
Homework 07 - Ma 5a, Caltech

Alexander Yom Din

Due date: 12/02/16

(NH) stands for ”Not for Handing in”; The exercises with this mark are
just for extra exercise, not for grade.

Recall the following definitions. For an abelian group A and n ∈ Z, we
denote A(n) = {a ∈ A | na = 0}. We denote Ators = ∪n 6=0A

(n). We say that
A is torsion group if Ators = A, and that A is torsion free if Ators = {0}.

1. Let A be an abelian group. Show that A/Ators is torsion free.

2. (NH) Let A be an abelian group, and B ⊂ A a subgroup. Show that
if the quotient map A→ A/B splits, then A ∼= B ⊕ A/B.

3. (a) Let φ : A→ Zr be an epimorphism, where A is an abelian group.
Show that φ admits a section, i.e. there exist a homomorphism
s : Zr → A such that φ ◦ s = id.

(b) (NH) Understand that if A is not abelian, then it can be that φ
as above is not splittable, if r ≥ 2.

4. (NH)

(a) We saw that a subgroup of a finitely generated abelian group is
itself finitely generated. Let G be a finitely generated group (not
neccesarily abelian), and H ⊂ G a subgroup of finite index. Show
that H is finitely generated.

(b) A fact is that a subgorup of a finitely generated group is not
neccesarily finitely generated.

5. (a) Let G be a group, and G1 ⊂ G2 ⊂ · · · an ascending chain of
subgroups of G. Show that G′ := ∪i≥1Gi is a subgroup of G.
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Show that if G′ is finitely generated, then there exists k ≥ 1 such
that Gi = Gk for every i ≥ k.

(b) Let A be a finitely generated abelian group. Show that it satis-
fies the ”Ascending Chain Condition”: If A1 ⊂ A2 ⊂ · · · is an
ascending chain of subgroups of A, then there exists k ≥ 1 such
that Ai = Ak for every i ≥ k (i.e. an infinite chain of subgroups
must stabilize).

(c) Give an example of a finitely generated abelian group A and a
descending chain of subgroups A1 ⊃ A2 ⊃ · · · such that Ai 6= Ai+1

for every i ≥ 1.

6. Show that a finitely generated torsion abelian group is finite.

7. (NH) Let A be a finite abelian group. We define a character of A to
be a homomorphism from A to C×. The set of characters Hom(A,C×)
is itself an abelian group, under the product

(χ1 · χ2)(a) := χ1(a) · χ2(a).

We denote by A∨ the group of characters of A.

(a) Show that for a cyclic group A of order n with a generator a,
we can build an isomorphism between A∨ and the group of n-th
roots of unity µn := (C×)(n) (this isomorphism is canonical once
we choose a - without a choice of generator it is not canonical).
Thus, A∨ itself is cyclic of order n.

(b) Show that we have, for finite abelian groups A1, A2, a natural
isomorphism (A1 × A2)

∨ ∼= A∨1 × A∨2 .

(c) Show that for every finite abelian group A, the groups A and A∨

are (noncanonically!!) isomorphic.

(d) Let A be a finite abelian group. Consruct a canonical homomor-
phism A→ (A∨)∨, and show that it is an isomorphism.

(e) Let A be a finite abelian group. Let χ ∈ A∨. Show that
∑

a∈A χ(a)
equals 0 if χ is non-trivial, and equals |A| if χ is trivial.

(f) Let us denote by Fun(A) the vector space of complex-valued func-
tions on A. We can define an operator Fun(A) → Fun(A∨) by
sending f to

χ 7→
∑
a∈A

χ(a)f(a).
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This is the (”discrete”) Fourier transform. Try to formulate and
prove the Fourier inversion formula, the Plancherel formula, for
what operators the delta fucntions serve an eigen basis, and for
what operators the characters serve an eigen basis...

8. (NH) Look at the Wikipedia page for ”Burnside’s lemma”.
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