
Sketchy summaries of lectures - Ma 5a, Caltech

Alexander Yom Din

Textbook: Dummit and Foote, Abstract Algebra, third edition

Lecture 1.1

We defined a group (a pair, consisting of a set and a binary operation
on that set, satisfying associativity, existence of identity and existence of
inverses). An abelian group is a group which satisfies commutativity.

To understand the definition of a group, we saw that 1) there is at most
one identity element for any given binary operation and 2) there is at most
one inverse element to any element under an associative binary operation
admitting an identity element.

We gave some examples of groups; The group of integers under addition -
(Z,+), the group of integers modulo n - (Z/nZ,+), and the symmetric group
of a set X - (S(X), ◦). We denoted Sn := S({1, 2, . . . , n}).

We defined the integer powers of an element in a group.
Sections in the textbook roughly corresponding to some of the above:

Section 0.1 for basic notions from set theory. Section 0.3 for the integers
modulo n. Section 1.1 for the definition of a group, some examples and
simple properties.

Lecture 1.2

We defined a subgroup of a group. We gave examples (G ⊂ G, {e} ⊂ G,
the subgroup 〈g〉 generated by an element g ∈ G (consiting of all the powers
gn, where n ∈ Z). By the way, the operation of taking power satisfies gngm =
gn+m, (gn)m = gnm, g0 = e.

1



We discussed the dihedral group D2n ⊂ S(X), where X is the set of
vertices of a regular n-gon, and D2n is the subgroup of the group of permuta-
tions of X, consisting of those permutations that preserve distance. We have
a rotation r by 2π/n radians, a reflction s, and then the elements of D2n are
all given by

{e, r, r2, . . . , rn−1, s, sr, sr2, . . . , srn−1}.

We defined homomorphisms, monomorphisms, epimorphisms, isomor-
phisms. We said that in the definition of a homomorphism I demand preser-
vation of multiplication, inverse and identity, but in fact preservation of mul-
tiplication already implies the two other preservations. We said that an
isomorphism can be defined as a bijective homomorphism, or as a homomor-
phism admitting an inverse homomorphism (these two are equivalent).

We gave some examples of homomorphisms: The identity homomor-
phism, the trivial homomorphism, the embedding of a subgroup, the projec-
tion homomorphism pn : Z→ Z/nZ. Also, given g ∈ G, the homomorphism
Z→ G given by n 7→ gn.

Were does the name homomorphism come from? I think that more or
less homo = similar and morph = shape.

Sections in the textbook roughly corresponding to some of the above:
Section 2.1 for subgroups. Section 1.2 for the dihedral group. Section 1.6 for
homomorphisms and isomorphisms.

Lecture 1.3

We had the notation Hom(G,H) for the set of homomorphisms between
the group G and the group H. We defined two groups being isomorphic, and
remarked that this is an equivalence relation on the class of all groups.

We defined the product of two groups, G×H.
We stated the Chinese Reminder Theorem, as a canonical isomorphism

Z/mnZ ∼= Z/mZ× Z/nZ, whenever n,m are non-zero relatively prime inte-
gers.

We defined the general linear group GLn(F ) consisting of invertible n×n
matrices over F ; Here, F is a field and n a positive integer.

We constructed an isomorphism between GL2(F2) and S3 (here, F2 =
Z/2Z is the field with two elements). We did it by ”making” GL2(F2) ”act”

on {
(

1
0

)
,

(
0
1

)
,

(
1
1

)
}. Remark: I forgot one step. Namely, I constructed
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an isomorphism
ψ : GL2(F2)→ S(F2

2 − {0}),

but claimed the the former is isomorphic to S3 = S({1, 2, 3}). To see this,
We just need to construct an isomorphism

φ : S(F2
2 − {0})→ S({1, 2, 3}).

This is done by choosing any bijection α : F2
2−{0} → {1, 2, 3}, and defining

φ(σ)(i) := αφα−1(i).

Thus, although ψ is quite ”canonical”, φ depends on quite an arbitrary choice
(and hence so does φ ◦ ψ, the sought-for isomorphism).

We defined inner automorphisms.

We gave the standard notation

(
1 2 . . . n

σ(1) σ(2) . . . σ(n)

)
for a permuta-

tion σ ∈ Sn.
We gave an example, how to graphically percieve the effect of applying

an inner automorphism in the symmetric group Sn.
We defined the Kernel Ker(φ) and Image Im(φ) of an homomrophism

φ : G→ H between groups, and stated a claim: Ker(φ) is a subgroup of G,
Im(φ) is a subgroup of H, φ is injective i.f.f. Ker(φ) = {e}, φ is surjective
i.f.f. Im(φ) = H.

Sections in the textbook roughly corresponding to some of the above:
Section 1.6 for homomorphisms and isomorphisms. Section 1.4 for matrix
groups. Section 0.2 for properties of the integers (among the rest, two integers
being relatively prime).

Lecture 2.1

We defined an (left) action of a group G on a set X.
We gave examples: S(X) acting on X, GLn(F ) acting on F n (column

vectors), Z acting on a set X where 1 acts by some φ ∈ S(X). We also
considered three actions of a group G on itself; The left regular action, the
right regular action, and the action by conjugation.

