
Homework set 4, Ma121b
Due Tuesday March 10, 2015 in class

(1) Let Par(n) denote the set of all partitions of n with the dominance or-
dering. Show that Par(n) is a lattice, and that conjugation is an order-
reversing involution.

(2) A homomorphism φ : Λ → R is called Schur positive if φ(sλ) ≥ 0 for all
Schur functions sλ. We want to show that if

φ(pk) = uδk1 +
∑

i

xki + (−1)k−1
∑

i

yki

for u, xi, yi nonnegative real numbers such that the sums converge, then φ
is Schur positive. (This is actually an iff, but the other direction is harder
to prove.)

(a) Show that if φ is Schur positive, then φ(sλ/κ) ≥ 0 for every skew

Schur function sλ/κ.

(b) Show that if φ and ψ are Schur positive, then so is the homomorphism
pk 7→ φ(pk) + ψ(pk).

(c) Show that if only one of the parameters is nonzero, that the given
homomorphism is Schur positive, and in each case give its value on
sλ for all λ. (I.e., do this for the three homomorphisms φ(pk) = uδk1,
φ(pk) = xk, φ(pk) = (−1)k−1yk.)

(d) Conclude that homomorphisms of the given form are Schur positive.

(3) Let q be an indeterminate. Show that
∑

λ⊢n

qℓ(λ)mλ =
∑

0≤k<n

q(q − 1)ks(n−k)1k

for any n > 0.

(4) (a) Let ι ∈ Sn be an involution, such that the associated SYT (by the
Schensted correspondence) has shape λ. Show that the number of
fixed points of ι is given by the alternating sum of the parts of λ, i.e.,

|Fix(ι)| =
∑

i

(−1)i−1λi.

(Hint: What happens to the tableau if we delete n and ι(n) from ι?)
Conclude that |Fix(ι)| is equal to the number of odd-length columns
of λ.

(b) Show more generally that if A is a symmetric matrix with nonnega-
tive integer entries and associated SSYT of shape A, then

∑

i

(−1)i−1λi = Tr(A).

(Challenge problem: Show that if A,B are symmetric with A − B

diagonal, then λ2i(A) = λ2i(B) for all i.)
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(c) Show that if 2λ denotes the partition 2λ1, 2λ2, . . . , and λ2 denotes
the partition λ1, λ1, λ2, λ2, . . . , then

∑

λ

sλ2(x) =
∏

i<j

1

1− xixj

∑

λ

s2λ(x) =
∏

i≤j

1

1− xixj

(These are known as the Littlewood and dual Littlewood identities.)
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