
MATH 109B-FINAL EXAM

The exam is due Wednesday 3/18 at 2 pm. No collaboration is allowed.

1. Show that the normals to the surface element given by

f(u, v) = (g(u) cos v, g(u) sin v, h(u)),

where g, h are functions from R to R with g(u) 6= 0 and h
′ 6= 0 all pass

through the z-axis.

2. Do there exist local coordinates u1 and u2 on an arbitrary surface element
f : U → R3 with the property that the u1-curves are perpendicular to the
u2-curves and all the ui-curves, for i = 1, 2, are geodesics parametrized by
arc length?

3. Show that the surface elements f1(u, v) = (u sin v, u cos v, log u) and f2(u, v) =
(u sin v, u cos v, v) have the same Guassian curvature in the parameters u, v.
Are these two parametrizations giving a local isometry between the two
surfaces ?

4. Let S ⊂ R3 be a regular, compact, orientable surface which is not home-
omorphic to the two-sphere. Prove that there are points on S where the
Guassian curvature is positive, negative and zero.

5. Let β(s) be a curve parametrized by arc length, and suppose that its im-
age is contained in a surface element f : U → R3. The Darboux three-frame
E1, E2, E3 is then defined by relationsE1(s) = β

′
(s), E3(s) = ν(β(s)), E2(s) =

E3(s) × E1(s). Here, ν denotes the unit normal on the surface f . Derive
the following derivative equations for this three-frame E1

E2

E3

′

=

 0 a b
−a 0 c
−b −c 0

 E1

E2

E3

 ,

where a, b, c are functions of s. Prove also that β is a line of curvature if
and only if c ≡ 0

6. Calculate explicitly the parametrization of the plane curve which has κ(s) =
s−1/2.
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