We formulated a proposition, saying that given a group G and a set X,
there is a natural bijection between the set of actions Act(G,X) ⊂ Fun(G×
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X,X) and the set of homomorphisms Hom(G,S(X)). Thus, ”S(X) is a
universal recipent for group actions on X”, or something to that extent.

Given an action of G on X, and x ∈ X, we defined the orbit map orbx :
G → X by orbx(g) = gx. We defined the stabilizer Stabx ⊂ G by Stabx =
{g ∈ G | gx = x} (it is a subgroup of G).

Orbits are defined as subset of X of the form orbx(G), for some x. Those
form a partition of X; Namely, each element in X lies in some orbit (actually
x ∈ orbx(G)), and each two orbits are either equal or disjoint. The equiva-
lence relation corresponding to this partition by orbits is given by: x ∼ y if
y = gx for some g ∈ G.

We gave an example, ofD2n acting on the set of vertices V = {v0, . . . , vn−1}
(this action has one orbit; the stabilizer of v0 is {e, s}). We also gave the
example of D2n acting on the set V ×V . This time, there were more orbits, a
complete invariant for which is the distance between the two vertices in the
ordered pair.

We saw a lemma, that Stabx = {e} if and only if orbx is injective. An
action for which all stabilizers are trivial is called free. We remarked, that if
a finite group G acts on a finite set X via a free action, then the number of
elements in G divides the number of elements in X.

We proved Lagrange’s theorem: Let G be a finite group, and H ⊂ G
a subgroup. Then |H| divides |G|. To prove this theorem, we considered
the left regular action of H on G. Unwinding what we did, the proof is as
follows: Consider subsets of G of the form Hg = {hg : h ∈ H} for various
g ∈ G. Those are called the right cosets of H in G. One easily checks that
each element in G is contained in some right coset of H, and that each two
right cosets of H or either equal, or disjoint. Furthermore, each right coset
of H has the same number of elements as H does. From this, by counting,
we get that the number of elements in G equals the number of elements in
H, times the number of right cosets of H in G. Thus, |H| divides |G|.

Sections in the textbook roughly corresponding to some of the above:
Section 1.7 for group actions. Exercise 19 in Section 1.7 for Lagrange’s the-
orem.

Lecture 2.2

We defined the order of an element g of a group G, and denoted it by
o(g). We saw that if g has finite order, then gn = e if and only if o(g)|n. We

4



saw that in a finite group, any element has finite order.
If g has infinite order, we constructed an isomorphism Z→ 〈g〉. If g has

finite order n, we constructed an isomorphism Z/nZ→ 〈g〉. A conseqeuence
of that is that o(g) = |〈g〉|. A consequence of that and Lagrange’s theorem
is that in a finite group G, one has o(g)|G for every g ∈ G.

We introduced terminology: The number (or cardinality) |G| is called the
order of the group G.

We saw that a finite group G of prime order p is isomorphic to Z/pZ.
Thus, there is exactly, up to isomorphism, one group of each prime order.

We discussed groups of order 4. If such a group G has an element of order
4, then it is isomorphic to Z/4Z. Otherwise, every non-identity element
of that group has order 2. We used the cancellative properties (think of
”Sudoku” in the multiplication table) to deduce what must be the group law
in such a group. We gave an example of such a group, namely Z/2Z×Z/2Z.
We exaplined that Aut(G) ∼= S(G− {e}) for such a group.

We also explained that Aut(Z/4Z) ∼= Z/2Z.
Finally, we recalled the proof of Lagrange’s theorem. Namely, for a sub-

group H ⊂ G we have its right cosets, subsets of G of the form Hg, for
various g. Those form a partition of G. The maps H → Hg given by h 7→ hg
are bijections. Thus, |G| = |H| · n where n is the number of right cosets of
H. This proves Lagrange’s theorem.

Sections in the textbook roughly corresponding to some of the above: A
few of Section 2.3.

Lecture 2.3

Given a group G and a subset S ⊂ G, we defined the subgroup of G
genereated by S, and called it 〈S〉. We first defined it by what one can
call a ”universal property” - it contains S, and is contained in any other
subgorup containing S (one says: it is ”universal” between subgroups con-
taining S). We then showed that any two subgorup of that virtue must be
equal (”uniqueness”). Then, we showed that such a subgroup exists - by
two methods. One was considering the intersection of all subgroups con-
taining S. The other was considering ”words” in integer powers of elements
of S (sometimes, instead, people consider words in elements of S and their
inverses).
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We denote 〈g1, . . . , gn〉 := 〈{g1, . . . , gn}〉; This is inline with our previous
definition of 〈g〉 (!). We said that 〈∅〉 = {e}.

We said that if g, h ∈ G commute (i.e. gh = hg), and o(g) 6= ∞, o(h) 6=
∞, then |〈g, h〉| ≤ o(g) · o(h). We mentioned how pitily such an estimate
fails when we deal with non-commuting elements: Sn = 〈(12), (12 . . . n)〉 for
every n ≥ 2.

