
Homework 05 - Ma 5a, Caltech

Alexander Yom Din

Due date: 11/11/16

(NH) stands for ”Not for Handing in”; The exercises with this mark are
just for extra exercise, not for grade.

1. Let φ : G → H be an epimorphism of groups. A splitting of φ is a
homomorphism s : H → G such that φ ◦ s = idH . In other words, it
is a right inverse to φ. The epimorphism φ is said to be split, if there
exists a splitting of it.

(a) (NH) Show that an s as above is injective.

(b) (NH) Show that an s as above always exist if we don’t demand
it to be a homomorphism (rather, merely a map of sets). It is, of
course, important that we do demand it to be a homomorphism.

(c) Show that any epimorphism G→ Z splits.

(d) Show that the canonical projection Z→ Z/2Z does not split.

(e) (NH) Let C×
1 be the group of norm 1 complex numbers (under

multiplication). Show that the epimorphism C×
1 → C×

1 given by
z 7→ z2 does not split. If you wish, think also about this map
not having a continuous right inverse (not related to the group
structure, just any continuous right inevrse).

2. (NH) Recall Cauchy’s theorem: Let G be a finite group, and p a prime
dividing |G|. Then there exists an element in G of order p. Suppose
that somebody told you that this theorem is valid in case G is simple.
Show that this theorem is then valid in general.

3. Let G be a group, N ⊂ G a normal subgroup, and H,K ⊂ G two
subgroups such that K ⊂ H and H ⊂ NG(K). We can think of G as
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glued from N and G/N . We can wish to ”induce” this to some gluing
of H/K. Namely, describe (and proof what you need for that) a short
exact sequence relating H/K and H∩N/K∩N and HN/KN (in some
correct order).

4. Construct, for n ≥ 4, a monomorphism Sn−2 → An.

5. Show that every element of order 2 in An is a square of an element of
order 4 in Sn. Also, give an example of an element of order 2 in An

which is not a square of an element in An.

6. (a) Let G be a group, and H ⊂ G a sugroup of finite index d. Show
that G has a normal subgroup of index d ≤ e ≤ d!. Hint: Consider
an action of G on cosets of H in G...

(b) Let G be a finite group, containing a subgroup of finite index d > 1
and saisfying |G| > d!. Show that G is not simple.

2


