
MATH 109B-HOMEWORK SET 5

The homework set is due Thursday 3/5 at 2 pm.

1. For a surface element f : U → R3, define the parallel surface at distance ε
by

fε(u1, u2) := f(u1, u2) + ε · ν(u1, u2),

where ν is the unit normal of the surface f . Specify for which ε this defines
a regular surface, and show the following:

a. The principal curvatures of fε and f have a ratio of κ
(ε)
i = κi/(1− εκi).

b. If f has constant mean curvature H 6= 0, prove that fε has constant
Gaussian curvature for ε = 1

2H

2. Show that if an asymptotic curve of a surface element with K < 0 is a
Frenet curve with torsion τ , then the mean curvature H = ±τ cotφ, where
φ is the angle between the two asymptotic curves.

3. For an open U ⊂ R2 with coordinates (u, v), let f, g : U → R3 be isothermal
parametrizations of minimal surfaces such that their component functions
satisfy the Cauchy-Riemann equations, i.e. if f = (f1, f2, f3) and g =
(g1, g2, g3) then

∂fi
∂u

=
∂gi
∂v

,
∂fi
∂v

= −∂gi
∂u

,

for i = 1, 2, 3. We call f and g conjugate minimal surfaces. Show that:

a. The helicoid and the catenoid are conjugate minimal surfaces.

b. Given two conjugate minimal surfaces, f and g, the surface

h = (cos t)f + (sin t)g

is a minimal surface for t ∈ R.

c. All surfaces of Part (b) have the same first fundamental form, and that
the matrix representing the form is diagonal.

4. Find all geodesics on a

a. sphere,

1
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b. circular cylinder,

c. circular cone.

5. Suppose we are given a curve β on a surface element, which passes through
a fixed point p. Show that the geodesic curvature κg(p) of β coincides with
the curvature κ(p) of the plane curve which is obtained as the orthogonal
projection of β in the tangent plane at p.

6. Show that a Frenet curve on a surface element is a geodesic if and only if
the unit normal to the surface coincides with the principal normal of the
curve up to sign.

7. Let Y be a differentiable vector field, defined on an open set of Rn, and let
X be a fixed directional vector at some fixed point p of this open set. (In
other words, assume (p,X) ∈ TpRn.) Then the expression

DXY |p := DY |p(X) = lim
t→0

1

t
(Y (p+ tX)− Y (p))

is called the directional derivative of Y in the direction of X, where DY
denotes the Jacobian matrix. Prove that

DX(DYZ)−DY (DXZ) = D[X,Y ]Z,

where [X, Y ] is the Lie bracket of X and Y defined as

[X, Y ] := DXY −DYX.