Next, we introduced cycles in Sn and denoted them (a1a2 . . . am). We said
that a cycle of length 2, (a1a2), is called a transposition. We defined disjoint
cycles. We remarked that disjoint cycles commute. We then stated the basic
claim, that for every σ ∈ Sn there exists a unique set C ⊂ Sn, consisting of
pairwise disjoint cycles, such that σ =

∏
τ∈C τ . I mentioned that the product

makes sense, because the participating elements commute.
We gave examples: e equals the empty product of cycles, and some con-

crete examples.
I then briefly exaplined what is a partition of an integer n. I said that

a partition of a set X, where |X| = n, produces a partition of n (but this
process is non-injective!). I also mentioned that a permutation σ ∈ S(X)
produces a partition of X (by considering the equivalence relation x ∼ y
if there exists n ∈ Z such that y = σn(x)) - this process is also non-
injective! Combining the two productions, we have a mechanism of pro-
ducing a partition of n given a permutation in S(X) (Formally, a map
S(X) → Part(X) → Part(n)) where Part(X) is the set of partitions of
X and Part(n) is the set of partitions of n).

I mentioned very quickly the fact: Two permutation σ, τ ∈ S(X) are
conjugate, if and only if the corresponding partitions of n are equal. Recall
that ”conjugate” means that there exists κ ∈ S(X) such that σ = κτκ−1.

Sections in the textbook roughly corresponding to some of the above:
Section 2.4 for subgroups generated by subsets. Section 1.3 for cyclic decom-
position.

Lecture 3.1

We emphasized, that there is no sense in asking whether Z/nZ is a sub-
gorup of Z, since it is not a subset of Z.

We also remarked, that if H is a subgroup of G, then H inherits a binary
operation from G, under which it itself is a group.

Let G be a group and H ⊂ G a subgroup.
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We defined the left cosets of H in G, and the right cosets of H in G.
We mentioned (an exercise) that

gH = kH ⇔ g ∈ kH ⇔ k−1g ∈ H

and similarly
Hg = Hk ⇔ g ∈ Hk ⇔ gk−1 ∈ H.

We said that the left cosets of H in G form a partition of G, whose
corresponding equialence relation is g ∼ k if k−1g ∈ H. Similarly, the right
cosets of H in G form a partition of G, whose corresponding equivalence
relation is g ∼ k if gk−1 ∈ H.

We also mentioned, that each left coset (or right coset) of H in G admits
bijections with H - we get one by choosing an element in the coset and
”translating by it”.

We denoted by G/H the set of left cosets of H in G. We denoted by H\G
the set of right cosets of H in G.

We remarked (exercise) that xH 7→ Hx−1 sets a bijection between G/H
and H\G. We defined the index of H in G as the number of elements in
G/H or H\G (of course, it can be infinite at times). We denote the index of
H in G by [G : H].

An exercise: Understand that a map G/H → H\G given by xH 7→ Hx
is ill-defined in general.

We proved Lagrange’s theorem again: Let G be a finite group, and H a
subgroup. Then |G| = |H| · [G : H], and in particular |H| | |G|. We did
it by just writing the number of elements in G as a sum of the numbers of
elements in the various left cosets of H in G. Since each left coset of H in G
admits bijections to H, we get what we want...

Sections in the textbook roughly corresponding to some of the above:
Section 3.2.

Lecture 3.2

I started by recalling a corollary of Lagrange’s theorem: Let G be a finite
group and g ∈ G. Then, o(g) | |G|; Equivalently, g|G| = e.

We proved a claim: Let G,H be groups and φ : G→ H a homomorphism.
Denote K := Ker(φ). Then every fiber of φ is either empty, or a left coset
of K, and a right coset of K. Equivalently put, for every h ∈ H, g ∈ G, if
g ∈ φ−1(h) then Kg = φ−1(h) = gK.
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Inspired by the claim, we understood that some subgroups are dist-
nguished: We defined a subgorup N ⊂ G to be normal, if gN = Ng for all
g ∈ G. Equivalently: gNg−1 = N for all g ∈ G. Equivalently, gNg−1 ⊂ N
for all g ∈ G. Equivalently, every left coset of N in G is also a right coset of
N in G, and vice versa.

We showed, as an exercise, the following: Let S ⊂ G be a subset. Then
〈S〉 is normal in G if and only if gsg−1 ∈ 〈S〉 for all g ∈ G, s ∈ S.

We then saw a corollary of the claim: In the notation of the claim, we
have a bijection between G/Ker(φ) and Im(φ). From left to right, we send
g ·Ker(φ) to φ(g). From right to left, we send h ∈ Im(φ) to φ−1(h). One has
to check that those procedures yield well defined functions, and are mutually-
inverse.

As a corollary of that, we stated: |Im(φ)| = [G : Ker(φ)]. In particular,

if G is finite, we have |Im(φ)| = |G|
|Ker(φ)| .

Next, we formulated a basic claim: Let φ : G→ H be an epimomorphism
of groups, and ψ : G→ T a homomorphism of groups. Then there is at most
one homomorphism ψ′ : H → T such that ψ′ ◦ φ = ψ. Furthermore, such an
homomorphism exists if and only if Ker(φ) ⊂ Ker(ψ). To complement with
a diagram:

G
ϕ // //

ψ
��

H

ψ′~~
T

! - always ∃ - i.f.f. Ker(φ) ⊂ Ker(ψ)

We proved the uniqnuess part of the claim, and time ran out.
Sections in the textbook roughly corresponding to some of the above:

TBA.

Lecture 3.3

I started by reminding notation such as ST = {st : s ∈ S, t ∈ T},
gSg−1 = {gsg−1 : s ∈ S} etc.

