6c Lecture 4: April 9, 2015
3.5

Graph colorings

Definition 3.1. A k-coloring of a graph is a function assigning one of the
numbers {1, . . . , k} to each vertex of the graph such that adjacent vertices are
assigned different numbers.
Recall also that given a set S of the vertices of a graph G, the induced
subgraph of G on the set of vertices S is the graph G0 whose vertices consist
just of the vertices of S, and where there is an edge between two vertices in G0
iff there is an edge between those vertices in G.
Theorem 3.2. Suppose that G is an infinite graph on the set of vertices {x1 , x2 , . . .}.
Then G has a k-coloring iff every finite induced subgraph of G has a k-coloring.
Proof. The direction → is easy, since a k-coloring of G obviously gives a kcoloring of all of its induced subgraphs, simply by restricting the coloring to
any smaller set of vertices. To prove the direction ←, we will use König’s
lemma to combine colorings of finite induced subgraphs of G to yield a single
coloring of all of G.
Consider the tree T whose nth level consists of k-colorings of the induced subgraph of G on the set {x1 , . . . , xn }, and where such a coloring c on {x1 , . . . , xn }
is a child of a coloring c0 on {x1 , . . . , xn−1 } iff c0 assigns the same colors as c to
the vertices x1 , . . . , xn−1 . It is easy to check that T is finitely splitting, since
there are only finitely many possible colorings of the vertices {x1 , . . . , xn }, and
T is also infinite, since for every n, by assumption there is at least one k-coloring
of the induced subgraph on {x1 , . . . , xn }.
Hence, by König’s lemma there is an infinite branch in the tree T . Two colorings on this infinite branch always agree on what color is assigned to a vertex
whenever it occurs in both their domains by definition. Hence, by combining
all these colorings, we obtain a single coloring of all of G.
For those who know something about topology and cardinality, it is a good
exercise to show that the above theorem is true also for uncountable graphs G.

3.6

Tiling problems

A Wang tile is a square tile whose edges have each been assigned a color. A
tileset is a finite set of Wang tiles. For example, here is a picture of a tileset of
size 3:
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A tiling using a tileset is an arrangement of these tiles in a grid, where edges
of adjacent tiles match each other. In a tiling we may repeat any tile as many
times as we like, however, each tile may only be translated horizontally and
vertically (and not reflected or rotated). Here is a picture of a tiling using the
above three tiles:

Note that by repeating the above pattern over and over, we can tile the
entire infinite plane. This gives an example of a periodic tiling, a tiling such
that there is some m × n rectangle such that the tiling consists entirely of this
rectangle repeatedly translated.
Now using König’s lemma, we can prove the following theorem:
Theorem 3.3. A finite set of Wang tiles can tile the infinite plane iff it can
tile every n × n square.
Proof. Given in class.
In 1961 Hao Wang conjectured the following:
Conjecture 3.4 (Wang’s conjecture). A finite tileset can tile the infinite plane
iff it has a periodic tiling.
If Wang’s conjecture were true, it would have the following nice consequence:
Proposition 3.5. If Wang’s conjecture is true, then there is an algorithm for
checking (in a finite time, always outputting the correct answer) whether a finite
tileset can tile the infinite plane.
Proof. The algorithm goes as follows. For each n in order, check first whether
there is an n × m rectangle for any m < n which can periodically tile the plane
(if so output that there is a tiling of the plane). Then check if there no tiling
at all of an n × n square (if there is none, then output that there is no tiling of
the plane).
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This algorithm will always halt assuming Wang’s conjecture, since either
there is a tiling of the plane (and hence a periodic tiling by Wang’s conjecture
which we will eventually find), or there is no tiling of the plane (and hence by
our above theorem no tiling of some n × n rectangle, which we will eventually
find).
In 1966, Berger proved a startling result refuting Wang’s conjecture in a
strong way.
Theorem 3.6 (Berger). There is no algorithm for checking in a finite amount
of time whether a given finite tileset can tile the infinite plane.
We will discuss the proof of Berger’s theorem later in the class. However,
note that Berger’s theorem implies that Wang’s conjecture is false (since we have
shown that it would give such an algorithm). In fact, by the contrapositive of
Proposition 3.5, it implies that there is a finite set of tiles which can tile the infinite plane, but only aperiodically. An example of such a set of tiles is shown below, taken from http://en.wikipedia.org/wiki/File:Wang tesselation.svg
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3.7

Ramsey theory

For m ∈ N, we will define m = {0, 1, . . . , m − 1}. Also, for any set X, we will
define
[X]k = {the set of subsets of X with exactly k elements}.
We think of a function f : [X]k → m to be a coloring of the k-element
subsets of X using m colors. We need to be a bit careful about calling this an
m-coloring, since that has a slightly different, stronger meaning in the context
of graphs, as we saw. And when we discuss [X]2 , this is like talking about the
complete graph on X (since every 2-element subset of X can be thought of as an
edge), so it could possibly get confusing. Let’s just agree not to be confused: in
this section if we say m-coloring of [X]2 , we just mean a function f : [X]2 → m.
Given a function f : [X]k → m, we call H ⊆ X homogeneous (for f ) if for
every s, t ∈ [H]k , we have f (s) = f (t).
Theorem 3.7. Suppose X is an infinite set, and k, m ∈ N are > 0. For any
f : [X]k → m, there is an infinite Y ⊆ X which is homogeneous for f .
Proof. This is an induction on k, using the Infinite Pigeonhole Principle. Note
that the k = 1 case is precisely the IPP: giving an m-coloring of the one-element
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subsets of X is the same as partitioning X into m pieces. By IPP, one of these
pieces must be infinite, and that is the desired homogeneous set.
Suppose we have the theorem for k and we are given an m-coloring f : [X]k+1 →
m. We will define a sequence of infinite sets
X = A0 ⊇ A1 ⊇ A2 ⊇ . . .
and ai = min Ai . The set A = {a0 , a1 , a2 , . . .} will not quite be our desired set,
but it will be close.
Suppose Ai has been defined. Define the m-coloring fi : [Ai \ {ai }]k → m
by fi (s) = f (s ∪ {ai }). Since Ai \ {ai } is infinite (and k < k + 1), our inductive
assumption tells us that there is an infinite B ⊆ Ai \ {ai } which is homogeneous
for fi . Let Ai+1 = B, and note that ai+1 > ai . Repeating this inductively, we
get our A.
Next, note that for s ∈ [A]k+1 , f (s) depends only on min(s) (check!). Define
g : A → m by g(ai ) = f ({ai , . . . , ai+k }). Then by IPP, there is an infinite Y ⊆ A
which is homogeneous for g. Because f (s) only depends on min(s), it follows
that Y is also homogeneous for f , as desired.
Next time, we’ll talk about finite Ramsey theory before returning to more
“logic”-y topics.

5

