
Homework 04 - Ma 5a, Caltech

Alexander Yom Din

Due date: 11/04/16

(NH) stands for ”Not for Handing in”; The exercises with this mark are
just for extra exercise, not for grade.

1. (NH) Let G be a group, and H,K ⊂ G subgroups. Consider the map
f : H ×K → G, given by f(h, k) := hk. Show that:

(a) f is injective if and only if H ∩K = {e}.
(b) f is a homomorphism (where H×K carries the standard Cartesian

product group structure) if and only if for all h ∈ H, k ∈ K we
have hk = kh.

(c) Show that if H,K are finite, then |HK| = |H|·|K|
|H∩K| .

2. Let G be a group. For x, y ∈ G, define [x, y] = xyx−1y−1 (the com-
mutator). Denote by [G,G] the subgroup of G generated by the set
{[x, y] : x, y ∈ G}.

(a) (NH) Show that [x, y] = e if and only if xy = yx, i.e. x and y
commute.

(b) Show that [G,G] is a normal subgroup of G.

(c) Let N ⊂ G be a normal subgroup. Show that G/N is abelian if
and only if [G,G] ⊂ N .

(d) (NH) Show that [y, x] = [x, y]−1 , [x, x] = e, [x, yz] = [x, y] ·
y[x, z]y−1, z[x, y]z−1 = [zxz−1, zyz−1].

(e) (NH) Show that [G,G] is a characteristic subgroup of G.

3. Let G be a finite group, and H ⊂ G a subgroup. Let g ∈ G be such
that o(g) is relatively prime to [G : H].
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(a) Give an example of a situation like that, where g /∈ H.

(b) Show that if H is normal in G then g ∈ H.

4. (NH) Let G be a group and H ⊂ G a subgroup.

(a) Show that N := ∩g∈GgHg−1 is a normal subgroup of G, is con-
tained in H, and contains any normal subgroup in G which is
contained in H.

(b) Suppose given an action of G on a set X, and H = StabG(x)
for some x ∈ X. Show that N from the previous item equals
∩y∈OxStabG(y), where Ox denoted the orbit of x under the G-
action on X.

(c) Suppose that n := [G : H] is finite. Show that H contains a
subgroup N , such that N is normal in G, and [G : N ] ≤ n!. Hint:
Consider the ”left regular” action of G on G/H and its kernel.

5. Let φ : G→ H be an epimorphism of groups. Recall that M 7→ φ(M)
and φ−1(L)←[ L provide a bijection between the set of subgroups of G
containing Ker(φ) and the set of subgroups of H.

(a) (NH) Show that L1 ⊂ L2 if and only if φ−1(L1) ⊂ φ−1(L2) (so,
one would say that our bijection is a ”lattice isomorphism”).

(b) Show that for a subset S ⊂ G, one has φ(〈S〉) = 〈φ(S)〉 and
φ−1(〈φ(S)〉) = 〈S〉 ·Ker(φ) = Ker(φ) · 〈S〉 = 〈S ∪Ker(φ)〉.

(c) (NH) Show that [G : φ−1(L)] = [H : L].

(d) (NH) Show that φ−1(L) is normal in G if and only if L is normal
in H.

(e) (NH) Show that for a subgroup M ⊂ G, not neccesarily con-
tainingKer(φ), one has φ−1(φ(M)) = M ·Ker(φ) and φ(φ−1(φ(M))) =
φ(M).

6. Let G be a group, and H,K ⊂ G subgroups. Assume that n := [G : H]
and m := [G : K] are finite.

(a) Show that lcm(m,n) ≤ [G : H ∩K] ≤ mn.

(b) (NH) Show that lcm(m,n) divides [G : H ∩K], while mn is not
necessarily divisible by [G : H ∩K].
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7. (a) Prove that Q×+ (the group of positive rational numbers with the
operation of multiplication) is not cyclic.

(b) (NH) Prove that Q (the group of rational numbers with the
operation of addition) is not finitely-genereted (i.e., there is no
finite subset S ⊂ Q such that Q = 〈S〉).

(c) (NH) Prove that Q is not isomorphic to Zn, for no n ∈ Z≥1
(here, Zn = Z× · · ·Z - n times).

(d) (NH) Prove that Zn is not isomorphic to Zm when n 6= m.

8. (NH) For a field F , we denote by F the additive group of F (the set F
with the operation of addition) and by F× we denote the multiplicative
group of F (the set F − {0} with the operation of multiplication).

(a) Show that C/Z ∼= C×, and that R×/{1,−1} ∼= R×+ ∼= R (here, R×+
denotes the subgroup of R× consisting of positive numbers).

(b) Show that R/Z is isomorphic to the subgroup of C× consisting of
complex numbers of norm one.

(c) Show that Q/Z is isomorphic to the subgroup of C× consisting
of roots of unity (i.e. complex numbers which become 1 when
raised to some positive integer power).

(d) Show that C× ∼= R×+ × R/Z.

9. (NH) Let G be a finite abelian group. Let n be an integer relatively
prime to |G|. Show that for any g ∈ G, the equation xn = g has a
unique solution.

10. (NH) Let G be a finite group, H,K ⊂ G normal subgroups of G.
Prove or disprove:

(a) If G/H is isomorphic to G/K, then H is isomorphic to K.

(b) If G/H is isomorphic to G/K, then H is equal to K.

(c) If H is isomorphic to K, then G/H is isomorphic to G/K.
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