We finished proving the basic claim from last time.
We reformulated the basic claim as follows: Let ϕ : G→ H be a surjective

homomorphism with kernel K. Then for every group T , we have a bijection
between Hom(H,T ) and {ψ ∈ Hom(G, T ) | ψ(K) = {e}}, given by sending
α to α ◦ ϕ.
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We stated a corollary of the basic claim: Let ϕ1 : G→ H1 and ϕ2 : G→
H2 be two surjective homomorphisms, having the same kernel. Then there
exists a unique isomorphism α21 : H1 → H2 satisfying α21 ◦ ϕ1 = ϕ2.

We then asked ourselves: Given a subgroup K ⊂ G, does there exist a
surjective homomorphism from G with kernel K? The answer is no if K
is not normal in G. If K is normal in G, the answer is yes. Namely, we
define on G/K, the set of left cosets of K in G (which is, since K is normal
in G, the same as the set of right cosets of K in G), a binary operation
g1K · g2K := g1g2K. We then claim that this operation is well-defined (this
uses ”crucially” K being normal in G), and gives G/K the structure of a
group. Furthermore, the map q : G → G/K given by q(g) := gK is a
surjective homomorphism, with kernel K. I stated that, but did not prove
that.

Sections in the textbook roughly corresponding to some of the above:
Section 3.1.

Lecture 4.1

We stated the construction of the quotient group again. Let G be a group,
and K ⊂ G a normal subgroup. Then defining aK · bK := abK (a, b ∈ G)
endows G/K with a well-defined binary operation. This turns G/K into
a group, and the map q : G → G/K given by a 7→ aK is a surjective
homomorphism with kernel K.

We stated and proved the first isomorphism theorem: Let φ : G → H
be a homomorphism of groups. Then we have an isomorphism of groups
G/Ker(φ) ∼= Im(φ) given by sending gKer(φ), the coset of g, sitting on the
left, to φ(g) on the right.

We gave examples: G/{e} is just canonically isomorphic to G. G/G
is ”the” group with one element. We also considered R/Z - the group of
real numbers (w.r.t. addition) modulo the integers. We constructed an
isomorphism R/Z ∼= C×1 , where C×1 is the subgorup of the group C× of non-
zero complex numbers w.r.t. multiplication, consisting of the elements of
norm 1.

We solved an exercise: Let G be a finite group, and p a prime number,
minimal between the primes dividing |G|. Show that every subgroup H ⊂ G
of index p is normal. The solution went as follows. We considered the
”left regular” action of G on G/H. This gave us a homomorphism φ :
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G → S(G/H). We considered K := Ker(φ). This is a normal subgroup
of G. We are going to show that K = H (which will settle the exercise,
obviously). First, notice that K ⊂ H, since the stabilizer of H w.r.t. the
action above is H, and the stabilizer of a point defenitely sits in the kernel of
φ (which is actually the intersection of all stabilizers). Furthermore, notice
that [G : K] divides |G| on one hand, and divides |S(G/H)| on the other
hand (please recall why!!). Thus, because of the condition on p, we must
have [G : K] ∈ {1, p}. It can not be 1, since K ⊂ H so that [G : H]|[G : K].
So we have [G : K] = p. Thus, since [G : H] = p as well, and from
[G : K] = [G : H] · [H : K], we get [H : K] = 1, so K = H.

Sections in the textbook roughly corresponding to some of the above:
TBA.

Lecture 4.2

We solved an exercise: Every group of order 6 is either isomorphic to
Z/6Z, or to S3.

We did it by assuming that G is not isomorphic to 6, and seing that it has
3 elements of order 2, and making G act on these elements by conjugation,
and thus obtaining a homomorphism from G to the symmetric group on 3
elements, and verifying that it is an isomorphism. On the way, we saw nice
things such as: Let G be a group and H,K ⊂ G subgroups. Then the map
H×K → G is a homomorphism if and only if every element of H commutes
with every element of K, and this map is injective if and only if H∩K = {e}.

We also described another approach: Find first that there is an element a
of order 3 and an element b of order 2. Realize that G = {e, a, a2, b, ab, a2b}
and that {e, a, a2} is normal in G, and that knowing whether bab−1 = a or
bab−1 = a2 will determine the multiplication table of our group... So there
are only two choices up to isomorphism.

Next, we formulated a claim: Let φ : G → H be an epimorphism of
groups. Then there is a bijection between the set of subgroups of H and the
set of subgroups of G containing Ker(φ). We said that the bijection goes
as follows: Given a subgroup L ⊂ H, we construct a subgroup φ−1(L) ⊂ G
(it contains Ker(φ)), and given a subgroup M ⊂ G containing Ker(φ), we
construct a subgorup φ(M) ⊂ H.

Sections in the textbook roughly corresponding to some of the above:
TBA.
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Lecture 4.3

We stated again: Let φ : G → H be an epimorphism of groups. Then
there is a bijection between the set of subgroups of H and the set of subgroups
of G containing Ker(φ). The bijection goes as follows: Given a subgroup
L ⊂ H, we construct a subgroup φ−1(L) ⊂ G (it contains Ker(φ)), and given
a subgroup M ⊂ G containing Ker(φ), we construct a subgorup φ(M) ⊂ H.

We proved the claim, and also added some complementary facts: [G :
Equalityofindexesφ−1(L)] = [H : L]. And that φ−1(L) is normal in G if
and only if L is normal in H. And that given a subset S ⊂ G, we have
φ(〈S〉) = 〈φ(S)〉 and φ−1(〈φ(S)〉) = 〈S ∪Ker(φ)〉 = SKer(φ) = Ker(φ)S.

