
MATH 109B-MIDTERM EXAM

The exam is due Tuesday (2/10) at 8:00 PM. No collaboration is allowed.

1. A Frenet curve in R3 is called a Bertrand curve, if there is a second curve
such that the normal vectors to these two curves (at corresponding points)
are identical, viewed as lines in space. Show that non-planar Bertrand
curves are characterized by the existence of a linear relation aκ + bτ = 1
with constants a, b, where a 6= 0.

2. Show that for a curve β inside a given surface element, the two following
statements are equivalent:

i. β is a line of curvature.

ii. The ruled surface defined by the surface normal ν along β is developable
(i.e., satisfies the equation K = 0 where K is the Guassian curvature).

(Recall that a regular curve β = foγ, γ : I → R3, with f a surface element,
is called a line of curvature, if the unit tangent vector β

′
(t)/||β ′

(t)|| is a
principal curvature direction at every point. See Section 5.6 of O’Neill’s for
a detailed discussion.)

3. Find the Gaussian curvature of the elliptic and hyperbolic paraboloids

z =
x2

a2
± y2

b2
.

4. Given the three fundamental forms I, II, III and the shape operator L,
prove that:

III − Tr(L)II +Det(L)I = 0.

See p. 222 of the textbook (by O’Neill) for the definition of the fundamental
forms.

5. Show that when y = f(x) is revolved around the x-axis, the Gaussian cur-
vature has the same sign (−, 0,+) as −f ′′

(x) for all x.

6. Let α be an asymptotic curve with κ > 0 in a surface. Show that along α
the surface has Guassian curvature K = −τ 2.
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7. Show that the one-sheeted hyperboloid with the equation x2 + y2 − z2 = 1
as well as the hyperbolic paraboloid with the equation x2 − y2 − z = 0 can
be parametrized as ruled surfaces.

8. Assume that a surface has the property that |κ1| ≤ 1, |κ2| ≤ 1 everywhere.
Is it true that the curvature κ of a curve on the surface also satisfies |κ| ≤ 1?
Prove it, or give a counterexample.


