit vertices that already appear in the path that is
created by these travels. The player that gets stuck without a valid edge to cross loses, and
has to do the laundry for the week.

Prove that if G does not contain a perfect matching, Biscuit has a winning strategy.
That is, using this strategy Biscuit wins no matter what Adam does (hint: Biscuit should
start by finding a maximum matching M).

3. Let (V,E, s, t, c) be a flow network. In addition, every vertex v ∈ V has a capacity
c(v) and the flow that enters v is not allowed to be larger than c(v) ≥ 0. Describe an
efficient algorithm for finding the maximum-sized flow that also satisfies the vertex capacity
restriction.

4. Prove or disprove:
(a) There exists a flow network with six edges of capacity 1, ten edges of capacity 10, and
a maximum flow of size 38 (the network does not contain more edges beyond the 16 that
were stated).
(b) There exists a flow network (V,E, s, t, c) that contains a simple path P from s to t and
satisfies the following. Every edge that is in P has capacity 1 and every edge that is not in
P has capacity 2. The maximum flow is of size 38.

5. Let (V,E, s, t, c) be a flow network. Describe an efficient algorithm for finding a
minimum cut with as few edges as possible . That is, out of all of the minimum cuts of the
network, we wish to find one that minimizes the number of edges in it (if there are several
such cuts, finding one of them is OK).
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