Applying the claim to the quotient map q : G→ G/N (where G is a group
and N ⊂ G a normal subgroup), we obtain a bijection between subgorups of
G/N and subgroups of G containing Ker(φ), with nice properties. This is
called the 4-th isomorphism theorem.

Next, we defined a cyclic group as a group which can be generated by
one element. We then proved that the subgroups of Z are exactly 〈n〉 (also
denoted nZ, for n ∈ Z≥0. Using an epimorphism Z→ G, we deduced that a
cyclic group is isomorphic to Z/nZ for a unique n ∈ Z≥0.

We stated a claim: Let G = 〈g〉 be a cyclic group of finite order n. Then
for every positive integer d dividing n, there exists a unique subgroup of G
of index d; Namely 〈gd〉 (this subgorup has order n/d). We proved the claim
by exploiting the epimorphism φ : Z → G sending 1 to g, and using the
4-th isomorphism theorem - subgorups of G of index d are in bijection with
subgorups of Z which are of index d and contain nZ - and there is exactly
one such, namely dZ. Tracing back (using the law φ(〈S〉) = 〈φ(S)〉 above),
we see that dZ = 〈d〉 corresponds to 〈gd〉.

Next, we asked ourselves: Given m,n ∈ Z, what is the unique non-
negative integer k such that 〈m,m〉 = 〈k〉? We stated a claim: For an integer
k to satisfy 〈m,m〉 = 〈k〉, it is equivalent that it satisfies the conditions: k|m,
k|n and that if `|m an `|n then `|k.

Sections in the textbook roughly corresponding to some of the above:
TBA.

11



Lecture 5.1

We proved that given integers m,n, the folllowing conditions are equiva-
lent for an integer k: 1) k divides m and n, and any ohter integer that divides
m and n also divides k. 2) 〈k〉 = 〈m,n〉. We proved this as follows: First,
we saw quite easily that if k satisfies 2) then he satisfies 1). Then, we saw
that k satisfying 2) exists (because every subgroup of Z is cyclic). Then, we
saw that if two k’s satisfy 1), then they differ by multiplying by ±1. Also
note that 〈k〉 = 〈−k〉. From all this, it follows logically that if k satisfies 1)
then he satisfies 2).

From the above analysis we also see that a k satsifying one of the two
equivalent conditions is unique up to multiplying by±1. Such a k is called the
greatest common divisor of m,n, and denoted by gcd(m,n). So, gcd(m,n)
is well-defined up to ±1, but usually in formulas we might mean that we
consider it to be the non-negative option, implicitly.

One can also compute the gcd using a prime factorization of m,n: A
prime number p enters gcd(m,n) with the power which equals the minimum
of it’s powers when entering m and n.

Notice how from the above one easily gets that gcd(m,n) can be written
as a Z-linear combination of m and n (i.e., there exist a, b ∈ Z such that
gcd(m,n) = am+ bn. I think that a lot of times one shows it using Euclid’s
algorithm, but here we ”hide” this ”heavy” mecahnism in the fact that ev-
ery subgroup of Z is cyclic (whose proof required division with reminder -
”heavy”).

Anyway, next we saw: Let G be a group and g ∈ G of finite order n.
The order of gm equals n

gcd(m,n)
. We first converted it to an index equation,

namely: To show that [〈g〉 : 〈gm〉] = gcd(m,n). Then, we used the 4-th
isomorphism theorem yield [〈g〉 : 〈gm〉] = [Z : 〈n,m〉]. But now [Z : 〈n,m〉] =
[Z : 〈gcd(m,n)〉] = gcd(m,n).

Next, we stated that (g being of finite order n) gm generates 〈g〉 if and
only if m is relatively prime to n (i.e. gcd(m,n) = 1). We thus see that
between the elements g1, . . . , gn of 〈g〉, we have φ(n) which generate 〈g〉.

We deduced from all the above studies a formula, for a positive integer
n:
∑

d|n φ(d) = n.
We proved a result: Let G be a finite group of order n. Suppose that

for every d|n, the equation xd = e has at most d solutions in G. Then G is
cyclic. We did it by first showing that if G has an element g of order d, then
it has exactly φ(d) elements of order d (because the elements of 〈g〉 are d in
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number, satisfy the equation xd = e, so they are all the elements that satisfy
this equation in G. But then any element of order d, since it also satisfies
the equation, must lie in 〈g〉. But from what we learned, there are exactly
φ(d) elements of order d in 〈g〉). So we write n = |G| =

∑
d|n εd · φ(d), where

εd = 1 if there is an element of order d in G, and εd = 0 otherwise. But from
the formula

∑
d|n φ(d) = n we see that there is no choice but having εd = 1

for all d|n. In particular, for d = n, we get that there is an element of order
n in G, so G is cyclic.

We used the result above to see a very nice claim: Let F be a field. Then
any finite subgroup G ⊂ F× is cyclic. In particular, F×q , the multiplicative
group of the field with q elements, is cyclic! In particular, (Z/pZ)× is cyclic!

Next, we asked ourselves what is the automorphism group of a cyclic
group of order n, G = 〈g〉? We constructed, for an integer m ∈ Z, the
homomorphism φm : G→ G, given by h 7→ hm. We noted that if n|m−m′,
then φm = φm′ . So we get a map Z/nZ → Hom(G,G). In fact, this is a
homomorphism of monoids, where on the left the operation is multiplication,
and on the right it is composition (being a homomorphism of monoids means
that it sends the identity element to the identity element, and product to
product). One also easily checks that this map is bijective! Hence, it is an
isomorphism of monoids. Taking on each side the submonoid of invertible
elements, we obtain an isomorphism (Z/nZ)× ∼= Aut(G) (I showed how it
looks for n = 4).

Finally, we started an exercise, which we will finish next time: Find all
subgorups of D4p, where p is an odd prime.

Lecture 5.2

We finished finding all subgroups of D4p. Our main tool was classifying
first in terms of the intersection with 〈r〉, and using the 4-th isomorphism
theorem.

We discussed the homomorphism sgn : Sn → {1,−1}. We said that
there exists a unique homomorphism Sn → {1,−1}, s.t. transpositions are
mapped to −1. The uniqueness follows from the fact that transpositions
generate Sn. The existence we showed by a nice construction: We considered
the polynomial ∆ =

∏
i<j(xj−xi) ∈ Q[x1, . . . , xn]. We have a natural action

of Sn on Q[x1, . . . , xn], given by p(x1, . . . , xn) 7→ p(xσ(1), . . . , xσ(n)). We then
consider σ∆, and note that it differs from ∆ by ±1. We define sgn(σ) to be
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such that σ∆ = sgn(σ)∆. From this description it is clear that sgn is an
homomorphism. One checks easily that it is −1 on transpositions. Notice
that, equivalently, sgn(σ) is (−1)Tσ , where Tσ is the number of pairs (i, j)
such that 1 ≤ i, j ≤ n and i < j and σ(i) > σ(j).

We demonstrated how to show that the 15-game mission is impossible
with some starting positions, using the sgn homomorphism.

Lecture 5.3

We stated and proved a slight strengthening of a previous claim: There
exists a unique non-trivial homomorphism Sn → {1,−1} (here n > 1).

We deduced that there exists a unique subgorup of Sn of index 2 - the
Kernel of the sgn homomorphism. It is denoted An.

We stated the 2-nd isomorphism theorem: Let G be a group, H,K ⊂ G
subgroups. Assume that H ⊂ NG(K). Then: HK = KH is a subgroup of
G, K is normal in HK, K ∩ H is normal in H, and we have a canonical
isomorphism H/H ∩K ∼= HK/K, given by sending h(H ∩K) to hK.

Lecture 6.1

We proved the 2-nd isomorphism theorem.
We stated the 3-rd isomorphism theorem: Let G be a group, and K,N ⊂

G subgroups such that K contains N , K is normal in G and N is normal
in G. Then K/N , viewed as a subgroup of G/N , is normal in G/N , and we
have a canonical isomorphism G/K ∼= (G/N)/(K/N).

We stated a version which I prefer: Let φ : G → H be an epimorphism.
Let M ⊂ H be a subgroup. Then M is normal in H if and only if φ−1(M) is
normal in G. In such a case, we have a canonical isomorphism G/φ−1(M) ∼=
H/M (sending gφ−1(M) to φ(g)M).

I asked: How in principle can one study finite groups. An idea is the
folllowing: Decompose the study into two parts. One part is to study how
groups are ”glued” from ”smaller” groups. More precisely, given a group G
and a normal subgorup N in G, let me say that G is ”glued” from N and
G/N . We will talk about this part more later. A second part is to study
groups which can not be ”glued” from ”smaller” groups. A precise definition
is the following: A group is called simple, if it is not the trivial group (i.e.

14



it has more than one element), and it has no normal subgorups except itself
and the trivial subgroup.

I said that later we’ll show that An is simple for n ≥ 5. Also, I showed
that A4 is not simple, because it has a normal subgroup of index 3 (consisting
of the identity element and all the elements of cycle type 2 + 2).

Lecture 6.2

We considered, for a field F , the groupsGLn(F ), SLn(F ), PGLn(F ), PSLn(F ).
We noted that the natural monomorphism PSLn(F )→ PGLn(F ) is an iso-
morphism if and only if F× = (F×)n (this is nice to exercise homomorphism,
isomorphism theorems...). I stated a fact, that for a finite field F , the group
PSLn(F ) is simple, unless n = 2, |F | = 2 or n = 2, |F | = 3.

I defined short exact sequences, and gave a few examples. I defined a
homomorphism of s.e.s., and an isomorphism of s.e.s.. I stated and proved
the short five lemma, exhibiting the ”technique” of ”diagram chasing”. I
started discussing direct products - a direct product gives as a s.e.s., with
some ”splittings”. I stated a claim, that if in a s.e.s. the homo. on the left
has a left inverse homo., then the s.e.s. is isomorphic (in a specific way) to a
one obtained by direct product.

Lecture 6.3

We proved a claim: Given a s.e.s. in which the monomorphism admits
a left inverse homo., there is an isom. of this s.e.s. with the direct product
one (we draw precise diagrams, omitted here). Next, we considered a group
G and two subgroups H,K ⊂ G, and proved a claim: The map H ×K → G
given by (h, k) 7→ hk is an isomorphism of groups if and only if three things
are satisfies: (i) H ∩ K = {e} (ii) hk = kh for every h ∈ H, k ∈ K (iii)
HK = G. We also showed that one can replace condition (ii) by condition
variant: H ⊂ NG(K) and K ⊂ NG(H). Or by variant: H and K are normal
in G.

Next, we discussed semidirect products. We said what is an action of
a group H on a group K by automorphisms. Given such an action, we
constructed the semidirect product KoH. We saw that embeds into a s.e.s.
1→ K → K oH → H → 1, and that the epimorphism in that s.e.s. admits
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a right inverse homo.
We stated a claim: Given a s.e.s. in which the epimorphism admits a

right inverse homo., we have an isom. of that s.e.s. with the one coming
from a semi-direct product (wrote precise diagrams, omitted here).

Lecture 7.1

We stated a claim: Let G be a group, H,K subgroups of G. Suppose
that H ∩ K = {e}, KH = G and H normalizes K. Then G is naturally
isomorphic to the semi-direct product of K and H, where the action of H
on K is by conjugaction.

We gave examples: The dihedral group of order 2n is a semi-direct prod-
uct of a cyclic group of order n with a cyclic group of order 2. The group
of motions of Rn is a semi-direct product of the gorup of n × n orthogonal
matrices with the group of lengt-n vectors under addition.

We discussed groups of order pq where p < q are primes. We saw that
every such group is isomorphic to a semi-direct product Z/qZ o Z/pZ. We
can parametrize the group homomorphisms Z/pZ→ Aut(Z/qZ) by elements
of (Z/qZ)× of order p or 1. Since (Z/qZ)× is cyclic, there is one such element
(1) if p does not divide q − 1, and p such elements if p divides q − 1.

So, we get that if p does not divide q − 1, the only group (up to isomor-
phism) of order pq is the product of cyclic groups of orders p and q. If o
divides q − 1, we have a list of p groups of order pq, such that every group
of order pq is isomorphic to one from the list. But in fact, the list has only
two different groups up to isomorphism - the abelian one is one, and all the
other are isomorphic (exercise for you!). So, there are 2 groups of order pq,
up to isomorphism, in this case.

Next, we did an exercise: Let φG → C be an epimorphism, where G is
finite. Assume that C is cyclic and, denoting K := Ker(φ), assume that
gcd(|K|, |C|) = 1. Then φ admits a splitting (a right inverse homo.). We
solved it as follows. We write C = 〈c〉. We choose any g ∈ φ−1(c). We
have g|C| ∈ K, so writing d = o(g|C|), we have g|C|d = e and gcd(d, |C|) = 1.
Consider g′ := gd. Then g′ is of order dividing |C|, and c′ := φ(g′) is a
generator of C (this is because c′ = cd and gcd(d, |C|) = 1 - we learned this
about cyclic groups...). Then we can define a homomorphism s : C → G as
the unique one sending c′ to g′. This works becuase the order of g′ divides
|C|. We get (φ ◦ s)(c′) = c′, and thus, since c′ generates C, we get that
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φ ◦ s = idC . We have obtained the desired splitting.

Lecture 7.2

We defined a composition series. We proved that a finite group has a com-
position series. We stated (but not proved) the Jordan-Holder theorem. We
gave examples of composition series. We defined solvable finite groups. We
saw that Sn is solvable for n ≤ 4 and non-solvable for n ≥ 5. I ”defined” the
Galois group of a polynomial (as the subgroup of the group of permutations
of the roots, consisting of all those permutations that perserves polynomial
relations between the roots). I stated a ”theorem”, that the polynomial is
solvable in radicals if and only if its Galois group is solvable. Thinking about
a generic polynomial, one whose solvability would provide a ”universal for-
mula” for the solution of polynomial equations of degree n in radicals, and
about which we suspect that its Galois group is the whole permutation group
- we arrive to the suspicion that there is a ”universal formula” expressing the
roots of a polynomial of degree n in terms of its coefficients if and only if Sn
is solvable, thus if and only if n ≥ 4. This might look as a completely bizarre
and fantastic juggling.

I entered the terminology G-set - meaning a set eqipped with a G-action.
I defined homomorphisms of G-sets, and isomorphism of G-sets. An isomor-
phism of G-sets I defined as a homomorphism if G-sets admitting an inverse
homomorphism of G-sets. I gave an exercise, that a homomorphism of G-sets
is an isomorphism of G-sets if and only if it is bijective.

Lecture 7.3

We considered the important exmaple G/H of a G-set (here H is a sub-
group of G). We noted that it is transitive and the stabiliser of a specific
point is H.

We proved a claim, that given a G-set X, and x ∈ X, we have an isomor-
phism of G-sets between G/StabG(x) and Ox.

A corollary is that |Ox| = [G : StabG(x)].
A corollary is: Suppose that X is finite, and choose a set of representatives
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S ⊂ X for the G-orbits. Then

|X| =
∑
s∈S

[G : StabG(s)]

and, if G is finite,

=
∑
s∈S

|G|
|StabG(s)|

.

People also rewrite this as following: Let S ′ ⊂ S be the subset of non-fixed
points (i.e. representatives whose orbit has more than one element). Denote
by FX ⊂ X the set of fixed points (i.e. FX = {x ∈ X|gx = x∀g ∈ G}). Then

|X| = |FX |+
∑
s∈S′

[G : StabG(s)].

A corollary is when we apply the above formula to a finite group G, acting
on itself by conjugation. Then we get

|G| = |Z(G)|+
∑
s∈S′

|G|
|CG(s)|

,

where S ′ ⊂ G is a set of representatitves of conjugacy classes lying outside
of Z(G) (i.e. having more than one element).

Foir a prime p, a p-group is a finite group whose order is a power of p. We
saw that for a p-group G acting on a finite set X, we have that |X| equals
to |FX | modulo p.

We saw a corollary of the above counting: Let G be a non-trivial p-group.
Then Z(G) is non-trivial.

Next, we saw two proofs of Cauchy’s theorem: Let G be a finite group
whose order divides by the prime p. Then G has an element of order p. One
proof was as follows: Consider the Z/pZ-set X := Fun(Z/pZ, G), where we
act by rotating: (af)(b) = f(b − a). Consider the sub-Z/pZ-set Y = {f ∈
X|
∏

a∈Z/pZ f(a) = e}. We note that |Y | = |G|p−1, so in particular |Y | divides

by p. By the above, the number of fixed points of the Z/pZ-action on Y thus
also divides by p. But this set of fixed points is in bijection with the subset
of G of elements of order dividing p. This subset has at least one element, so
now we know it has at least p. In particular, there is a non-identity element
in this subset.

The second proof we did not finish (time was up). We argue by induction
on |G|. We reduced to G being simple. We then reduced to G being simple
non-abelian. And then... we will use the class formula (to be continued).
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Lecture 8.1

We finished the second proof of Cauchy’s theorem.
We stated Burnside’s lemma - that the number of orbits is the average

obrt G of |Xg|. We gave an illustration - how many colorings of an 8-piece
cake are there with three colors...

We said, for abelian groups A1, . . . , An, what is A1 ⊕ . . . ⊕ An. As a set
it is the Cartesian product of our groups, and the operation is element-wise.
If A1, . . . , An ⊂ A, by some abuse of notation we say that A = A1⊕ . . .⊕An
if the map A1 ⊕ . . . ⊕ An → A given by (a1, . . . , an) 7→ a1 + . . . + an is
an isomorphism of groups. We gave conditions for this: We should have
A1 + · · ·+ An = A and one of the following two equivalent conditions: Ai ∩∑

j 6=iAj = {0} for every 1 ≤ i ≤ n, or equivalently that for ai ∈ Ai,
a1 + . . .+ an = 0 implies ai = 0 for all i.

For an abelian group A and an integer n, we defined A(n) = {a ∈ A | na =
0}. This is a subgorup of A (because A is abelian!). We also define, for a
prime p, A(p∞) = ∪k≥1A(pk). This is also a subgroup of A.

We stated the useful lemma A(n) ∩ A(m) ⊂ A(gcd(n,m)) (also valid for non-
abelian groups, although the subsets figuring here might be not subgroups
in that case). We stated the lemma, that if gcd(n,m) = 1, then Anm =
An ⊕ Am. To paraphrase, if A = A(n), and n = de with gcd(d, e) = 1, then
A = A(d) ⊕ A(e).

Lecture 8.2

We showed that if A is an abelian group of order n then, writing n =

pk11 · · · pkrr , we have A = A(p
k1
1 ) ⊕ · · · ⊕ A(pkrr ). More generally, A can be an

abelian group satisfying A = A(n). We also showed that A(p∞i = A(p
ki
i ) in

those cases. A neat general formulation is that if A is an abelian torsion
group, then A = ⊕pA(p∞)

where the direct sum runs over primes p. And
also if A,B are two abelian torsion groups, then Hom(A,B) is canonically
isomorphic to

∏
pHom(A(p∞), B(p∞)).

Next, we want to prove that any finite abelian p-group is isomorphic
to a direct sum of cyclic groups. We had two lemmas. First was that if
a, b ∈ A(pm) and a /∈ A(pm−1) and b /∈ Za + A(pm−1), then Za ∩ Zb = {0}.
Second was that if A is a finite abelian p-group and a ∈ A is of maximal
order, then there exists a subgroup C ⊂ A such that A = Za⊕C. The proof
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of the second lemma used induction on |A| and the first lemma.
Time was up, but we will use the second lemma next time to decompose

a finite abelian p-group into a direct sum of cyclic groups.

Lecture 9.1

Discussed finitely generated abelian groups. Proved that a torsion free
finitely generated abelian group is isomorphic to Zr for some r ∈ Z≥0.

Lecture 9.2

Proved Sylow’s theorems.

Lecture 9.3

Thanksgiving holiday.

Lecture 10.1

Classified groups of order 30 up to isomorphism, showed that A5 is simple,
showed that every simple group of order 60 is isomorphic to A5.

Lecture 10.2

Lecturer was ill.

Lecture 10.3

Showed that An is simple for n ≥ 5.
Defined subnormal, normal, central series. Defined the derived series,

the lower central and the upper central series. Defined solvable and nilpo-
tent groups. Wrote the following claims and proof sketches: A group has a
subnormal series with abelian factors iff it has a normal series with abelian
factors iff the derived series reaches the trivial subgorup at some finite point
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(a group is called solvable if one of those holds). Also, if a group is solvable,
then any subgroup is solvable, as well as any factor group. If a normal sub-
gorup is solvable and the factor by it is solvable, then the original group is
solvable.
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